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Occurrence of Vavilov-Cerenkov Radiation in a High-Temperature Plasma 


JacoB NEUFELD 
Health Physics Division, Oak Ridge National Laboratory,* Oak Ridge, Tennessee 


(Received April 6, 1959; revised manuscript received August 12, 1959) 


Akhiezer and Sitenko investigated the energy loss of a charged particle moving through a plasma at a 
velocity considerably lower than the mean thermal velocity of the electrons in the plasma and determined 
the component of the stopping power due to the transverse electric field produced by the plasma and acting 
upon the particle. The presence of such a component may in some instances be associated with the occurrence 
of the Vavilov-Cerenkov radiation. It is shown, however, that in this particular case the field surrounding 
the particle decreases very rapidly with the distance from the particle and no radiation takes place. 


I. INTRODUCTION 
HIS investigation is concerned with the possible 
occurrence of Vavilov-Cerenkov radiation that 
could be emitted by a particle moving through a 
high-temperaturé plasma at a velocity lower than the 
mean thermal velocity of plasma electrons. It is well 
known that at a sufficiently low temperature at which 
the dielectric constant of the plasma may be represented 
as €=1—w,’/w", (where wo is the Langmuir frequency), 
there is no Vavilov-Cerenkov radiation since the phase 
velocity of electromagnetic waves always exceeds the 
velocity of light. We shall now ascertain whether or not 
this radiation appears at high temperatures. The prob- 
lem is of definite interest since it has been found that 
the field exerted by the plasma on a slow-moving 
particle has a transverse component and the occurrence 
of such a transverse component may in some instances 
be associated with the presence of Vavilov-Cerenkov 
radiation. Subsequently it shall be shown by apply- 
ing a suitable criterion that the temperature effect does 
not cause the emission of Vavilov-Cerenkov radiations by 
slow-moving particles. We are particularly interested 
in slow particles since the presence of the transverse 
component has been noted for slow particles only. For 
fast particles such a transverse component has been 
found nonexistent and is apparently negligible.' 
* Operated by Union Carbide Corporation for the U. S. Atomic 
Energy Commission. 
1A. T. Akhiezer and A. G. Sitenko, Zhur. Eksptl. i Teoret. Fiz. 
23, 161 (1952). This paper appeared in English translation as 


1 


The occurrence of Vavilov-Cerenkov radiation for 
slow particles may appear to be paradoxical since in 
conventional dispersive media this radiation is usually 
emitted by fast particles. It should be noted in that 
connection that for particles moving through plasma 
this radiation may in some instances occur at very low 
velocities, considerably below the mean thermal velocity 
of plasma electrons. This, in fact, has been found by 
Kolomenski? in a plasma in the presence of a sufficiently 
strong magnetic field. 


II. OCCURRENCE OF VAVILOV- 
CERENKOV RADIATION 


The stopping power of a particle having charge q 
and moving in a material medium along the axis z can 
be represented as 


—dW/dz= —qE,'—qE,', (1) 
where E,' and £,' are components along the z axis of 
the longitudinal and of the transverse electric field 
produced by the medium and acting on the particle. 
In the most general case the term g/.' in the expres- 
sion (1) has two components. One of these, designated 
as (qF.");, represents the energy due to the transverse 
electric field that is absorbed in the immediate neighbor- 
hood of the particle track. The other component, 


British Atomic Energy Project Report AERE Lib/Trans. 759 
(unpublished). 

2A. A. Kolomenski, Doklady Akad. Nauk S.S.S.R. 106, 982 
(1956). 
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designated as (g/,')y.c, represents the energy that is 
radiated by the particle in the form of Vavilov-Cerenkov 
radiation. Occasionally in the literature the term gE,‘ 
is identified with the Vavilov-Cerenkov radiation.* 
Such an interpretation, however, is only valid in a 
restrictive sense in those cases in which the nonradiative 
loss due to the transverse component is small when 
compared to the radiative loss. On the other hand, in 
those cases in which the radiative loss is negligible, the 
term gk,‘ represents the energy loss absorbed by the 
medium. 

A charged particle moving in a vacuum carries with 
it fields of “‘virtual’’ longitudinal and transverse photons 
that decrease exponentially at large distances. When 
this particle is moving in a material medium even at a 
relatively low velocity, these virtual longitudinal and 
transverse photons contribute separately to the total 
stopping power‘ although the contribution due to the 
“transverse” photons may be very small. Thus the 
existence of the transverse component in the expression 
for the stopping power does not mean necessarily that 
the Vavilov-Cerenkov radiation takes place. On the 
other hand, the Vavilov-Cerenkov radiation is always 
accompanied by an energy loss due to the transverse 
component of the electric field. 

It has been shown by Akhiezer and Sitenko! that for 
a particle moving through a plasma with a velocity 
v>v [where v= (x7/m)! is of the order of magnitude 
of the mean thermal velocity of the plasma having 
temperature 7 and x is the Boltzmann constant ], the 
energy loss is due entirely or almost entirely to the 
longitudinal component of the electric field. However, 
for vv) a small portion of the stopping power is due 
to the transverse component. It is of interest in that 
connection to ascertain the physical significance of this 
component and to determine whether or not the 
temperature effect in a plasma would cause the occur- 
rence of Vavilov-Cerenkov radiation. 

We shall use the conventional representation of a 
plasma by means of the expressions commonly desig- 
nated as e; and «.° These expressions represent the 
dielectric capacitivity of the medium occupied by the 
plasma and they are, respectively, applicable to the 
longitudinal and transverse component of the field. 
Using cylindrical coordinates r, ¢, 2, with the z axis 
aligned along the direction of motion, we obtain for the 
vector potential of the field produced by a moving 
charged particle the following expression : 


A= fe #/v(z—rOa (wy r)dw, (2) 


* See in that connection, B. M. Bolotovski, Uspekhi Fiz. Nauk 
62, 201 (1957), p. 214. 

‘See, for instance, E. J. Williams, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 13, No. 4 (1935). 

5M. E. Gertzenshtein, Zhur. Eksptl. i Teoret. Fiz. 22, 303 
(1952). Also see J. Neufeld and R. H. Ritchie, Phys. Rev. 98, 
1632 (1955). 


NEUFELD 


where the components of the vector a(w,r) that are 
perpendicular and parallel to the velocity v can be 
represented, respectively, as follows: 


ige w 
arlay)=| |x:(“r) 
env” v 


~ie IK | ae «6 | 
.v 


and complex conjugate for w<0, 


Ww 
K( r) 
v 
Ww 
v 


~ (1-8)! (16) ; 


(3) 

feat 

a,(w,r) = — 2| 
€¢mv" 


and complex conjugate for w<0. 


In the above expressions B=v/e and Ky and K, are 
modified Bessel functions of the second kind of the 
order 0 and 1, respectively. For a Maxwellian plasma 
we have 


wo" exp(—y’) 
€=1-— — f - -dy, 
(2r)'wkop Jp ony 


where wo? =4rVe?/m, n=w/V2kvp has a negative imagi- 
nary part, and T is an infinite contour which dips be- 
low the pole slightly. 

Akhiezer and Sitenko determined the energy loss due 
to the transverse component of the field for those 
frequencies that satisfy the relationship V3w/V2ki9<1. 
This relationship corresponds, however, to 71. It is 
of interest to note that for a given w and & the term 7 
is inversely proportional to 2%, i.e., the term 7 decreases 
with the increase in temperature. Therefore, the 
assumption that |7|<1 is associated with a plasma at 
a high temperature. 

Taking into account 71 and using a simple residue 
argument, Eq. (4) can be represented as® 


wy” Tv 4 aw? 
e=1- +i(*) —, (5) 
R09? 2 kiww 


The occurrence of the Vavilov-Cerenkov radiation 
depends upon the behavior of functions Ky» and K, for 
r— oc in the expression (3). 

Thus, the behavior of (1—.,8?)? determines the nature 
of the field surrounding the particle. The Vavilov- 
Cerenkov effect takes place only if this field represents 
an outgoing radiation, i.e., if for r— « 


Re[ (1—€8?)!]~0, Im[(1—«,8?)!]<0. (6) 


® See, for instance, A. I. Akheizer and A. B. Fainberg, Zhur. 


Eksptl. i Teoret. Fiz. 21, 1262 (1951). 
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As stated above, there is no Vavilov-Cerenkov 
radiation in a plasma at a low temperature. We shall 
now ascertain whether or not this radiation appears at 
high temperatures. Substituting (5) into the expression 
(1—e6"), we obtain Re[(1—«,8*)!]>0 and Im[(1 
— €,8")? ]<0. 


Therefore, the moving particle produces an oscillatory 


field, the amplitude of which decreases exponentially 
at large distances. Thus, there is no radiation. More 
specifically, the relative magnitude of Re[(1—e,8*)!] 
as compared to Im[(1—«,6?)!] shows the effectiveness 
of the exponential damping per wavelength of the 
oscillatory motion. Let y be the argument of (1—,8°). 
Then using the expression (5), we obtain 
1-67 1 o* 
arc coty= — —— - — — —+. (7) 
Bn wo 


a,(w ecu =) {a(- 
aad (14° 


In the above expression (d/dx)Ko(x)=Ko'(x) and 
(d/dx)K,(x)=Ky'(x). We shall consider two limiting 
(a) 1>>8>>(wr/c) and (b) BK (wr/c)<1. 
For the case (a), we use the simplified expressions 
Ko(x)~$ In(4/3.17x*) and Ki(x)~1/x. Then the ex- 
pressions (9) can be represented as follows: 


1ge,p° 3? 1 
a,(w,r) = “(14 ) 
4 Jr 


4irw 
and complex conjugate for w <0, 


(10) 
g 48c 
a,(w,r) =——— (+in ene ) 
2m eB" 3.17wr 


and complex conjugate for w<0. 


cases as follows: 


For the case (b) we put Ko(x)~Ki(«)~ (4/2x)'e* 


and then the expressions (9) can be represented as 


VAVILOV-CERENKOV 


eB wr | P 
- ) «'(~) I? and complex conjugate for w<0, 
Be 


€,3° eB 
af (v2 
2 


RADIATION 


Since n<1, the second term in the above expression 
can be neglected. For 0<8<1, y is negative and 0< || 
<n/2. Consequently, 


Rel ( 1— e3")* ] 


—— <Q and 


Im[(1—«,6? 1] 

The expression (8) is not in agreement with the 
conditions as shown in (6) and, therefore, there is no 
Vavilov-Cerenkov radiation. 


| Re[(1—«8*)!]| 
mere OE. (SO) 
|Im{(1— 6%) 1 


III. BEHAVIOR OF THE TRANSVERSE FIELD IN 
THE NEIGHBORHOOD OF THE 
PARTICLE TRACK 


Equation (3) can be put in a simplified form. Since 
B<<1 we expand (1—€,8)! in power series and each of 
the terms Ko[ (w/v) (1—6?)'r] and Kil (w/v) (1—6*)!r] 


in Taylor series. We obtain then: 


Bc 


wr | ; 
)- Ky (~) , and complex conjugate for w <0. 
Bc Bc 


ig €,0" €,0" wr , 
0) Q)— 
2vlarc 4 4 Bc 


and complex conjugate for w<0, 


a;(w,r) = 


a.(w,r) = —1a,(w,r). 


The exponential term that appears in the above 


expression for a,(w,r) and a.(w,r) decreases by 1/e for 
r:=Bc/w. We can therefore assume that the energy of 
the transverse field is contained to a large extent within 


the distance r<rj. 

We wish to state in conclusion that the transverse 
dissipation is a real effect, but it leads to the heating 
of the plasma in the immediate vicinity of the trajectory 
rather than to the excitation of waves having small 
attenuation. 
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Stark Broadening of Hydrogen Lines in a Plasma* 


Hans R. Griem, Universily of Maryland, College Park, Maryland, and United States 
Naval Research Laboratory, Washington, D. C. 
ALAN C. Kors, United States Naval Research Laboratory, Washington, D. C. 


AND 


K. Y. SHEN, University of Maryland, College Park, Maryland 
(Received May 8, 1959) 


The frequency distributions of hydrogen lines broadened by the local fields of both ions and electrons in a 
plasma are calculated in the classical path approximation. The electron collisions are treated by an impact 
theory which takes into account the Stark splitting caused by the quasi-static ion fields. The ion field- 
strength distribution function used includes the effect of electron shielding and ion-ion correlations. The 
various approximations that were employed are examined for self-consistency and an accuracy of about 10% 
in the resulting line profiles is expected. Good agreement with experimental Hg profiles is obtained while 
there are deviations of factors of two with the usual Holtsmark theory. Asymptotic distributions for the line 
wings are given for astrophysical applications. Also here the electron effects are generally as important as 
the ion effects for all values of the electron density and in some cases the electron broadening is larger than 


the ion broadening. 


INTRODUCTION 


YINCE atomic hydrogen is subject to a large linear 
Stark effect, the principal cause of broadening of 
hydrogen lines in plasmas is the interaction of the 
emitting atoms with the local electric fields of the ions 
and electrons. Even at low degrees of ionization and 
low densities, Stark effect broadening is usually domi- 
nant, but if at high temperatures Doppler broadening 
becomes significant in the cores of the lines it can 
easily be taken into account by the usual folding 
procedure. But under most conditions the spectral 
distribution will depend mainly on the electron and 
ion density and only slightly on temperature or neutral 
density. With the aid of an adequate line broadening 
theory one can therefore use experimentally determined 
hydrogen line profiles to measure the densities of the 
perturbing ions and electrons in a partially ionized gas. 
Detailed calculations of the broadening of Ly-a, 
Ly-8, Ha, Hs, H,, and H, by both ions and electrons 
in a plasma have been carried out using an IBM 704. 
The effects of electron shielding and ion-ion correlations 
on the statistical theory for the broadening by ions 
have been incorporated using Ecker’s' distribution 
functions. The broadening due to electrons is calculated 
by means of a generalized impact theory which takes 
into account the Stark splitting caused by the ion 
fields. Large corrections to the usual Holtsmark? theory 
have been obtained which affect much of the previous 
work on the composition and structure of stellar atmos- 
pheres which was based on the Holtsmark distribution. 
In the present calculation, the various approximations 
which are introduced into the numerical evaluation of 
the spectral distribution function have been investi- 


* Jointly supported by the Office of Naval Research and the 
U.S. Atomic Energy Commission. 

1G. Ecker, Z. Physik 148, 593 (1957). 

2 J. Holtsmark, Ann. Physik 58, 577 (1919). J. 
Physik. Z. 20, 162 (1919); 25, 73 (1924). 
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gated and an over-all accuracy of about 10% is indi- 
cated. This is borne out by a comparison with recent 
precise measurements of the Hg profile in a plasma by 
Bogen.’ The theoretical and experimental profiles are 
in close agreement over an intensity range of two 
decades. 


ELECTRON BROADENING 


Because of the characteristically high velocities of 
electrons in a plasma, their influence on line broadening 
can be calculated with the impact approximation, as 
will be shown at the end of this section. A generalized 
impact theory is used that has been developed by the 
authors' and independently by Baranger.® It treats 
the case of overlapping lines in a multiplet and leads to 
new terms in the spectral distribution; i.e., asymmetric 
terms in addition to the usual Lorentz-dispersion terms. 
For the problem under consideration, the hydrogenic 
energy levels are split by the quasi-static ion fields. 
The lines which arise from transitions between these 
split levels are then broadened and overlap because of 
the electron collisions.® 

The general problem of overlapping lines was solved 
explicitly when perturbations of the upper state are 
large compared to perturbations of the lower state.‘ 
The method of calculation when both states are per- 
turbed was only indicated and is given below using a 
generalization of ‘‘Method II” of the earlier theory. 

The spectral distribution function is found from the 


trace of the thermal average (denoted by { }7) of the 


3 P. Bogen, Z. Physik 149, 62 (1957). 

4A. C. Kolb and H. Griem, Phys. Rev. 111, 514 (1958). 

5M. Baranger, Phys. Rev. 111, 494 (1958). 

*A more complete discussion of the general aspects of the 
problem and a survey of earlier theories of hydrogen line broaden- 
ing can be found in A. C. Kolb, dissertation, University of 
Michigan, 1947; University of Michigan Engineering Research 
Institute, ASTIA Document No. AD 115040 (unpublished). See 
also H. Margenau, Revs. Modern Phys. 31, 569 (1959). 





STARK BROADENING 
Fourier transform of the dipole-dipole correlation 
function 


{u()u(0)}r= {Tat (t,0)e'#o'/Au (O)e~otla 
XT o(t,0)u(0)}r, (1) 


where (0) is the dipole operator at the time /=0, Ho is 
the unperturbed Hamiltonian of the radiating atom 
and T,,4(t,0) is the usual time development operator 
which satisfies the Schrédinger equation 


d 
aT avbO) = e'HotlhY ({)e—HolhT, (1,0), (2) 
t 


where V(t) is the perturbation. The @ and 6 indices 
denote the principal quantum numbers of the initial 
and final states and the operator 7,(t,0), say, has 
matrix elements between states with the same principal 
quantum number a. The dipole-dipole correlation func- 
tion can be written in this way because we do not 
consider collision induced transitions between states 
with different principal quantum numbers and also 
neglect the dipole radiation arising from transitions 
between substates of a level with a given principal 
quantum number. Neglecting these transitions can be 
fully justified for low-energy electron collisions in a 
plasma and for optical line radiation. 

Consider now the matrix elements 


{(a’ | u(t)u(0) |a’)} 7 
={ (a’| Ta" (1,0) |a’’) exp (twat) (a’” | u(0) |B’) 
X exp (iwgt) (B" | Ta(t,0) |B’’)(8""|u(0) a’) } 7 
= exp (iwarrg’t) (a”” | u(0)| 8’) (8’”| u(0) |a’) 
X (a’| (B"| { Tat (t,0)T4(t,0)} 1 \a’’)!8"), (3) 


where we have chosen a representation in which Hy is 
diagonal and wag = We" — wg = (Eq — Eg)/h. The prob- 
lem is so reduced to finding the thermal average of the 
product 7 ,'(,0)7,(t,0). Consider now the change in 
this quantity during a time interval A/: 


A{ Tt (t,0)T.(t,0)} 7 
= {Tat (t+ At, 0)T,(t+At, 0)— Tat (t,0)T4(t,0)} r 
={[Ta' (t+At, 1)7,(t+ At, ))—-1] 
XT at (1,0)T(t,0)}r. (4) 


If there is only one collision’ in the time interval Aé that 
is not correlated with previous collisions (impact 


7 In the case of hydrogen, most of the electron broadening is due 
to distant, i.e., weak collisions, which overlap in time. If the com- 
bined effect of such weak collisions in Aé is small, T4(¢+-At, ¢) 
XT»(t+Al,t) will be given by the first terms of the iterated 
solution of the Schrédinger equation. The linear superposition is 
still valid in that case because terms due to the perturbations 
produced by several different electrons will average out since the 
perturbation energy is an odd function of the perturber coordi- 
nates. This is only true up to the third iteration and the validity 
criterium for the impact theory may therefore be reformulated 
as follows: There must be either only one strong collison or 
several weak collisions which cause together only a small deviation 
in the matrix elements of the 7.'7, operator, in a time interval 
characteristic for the correlations of the perturbations. 


OF H 


LINES IN PLASMA 
approximation), the two factors on the right side can 
be averaged separately and one has 


A{T 4 (,0)To(t,0)} r= 205 PLT a3 (t,) Toj(t;)— 1 Jat; 
X {Tat (t,0)Tr(t,0)}27, (5) 


where we denote the change in T(t,0) by a collision 
during the time interval At; by T(t;); P; is the prob- 
ability per unit time that there is a collision of the 
type j. The time interval At; has been chosen to be 
large compared to the duration of a collision but 
sufficiently short so that there is only a small deviation 
in T,! (t,0)7,(t,0) during the time interval. This assump- 
tion will be examined later for self-consistency. In that 
case one obtains the differential equation 


d 
Gre em belTeiTa}s, (6) 


dl; 


oa= 2; P{T;'Ts;—1], (7) 
which has a solution 
{T.'T»} r= exp(Past), (8) 


with 7,'(0,0)7,(0,0)=1. This result follows because 
Ta;(t;)XT,,;(t;) due to a single collision is independent 
of the time ¢; of the collision when At; is large compared 
to the collision time. Then we have T (a, ;(t;) = T (a,s);(0) 
=Ta,»)j;, and $a is independent of ¢;. Substitution of 
(8) into the expression for {u(t)u(0)}7 and Fourier 
transformation yields the spectral distribution 


where 


1 0 
J avb(w) =— Re rr f dte~*“'p{ u(t)u(0)} r 
Tv “0 
e-EolkT 
=———Re © © (a’|u(0)!8’)(0"|n(0) | a’) 
wZ(T) aa rp" 


a | dt(a’ | (B’ | exp[(—tAwarg-+a)t]|a’’)|8"), (9) 


where w—Wa’g'=Awas, and Z(T) is the partition 
function. 
Finally we have 
e~EalkT 
-~Re > & (a’|u(0)/p’) 
T 


arZ ( ) ala’! B’p!’ 


1 
X a’ | (a’ | ————__—— | a’’)|p”") 
(tAwa'g— Pas) 


x (8’"| (0) |’). 


J av(w) -_ 


(10) 


In obtaining this formula we have taken the matrix 
elements of the density operator 
(a’ | p|a’) 

= (a’ | exp(— Ho/kT)|a’)/Z(T)e-®4!*7/Z(T) 
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to be independent of the splitting. This is a good 
approximation for the optical region where the perturba- 
tion energies are small compared with the mean thermal 
energy. 

In order to calculate the spectral distribution with 
(7) and (10) it is necessary to solve the Schrédinger 
equation for the time-development operator. We now 
make the classical path assumption and take the field 
produced by the perturbing electron to be uniform over 
the atom. The classical Hamiltonian for a single electron 
collision of type 7 is 

rr; e'r-(0;+Vv;l) 
V ,() =e&—_=——_—__ (11) 
| Fj [3 (p7?+0/1;7)! 
Here r is the position vector of the atomic electron; 0; 
and v,; are the impact parameter and velocity, re- 
spectively, of the perturbing electron at the time of 
closest approach ¢=0. For rapidly varying perturbations 
the exponentials in (2) can be replaced by unity. This 
can be seen as follows: The average Stark effect splitting 
within a level of principal quantum number a will be 
Aw~e*a’ao/hp? in angular frequency units with the 
Bohr radius a9= h*/me* and a typical distance p; between 
the radiating atom and the nearest ion.t The duration 
of an electron collision is of order Ar.=p-/te, pe being a 
typical impact parameter and 6, the average velocity of 
the electrons. Now p; and p, will both be of the order 
N- if N is the number of electrons per unit volume. 
The exponents are of the order AwAz,, i.e., a?N*h/mi,. 
When this quantity is small compared to unity, the 
exponentials are not important. This limits the theory 
to densities that are not too high but still covers most 
of the range of practical interest as can be seen from 
Table I. 

Now we can extend all time integrals from —~ to 
+ and obtain the following expression for the operator 
T; from the iterated solution of the Schrédinger equa- 
tion (2) using (11): 


ra°1r;(t) 


ef” s:8;(f) sé\* 7 
T.j=1+— dt-— — ( -) f di— 
ihnJ_, |r;(t))' h 2 (|8;(0)|* 


t rq h;(t’) 
+ 4 { dt'- - + 
. r,(t’)|3 


a 


(12) 


It can also be shown for many lines of interest that we 
need only consider ¢, instead of $a, since the broaden- 
ing arises mainly from perturbations of the upper state 


TABLE I, Limiting values of Aw- Ar, for T=10000°K. 


Ly-a Ly-6 Ha Hg H, Hs 


Nim) 10-10" ~—«108 107” —107 1988 

AwAr, 0.2 0.2 0.2 0.15 0.25 0.15 

t The subscripts i and e denote ions and electrons and should 
be distinguished from the collision index j. 
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which is most easily polarized; i.e, we can take 
T,(1,0)=1 if perturbations of the final state are nu- 
merically unimportant. This is rigorous for the Lyman 
series since the ground state is nondegenerate and is an 
excellent approximation for the higher members of the 
Balmer series as is shown later. Calculations of spectral 
line intensities where perturbations of both the initial 
and final states must be considered, using the general 
formulas given here, will be the subject of future 
publications. 

For the present purposes we need only to calculate the 
quantity {do;P;(T4;—1), which involves an average 
over the directions defined by @; and v;. All odd terms 
in (12) drop out and one obtains 


é ” ra‘ 1;(t) 
T.-1=-(—) f ‘——— 
RI r;(t) |% 


t rar (t’) 
xf dt’ —_—_—_+::- 
ij r,(t’) |’ 


(13) 


On evaluation of the double integral all terms containing 
components of both v; and 9; will average out, and the 
terms of the form 2;,0;, give no contribution because 
they are multiplied by odd functions of ¢ and the double 
integral is consequently zero. With these simplifications 
we have 


ey? e dt 
T..~i= -(-) (rao)? f siarnseinti 
h J. (o2+070)! 
' dt’ 
.—— 
# (p7+0,")3 


All terms of the type p;.pj, will again average out and 
the quantities (p;z)*, (pjy)*, (pj:)* can be replaced by 
15? for an isotropic distribution of electrons. The 
integrals then reduce to 


(14) 


2 ct Ye le 
T,j-1=--— ; (15) 
3h? (p;v;)* 
and we find 


oa= V f ao, P;( Toj- 1) 


2 € fa'Te 
= =2nN ff dod jo] —_—— o| (16) 
3h? (pv)? 


where f(v) is the velocity distribution which is assumed 
to be Maxwellian: 


2\i mr} mv 
so)=(=) (—) v exp(- ). 
7 kT 2kT 


(17) 


Evidently the p integration leads to logarithmic 
divergencies for both small and large impact param- 
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eters. At small impact parameters higher order terms 
in the iterated solution of the Schrédinger equation 
become of importance. But it will turn out that close 
collisions are relatively unimportant compared to the 
more distant collisions. We can estimate their effects 
from the Lorentz-Weisskopf collision frequency Vp,”2, 
where the cross section mp,” is defined by the condition 
that the leading terms in (13) approach unity, i.e., by 
e? (rata)! 


Pw (2 he 
h v 


(18) 


Then the collisions are strong and completely disrupt 
the radiation process. To estimate the magnitude of 
Pw it is sufficient to replace the matrix element (rq: Ta) 
by a mean value for a given principal quantum number 
a, which will be of the order a*a,?; then 


Pum (3)*(h/mv)a’. (19) 


The divergence at large impact parameters corre- 
sponds to the breakdown of all binary collision theories 
for the case of Coulomb interactions. Actually the 
distant collisions outside the Debye radius will be 
screened in a neutral plasma and one can cut off the 
integral at the Debye radius pp given by 


pp=(kT/4nNe)}. (20) 


By dividing the collisions into three classes, strong 
collisions inside p», weak collisions between pw and pp 
and screened collisions outside pp, the p integration can 
be performed and (16) becomes 


; ae" ¥.°¥; Pp 
¢a= =a fav of(o)|oct+ = n( ‘) (21) 
3h? ¢ De 


The first term in the bracket determines the relative 
contribution of strong collisions and the logarithmic 
term represents the contribution of weak collisions. 
Comparison with (18) shows that the coefficient of the 
logarithm is 2p,”. The ratio of the weak- to strong- 
collision contributions is therefore given by 


$w/¢s=2 In(pp/pw), (22) 


or if we express pp by (20) and p, by (19) and use the 
mean velocity i= (3kT/m)!, the ratio 


dw 3kT f m , 

sen) 
ds 2ha*\2rNe 

is 5 or larger for the range of densities and temperatures 
considered in this paper. The contribution of close 
collisions to the @ matrix will therefore be less than 20%. 
This result has some bearing on the validity of the 
classical path assumption also, because we can now see 
from (19) that the angular momentum of electrons 
giving significant contributions is (})!ha? or larger. The 
most effective impacts which take place near the Debye 


(23) 
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4 et 2xm\! Pb 
¢a=-- _(—) {—n(~) exp 
3 27\ kT Pu 
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radius correspond to angular momenta larger by one 
order of magnitude. Errors due to the classical path 
assumption are therefore entirely negligible for hydrogen 
because of the large angular momentum quantum 
numbers.*® This also shows that the field strength pro- 
duced by the perturbing electron is practically constant 
over the atom because 


e 
Pw (3) Fees 3a*do, 
v 


(24) 


for the most probable electron velocities. Since the most 
effective impacts occur at impact parameters several 
times larger than p, it can be concluded that the 
assumption of a homogeneous perturbing field, i.e., the 
choice of the perturbation Hamiltonian (11), is justified 
for the majority of effective collisions which take place 
at distances large compared to the Bohr radius. 

Neglecting the strong-collision term, we finally obtain 
after a partial integration 


9 


—) %s 
2kT itaiie 


2 dv — mv" 
- — exp(- —) re te (25) 
tmin UV 2kT 


For the very small velocities the limiting impact 
parameter for weak collisions p,(v) is larger than the 
Debye radius pp. The effect of these slow electrons can 
so be estimated with the Lorentz-Weisskopf formula 
and turns out to be entirely negligible because only 
very few electrons are in this velocity range. We 
will therefore proceed by cutting off the integral 
at a minimum velocity vmin defined by the relation 
Pw(%min)=pp or with (19) and (20): 


Vmin= (8aNe?/3kT)}(ha*/m). (26) 


Then the first term in (25) vanishes and we have, with 
the substitutions 

y=mv"/2kT, (27) 
and 


Ymin=MVmin?/2kT = (4eN/3m)(eha?/kT)*, (28) 


the final expression for the @ operator which we have 
used in the numerical calculations 


x 


1/8rm\' e' exp\—¥) 
3XaT Sh 


Ymin 


(29) 


The values of yin are mostly smaller than 0.1 so that 
the exponential integral may often be approximated by 


“ _ exp(-y) 
f dy ——— ~~ — lnynia— 9.577, 
y 


min y 


(30) 


5 It was shown earlier in reference 6 that for hydrogen the 
quantum mechanical and classical path calculations lead to 
identical results for the matrix elements of the perturbation if the 
relative angular momenta are large and the interaction is weak. 
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and @ is only a very weak function of ymin which 
justifies the cutoff procedures. The major uncertainties 
in @ are due to the neglect of the exponentials,’ the 
extension of the time integrals in (12) and the neglect 
of strong collisions in (25). These various approxima- 
tions introduce errors of the order 10-20%. But these 
errors will partially compensate each other and Eq. (25) 
is accurate to about 10%." The errors due to the 
approximate nature of the perturbation Hamiltonian, 
i.e., the assumption of classical path and homogeneous 
perturbing field, are of lesser importance. They essen- 
tially only cause an uncertainty in ymin, the exact value 
of which is not very critical. 

This does not yet mean that the line profiles calcu- 
lated with these approximations for ¢, will be of corre- 
sponding accuracy. The validity of the impact assump- 
tion must first be determined. This requires for weak 
collisions an estimate of the change (AT,) of the 
matrix elements of the transition operator in a time 
interval Ar, characteristic for the correlations of the 
perturbations. Now the correlation time Ar, is of the 
order of pp/t or smaller, (AT,)=¢.Ar,, and using (29) 
with (r,°1q)S<a‘a,? and also (20), we find 


1/2N\'h? . exp(—y) 
eg « 
3X\meF mi oy y 


min 


(31) 


For the lines considered in this paper this quantity is 
0.1 or smaller. Therefore, the impacts only cause a 
small change in the operator 7(/,0) in a time where the 
perturbations are correlated, and the impact assump- 
tion is accordingly justified. 

Using standard perturbation theory for the linear 
Stark effect for a field strength F which is here produced 
by the ions and is taken to be in the z direction, we 
obtain the usual expression in terms of parabolic wave 
functions: 


Awe''p= Awar— (ek h)((a"" | z\a’’)— (B\2'B)), (32) 
where Awas=w—watw, is the frequency measured 
from the frequency of the unperturbed line. 

Substitution of (29) and (32) into the general ex- 
pression (10) for the spectral intensity yields the final 
formula for the impact profile used in our numerical 
calculations : 


® By expanding the exponentials in (2) one can show that the 
errors introduced are of the order 


sear / f [exp(—y)/y dy, 
Ymin 


which is never larger than 0.1 (see Table I). 
0 If the time integrations in (12) are extended only to a finite 
time given by p?+2°f =pp?, one obtains instead of (21) 


4 ef fata PD | 
doa= wv ft (2) ¢ (pw/pp)?p.2+- — —— In : 
3h? Pu 


i.e., the errors are smaller by a factor (p.,/pp)* than estimated for 
strong collisions above [see Eq. (21) ]. 
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Jav(w,F) 


1 
=— 2 Re@|u(0)|a’) 


W a'a''B 


xo’ iC (eF /h)((a"" | s|a’”)— (B| 3|8))) 
a) " 


1 /8rm\ et! " 
+ v(— ) “tote f dy ———— a") 
$ NST 7 # Vinin y 
x (a’’|u(0)|8), (33) 
where we drop [exp(E./kT)]/Z(T) for convenience. 
This describes the influence of the electron perturba- 
tions on the Lyman lines within a ~10% numerical 
accuracy as discussed previously. For the Balmer lines 
the broadening of the b=2 state by electron impacts is 
neglected. But again this will only introduce small 
errors because the ¢-matrix elements vary as a‘ and the 
number of elements contributing to the electron 
broadening of a Stark component varies with a. The 
relative contribution of the broadening of the b=2 
state to the broadening of the initial state for the Balmer 
lines is therefore of the order (2/a)5 and consequently 
is negligible except perhaps in the case of Ha. 


ION BROADENING 


Since the ions move slowly relative to the electrons, 
the impact approximation cannot be used to describe 
the ion broadening except in a narrow frequency 
interval near the line center.* Instead it is necessary 
to treat the ion field in the static approximation and 
to obtain the ion-field distribution function. 

The instantaneous shift in the position of a particular 
Stark level dwa's corresponding to the ion field strength 
F is given by time-independent perturbation theory: 


bwarp= (e/h) ((a’| z|a’)— (8) 2!B))F=CagF. (34) 


The spectral distribution is found from the distribution 
of Stark splittings, which can be expressed in terms of 
the field-strength distribution function W (F), describing 
the probability of finding the ion field between F and 
F+dF as W(F)dF. With this, the spectral distribution 


in the statistical approximation is 


rf 
Jav(Aw)=>> | (a’| (0)! 8)|?W(F) 


a’B dbwWe Fr 


IF 


1 bwa's 
=> —|(a'|u(0) a)w(—*). (35) 


a’B Cag a’B 
The sum is over all the Stark components contributing 
to a line. 

Lenz," Burkhardt,” Spitzer,'* and Holstein“ pointed 

A.W. Lenz, Z. Physik 83, 139 (1933). 

 G. Burkhardt, Z. Physik 115, 592 (1940). 

‘8 L. Spitzer, Phys. Rev. 58, 348 (1940). 

‘T. Holstein, Phys. Rev. 79, 744 (1950). 
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out that the statistical theory is valid only when 


bwepAT >I. (36) 


Here Az; is a time characteristic for the ion field varia- 
tions. For an ion passing by with an impact parameter p; 
with a velocity 7; this time will be of the order p,/v;. The 
corresponding field strength is e/p,, and with (34) we 
can rewrite the validity criterion: 


(€Ca'p6Wa'g ‘y,)§>1. (37) 


If we introduce a mean value Cy3= (h/me)(a?—b*) for 
the Stark coefficients of a line whose initial and final 
states have principal quantum numbers a@ and 8, this 
gives finally 


(hdway(a?— b*)/mr,2)'>1. (38) 


This condition is generally satisfied for the ions except 
near the very core of the lines. 

Holtsmark? derived the field-strength distribution by 
neglecting all correlations between the ions. Then a 
dimensional analysis showed that distribution functions 
for different ion densities .V have the same shape and 
that they scale with V!. If one introduces the normal 
field strength Fy defined by 


Fy=2.61eN}, (39) 


the field-strength distribution function for any density 
can be expressed in terms of a universal distribution 
function Wy(F/Fo) as follows: 


W(F)=(1/Fo)Wu(F/Fo), (40) 


and the spectral distribution can be conveniently 
written as 


1 bwWa’s ‘ 
Sukie S ——| el x 8)|*Wn( , -), (41) 


a’B Cask o a'Bl’o 


where we put n= (0) for simplicity. 

It is now customary to introduce a reduced wave- 
length scale’® a= AA/ Fo. With AX= (Aw/ 2c)? (AAA), 
(41) finally reduces to 


[Su(a) Jasda=J a»(Aw)dAw 
=> Kars | (a’ |u| B)|?Wi(a/Ka's)da, (42) 
a’B 


where the constants Aq’s are defined by 
? ed? $e 
Karp=—Ca'p=——({a’ | 2|a")— (8| 2/8)). 


rc 2arch 


(43) 


The functions Sy(a) for the first four Balmer lines 
were calculated by Verweij'® and simultaneously by 

16 The variable a and S(qa) are introduced in conformity with 
standard astrophysical notation. The quantity a is not to be con- 
fused with the quantum numbers a’. ; 

16S, Verweij, Publ. Astronomical Inst. Amsterdam, No. 5 
(1936) ; dissertation, Amsterdam, 1936. 
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Schmaljohann,'’ who properly took into account the 
average over the polarization of the radiation. Asymp- 
totic relations for the wing distributions were also 
obtained by these authors. Here the corresponding 
field-strengths are high and are therefore caused by an 
ion very close to the radiating atom. Then the effect 
of the other more distant ions can be neglected and the 
distribution function will be proportional to the prob- 
ability of finding the ion inside a certain shell between 
rand r+dr: 


W (F)dF=4anr'dr/V, (44) 


where /=e/r? and the volume V available for one ion 
is V=N-. It follows that 


W (F)22eNelF-3, (45a) 


W u(F/Fo)==1.50(F/Fo)-4. (45b) 
With Eqs. (42) and (45b) one finally obtains for the 
line wings: 
1.50 
: D> Karp'| (a’ |u| 8)|?. 


a? a’B 


[Su (a) Jas (46) 


The most complete tables for the S(a@) were calculated 
by Underhill and Waddell'* for the lines forming the 
different series of the hydrogen spectrum. 

Using the Markoff method, Holtsmark also derived 
the distribution function Wy for smaller values of 
F/Fo, taking into account the fields of all the ions, not 
just the nearest neighbor. However, in calculating the 
probability of weak fields, the assumption that the ions 
are statistically independent becomes questionable 
because it is usually the case that the thermal energies 
are not very large compared with the Coulomb inter- 
action energies. Furthermore, the ion fields will be 
partially shielded by the electron clouds surrounding 
the ions. These effects can be accounted for approxi- 
mately by using Debye screened fields instead of 
Coulomb fields for the contribution of individual ions 
to the field at the radiating atom. This procedure is 
valid only if the number of particles within the Deybe 
sphere is not too small. The distribution function ob- 
tained in this way will depend on Np, the average 
number of particles within the Debye sphere. From 
(20) we find 


de kT! 
N D= pp®N = : (—) N . 
3 6/7 \ e 


Ecker! has calculated the field-strength distribution 
function We(F/Fo) as a function of a parameter 
=2-!Np using a Coulomb field with a cutoff at the 


(47) 


17P. Schmaljohann, State examination work, 1936 (unpub- 
lished) ; see also A. Unséld, Physik der Sternatmos phiren (Springer 
Verlag, Berlin, 1955), Second edition, Chap. XT. 

16 A. Underhill and J. Waddell, National Bureau of Standards 
Circular No. 603 (U. S. Government Printing Office, Washington, 
D. C., 1959). 
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radius pp/V2, instead of the exact Debye screened field. measurements of this line could give direct information 
The factor v2 arises from the ion-ion correlations, i.e., on the ion field-strength distribution function. 
an additional Boltzmann factor for the ions in the Theimer and Hoffman" and Ecker and Miiller” also 
Poisson equation normally used to derive the screened computed distribution functions using the complete 
Debye potential. The use of the usual Debye length Debye field. For large 6, these functions agree with 
as a cutoff takes into account only the screening and is Ecker’s earlier results but for 6 near unity the new 
appropriate as a cutoff parameter for electrons moving distributions are still narrower. This is due to the 
in a static ion field. Then the ion-ion correlations are _ shielding action of the electrons inside the Debye sphere. 
irrelevant and the cutoff is larger by the factor v2. These electrons, however, give rise to impact broadening 
The Ecker procedure can only be expected to yield and it is more appropriate to omit them here, i.e., to 
satisfactory results when the ion fields are larger than use the cutoff method, so as not to use the electrons 
the field produced by an ion at the Debye radius. inside the Debye sphere twice in the calculation of the 
Tree ee ee ee , _ line profile. 

F/Fo>F p/Fo= No“. (48) Baranger and Mozer™ have recently derived distri- 
bution functions using cluster integral expansions. For 
fields produced at a neutral point they essentially 
confirm the screened field results. Their curves are in 
between those obtained with pp and pp/V2 as screening 
parameter, the actual value of which is usually not 
critical. Therefore, this is additional evidence that the 
field-strength distribution functions used here are 
sufficiently accurate where their behavior is reflected 
in the resulting line profiles which include electron 
broadening. 


For smaller values of F/F» one obtains sufficiently 
accurate distribution functions by extrapolation from 
F/Fo~é" to F/Fo=0, maintaining the normalization 
SW W(F/F,)dF/Fy=1. We used curves which were 
determined by Ecker by an extrapolation preserving 
the general character of the Holtsmark function, which 
is equivalent to drawing smooth curves from the origin 
to a point F/Fy~26-!. The extrapolation procedure 
actually employed is not critical. If one replaces 
Ecker’s smooth distribution functions in Fig. 1 for 
F/F)<1.56-4 by a step function determined by the ION AND ELECTRON BROADENING 
normalization condition, the difference in the resulting 
line profiles is less than 10% under practically all 
circumstances even at the line center. This was shown 
numerically for Hg (see the following section) and is a 
consequence of the relative importance of the electron 


The motion of the “fast” electrons and “slow” ions 
produces an electric field which behaves like a random 
function having rapid variations superimposed on a 
slowly varying component of comparable amplitude. 
ag lage . : The ion field will stay nearly constant in times which 
broadening. The lines with a central component, i-e., Contain a number of electron collisions. This number 
Ly-a, H, and H, will be will be less affected and also j, approximately the ratio of electron velocity to the 
H;, which has no central Stark component, is not jon velocity, v./2;. In calculating the spectral distribu- 
seriously affected because its central dip is smaller than tion we now have to consider a sum of Fourier integrals 
that of Hs. The only exception might be Ly-8 so that _ of the following type: 


ti+l 
JIx(w) => f dt exp[ — (tAw—iCF (K)+7)t] 
i ti 


expl — (tAw—iCF;(K)+7)ti]—expl— (tAw+iCF (K)+y)lis1] 


_ (49) 
i(Aw—CF,(K)) + 


Here Aw stands for the frequency measured from the _ the resulting profile is given by 
unperturbed line; C is a Stark-effect coefficient. F;(K) 
is the ion field strength at the Ath radiating atom in the W(Fo(K)) 
time between /,; and /,;,; and ¥ is the electron damping J(w)=Re ) » P CF (K ’ 
constant. We have dropped the a’,8 indices for sim- K iLAw—CFo(K) |+7 
plicity. The time interval /;,:—/; is taken to be long 
enough to include many electron collisions but short 
compared to times in which the ion field changes 
appreciably. This permits the evaluation of the in- : 
tegrals. The observable profile is found from the sum 9 Q, Theimer and H. Hoffman, Astrophys J. 127, 477 (1958). 
over Jx(w), averaging over F,(K). If the damping is ” G. Ecker and K. G. Miiller, Z. Physik 153, 317 (1958). 
large in times characteristic for the time variations of on M. Baranger and B. Mozer, Carnegie Institute of Technology, 
: : ittsburgh, Pennsylvania, Technical Report No. 2, Nonr-760(15), 
the ion field, only the term with /;=0 contributes and Office of Naval Research (1959) (to be published). 


(50) 


where W(F) is the field-strength distribution function. 
We conclude that the statistical theory for ions can be 
applied to the entire line profile if y/; is large compared 
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with unity. Now y is of the order of the @ matrix 
elements multiplied by the number of interacting 
states, i.e., with (29), (ra-ra)a‘(h?/me*)? and the 
number of interacting states ~ a 


m\i/hy? exp(—y) 
v~0(6)=N( ) (-) of 
kT m Ymin a 


The time /; will be of the order p/i,;~ N~-!(m,/kT)!, the 
duration of an ion collision, so that we have 


h? m:\} ad exp(—y) 
(rh)x=vt—_(™) ef yg 
mkT m Ymin y 


(51) 


(52) 


For ion collisions for which y/;~1, the remaining terms 
in (49) cannot be neglected because of this amplitude 
argument. But after summation over the different 
atoms K they will still drop out if the phases CF;(K)f 
due to the static ion shifts are sufficiently large, because 
the F;(K) are random. F,(K) is of the order eN!, C is 
typically a’h/me, so that with 4;~.\V~!(m,;/kT)' one 


finally has 
m:\*h 
(CF (K) ti) w* ( ) —aN}, 
kT/ m 


(53) 


Inspection of Table II shows that (yl1)4 and 
(CF;(K)t:) are close to unity for the highest tempera- 
tures and lowest densities considered in this paper. The 
statistical theory therefore appears to be applicable for 
the ions in most cases even in the cores of the lines. It 
should be noted that this is only true if damping due to 
electrons is present, so that the summations over 7 and 
K can be interchanged. If this were not the case one 
could use the statistical theory only if the phases Aw; 
are large, i.e., one would arrive at the well-known 
validity criterion discussed in the previous section and 
the statistical theory would not be valid close to the 














Fr 
Fic. 1. Ecker’s distribution function for the ion field for various 
values of 6 which determines the average number of ions within 
a Debye sphere. W(F/Fo,%) corresponds to the Holtsmark 
distribution. 
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TABLE II. Minimal values of (y¢;)ay and (CF; (K )ty ay. 
Ly-a Ly-8 Ha Hs 


Naialcm™} 1007 10'6 “416 1015 
bndaies 06 09 09 O8 
(CF; (K) ty) ay 1.1 1.2 1.2 1.0 


line center.” But in our case the effects of the ions can 
be taken into account by summing up the impact 
profiles calculated for constant ion fields. With the 
field-strength distribution function W(F), this pro- 
cedure yields the resultant line profile Ja,(w): 


Jaslu)= f dF W(F)Jav(w,F), (54) 


where J 4»(w,/’) is the electron impact profile determined 
by (33). It is again convenient to introduce a= Ad/ Fo 
as a measure of the distance from the line center and 
to write 

Sav(a)=J ar(w(a))dw/da, (55) 
which with AA= (Aw/2mc)d? and (33), (54), and (55) 
gives finally with Ecker’s distribution W g(F) 
8) 


1 
Sar(a)=—- >> df We(f) Re(B'p!la’m) 


Tv ma’ B 0 


1 
x (am «'m) 
ia—Ky mpl) 


X (a!’m| pw! B), 


(56) 
with yq defined by 


2n2NI 7 2m \i rata 7% exp(—y) 
Ya - ¥ (- aa ) f dy . 
2.6ecm? \rkT ay” y 


Yimin 


(57) 


The integrands are even functions of f=F/F» and the 
integration needs only be carried from 0 to «. Within 
our approximations the line profiles are symmetrical,” 
that is, it is sufficient to consider only positive values 
of a. The sum over the magnetic quantum number m is 
indicated, because states with different m are not mixed 
by the isotropic electron perturbation and can be 
treated separately. The quantum numbers a’,a”’ are now 
the usual parabolic quantum numbers &;’,k2’ and 
ky’ ko". The calculations necessary, therefore, only in- 
volve matrix inversions of order a or smaller. The trace 
must be performed for each reduced wavelength a for 
a sufficient number of f values, so that the integration 
involving We(f) can be performed numerically. Then 
the real parts are summed over the magnetic quantum 
numbers of the initial states and over all final states. 


* This point is not of numerical importance, however, because 
the line profiles are not sensitive to the form of the ion-field 
distribution for small field strengths (see next section and Fig. 6). 

*3 Slight asymmetries actually do occur and were discussed in 


H. Griem, Z. Physik 137, 280 (1954). 
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L005 
Fic. 2. Profile of the Ly-a line as a function of a= AA(A)/Fo(cgs). 


Only positive m need to be considered and also only 
radiation polarized in the x and z direction, if proper 
weight factors are introduced. 

The profiles of the first two Lyman lines and the first 
four Balmer lines were calculated from (56) for the 
temperatures T= 10* °K, 2X 10* °K and 4X 104 °K and 
for a range of electron densities .V, which are sufficiently 
large that the Doppler broadening is negligible and 
sufficiently small that the lines were still separated. The 
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wavelength range was extended to a values for which the 
asymptotic formulas derived in the last section of this 
paper could be used without introducing errors of more 
than 20%. 

Figures 2, 3, and 4 show some of the profiles of Ly-a, 
H, and H, calculated in this way. The central com- 
ponent of H, was corrected for the electron broadening 
of the b=2 states. The temperature dependence is quite 
small. The fact that the S(@) curves do not depend 
drastically on the density shows that the profiles still 
scale approximately with N!, as in the Holtsmark 
theory. The deviations from the Holtsmark curves for 
H, and H, are always appreciable and are even larger 
for Ly-a, since these lines have a central component that 
is not shifted in a static field. 
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In Fig. 5 the Holtsmark curve for Hg is compared 
with the statistical theory of Ecker in which the ion 
field strength distribution function is corrected for 
correlation and screening effects. For comparison, two 
other curves are shown which include the electron 
broadening; one being calculated with the Holtsmark 
field-strength distribution function and the other with 
the Ecker distribution. It is apparent that the effect of 
the electron broadening on the half-width is compen- 
sated to some extent by the electron shielding of the 
ion field and by ion-ion correlations. But otherwise the 
profiles are quite different. At large distances from the 
line center the two curves which were calculated by 
considering the effects of both electrons and ions agree 
quite well as expected, but are significantly higher than 
the two statistical curves which, of course, also approach 
one another for large values of a. It should be noted 





STARK BROADENING 
that this comparison is only for one condition, namely 
T=10000 °K and V=10'* cm™, but the general con- 
clusions also apply to other cases because the general 
shape of the \ S(a) curves do not depend sensitively on 
either temperature or density in the range of interest.”4 

That the behavior of the field-strength distribution 
function for small field strengths is not critical is shown 
in Fig. 6, where two Hg profiles are compared which 
were obtained using the extreme possibilities for the 
extrapolated part of the field-strength distribution 
functions. 


COMPARISON WITH EXPERIMENT 


The most recent experimental data on Balmer-line 
profiles were obtained by Bogen,’ who used a water- 
stabilized arc and made precision measurements of the 
Hg line profile with both photographic and _ photo- 
electric methods. The plasma densities and tempera- 
tures were calculated from measured absolute line 
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Fic. 5. Comparison of the various approximations 
for the Hg profile. 


intensities assuming thermal equilibrium. The assump- 
tion of local equilibrium is justified by the high densities 
and long experimental times. Figure 7 shows an experi- 
mental Hg line profile with T= 10 400 °K, V=2.2X10"* 
cm~ and the corresponding theoretical curves. While 
the Holtsmark theory does not account for the spectral 
distribution, the complete theoretical and experimental 
curves agree within 10% over the whole intensity 
range of two orders of magnitude, i.e., within the nu- 
merical accuracy of the calculation and the experi- 
mental error. 

The dip in the center of the experimental Hg curve is 
smaller than in the theoretical curve, which may be 
partly due to inhomogenieties that are present in an arc. 
This is borne out by the fact that the central dip in Hs 
does not show up in the spectra from water-stabilized 


*4 A complete set of curves for densities in the range NV =10!4 
—10%cm~ will be published as a Naval Research Laboratory 
report. 
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Fic. 6. Profiles S(a) for Hg using two extreme possibilities for the 
extrapolated part of the ion field strength distribution W (F/Fo). 


arcs, but is quite pronounced in shock tube spectra*® 
where density gradients are not significant. Unfor- 
tunately, experimental profiles of comparable accuracy 
are not available for other than the Balmer series of 
hydrogen. A measurement of the first two lines of the 
Lyman series would be especially significant. Because 
the strong central Stark component is affected by 
electrons only, Ly-a would serve as a test case for the 
electron broadening theory. The Ly-@ line, on the other 
hand, has no central component, so that the shape near 
the line center is only slightly influenced by electrons. 
It could, therefore, be used to determine the microfield 
distribution of the ions and to check the theory of the 
ion broadening. 
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26 E. B. Turner, dissertation, University of Michigan, 1956; 
University of Michigan Engineering Research Institute, ASTIA 


Document No. AD 86309 (unpublished). 
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The excellent agreement between the present theory 
and Bogen’s data for Hg encourages the application of 
these results to deduce electron densities from measured 
hydrogen-line profiles. While the Holtsmark theory 
could be expected to yield electron densities only within 
a factor of two, the line-broadening theory may now be 
used to determine densities with relatively small errors. 
The accuracy now possible is quite adequate for most 
plasma experiments and astrophysical applications. 


ASTROPHYSICAL APPLICATIONS 


The Holtsmark theory has been used extensively in 
astrophysical applications to deduce electron densities 
and pressures from the profiles of the early members of 
the Balmer series, using temperatures obtained from 
relative line intensities. Since the observed radiation 
comes from layers with densities that vary with optical 
depth, a comparison between a line broadening theory 
and astrophysical observations is only possible after 
involved model atmosphere calculations. Verweij'® was 
the first to employ this method, using the Holtsmark 
theory to deduce the structure of a stellar atmosphere. 
His theoretical line profiles did not agree too well in 
detail with the observational data, but he was able to 
explain qualitatively the absolute-magnitude effects in 
spectral classes B, A, and F. More recent calculations*® 
indicate that the observed profiles can be forced to fit 
Holtsmark curves in the far wings, but that there are 
discrepancies between the theory and observations 
near the core of the lines and that the densities and 
therefore the surface gravities obtained from the line 
profiles are larger than those indicated by the mass and 
radius of the star. It was suggested” that the electrons 
might give a significant contribution to the line broaden- 
ing and that the densities are accordingly smaller than 
those deduced using the Holtsmark theory. Recently a 
number of investigators*®?*-® applied a revised line 
broadening theory® to the H, line emitted by B stars 
and found that consistent surface gravities resulted, if 
the contribution of the electrons to the absorption 
coefficient was taken into account. They estimated that 
the line absorption coefficient was raised by around 50% 
and found that one could calculate the shape function 
near the line core as well as in the far wing. The theory 
that they used can be obtained as an asymptotic limit 
of the present theory, but only the diagonal matrix 
elements of the perturbation were calculated in detail. 
The broadening caused by collision induced transitions 
was based on estimates of the magnitude of the off- 
diagonal matrix elements. In this section an explicit 


26 For example, see the discussion in L. H. Aller and J. Jugaku, 
Astrophys. J. 128, 616 (1958) ; also G. Traving, Z. Astrophys. 36, 
1 (1955); 41, 215 (1957). 

27 G. J. Odgers, Astrophys. J. 116, 445 (1952). 

28 Elste, Aller, and Jugaku, Publs. Astron. Soc. Pacific 68, 23 
(1956). 

* K. Osawa, Astrophys. J. 123, 512 (1956). 

*®H. Van Regemorter, dissertation, Paris Institute d’Astro 
physique, 1958 (unpublished). 
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calculation, taking into account properly the effect of 
collision induced transitions, will be presented. The 
absorption coefficient for H, and the residual line in- 
tensity in B-type stars is found® to be slightly larger 
than that given previously by the approximate theory, 
but the general line shape is the same. 

Because of the long optical paths encountered in 
stellar atmospheres the observed Balmer line profiles 
are only determined by the form of the wing of the 
theoretical absorption coefficients. The wing distribu- 
tion follows from the general formula for the resultant 
line profile if we consider large values of a. Then only 
two ranges of f values contribute to the integral over /f. 
At small f the factor W(f) is large and the remaining 
factor in the integrand is nearly constant as a function 
of f. At f values given by f=a/Ka’ms on the other 
hand, the second factor is large and the first factor is 
nearly constant. By splitting the integral and taking 
out the nearly constant terms, one can approximate 
Sav(a) by® 


1 fi 
Sav(a) = ea k (f W(pas) (8B w\a’m) 
T ma’a’’B 0 


X (a’m | (tay) | a’m) (am |u| B) 


f Re(B\u a’m) 


fl 


X (a’m| [i(a— Kar ma f)+y }"\a’’m) 


XK (alm | ayas| (59) 


If now the limiting value /; is sufficiently large the first 
integral is unity because of the normalization, and if 
fi is still small compared to f=a/Ka’'ms the second 
integral becomes 


(4/Karims)W (a/ Karma) | (B\ pl a’’m)|?. (60) 


It is now consistent with these approximations to use 
the asymptotic expression for W(/) given by (45) and 
to expand the electron impact contribution in powers 
of y/a, retaining only the leading term. So finally we 
obtain 


is 
Sarsla)=— DY Karma’ (B\ pl a’’m) |? 


a? a’’ms 


1 
—~ 2, 


Tra a’a’! mB 


(B | m a’m) 
X (a’m|y|a!’m)(a!’m| |B), (61) 
"L. H. Aller and J. Jugaku, Astrophys. J. 130, 469 (1959). 


® This result agrees with the first terms of an asymptotic series 
obtained earlier.® 
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TABLE III. Ratio R(N,7T) [A~*] of electron to ion contribution to the absorption coefficient for the wings of the Balmer lines. 











104 


N(em=]\T(°K] 


4 X104 2108 


H, 
0.79 
0.71 
0.63 
0.54 
0.46 
0.38 
0.30 
0.22 
0.14 


1.05 
0.93 
0.82 
0.70 
0.59 
0.47 
0.35 
0.24 
0.12 


101 
10" 
10” 
10" 
104 
1015 
1016 
10!” 
10'8 


1.50 
1.34 
IP 
1.01 
0.85 
0.68 
0.52 
0.35 


1.37 
1.20 
1.03 
0.87 
0.70 
0.53 
0.36 
0.20 


1.04 
0.92 
0.80 
0.68 
0.57 
0.45 
0.33 
0.21 


10° 19 
10" 56 
10% 32 
108 1.08 
10" 0.84 
1015 0.61 
1016 0.38 
10!7 one 


or in terms of A\= Fa, 


1 


=~ 


Lia — = 
(Ad)! a’’mBs 


1 


(FoKa''ms)? (B & a’’m) : 


—— DO (Bl pla’m)(a'm| yFo\a’’m) 
a (AX)? a’a’’mBp 


X (am | w|B)=JitJ.. (62) 


1 a.(Ar) 2(hd)?(m/2ekT)! 
R(.V,T)=—— - #) ae 


= = dy 
(Ad) a;(AX) 


’ 
“Umin y 


3(2.6e)?m?c 


» 4 - 


Values of this coefficient calculated for the first four 
Balmer lines and for Ly-a and Ly-@ are listed in Tables 
III and IV. An inspection of the tables shows that for 
values of astrophysical interest the term R(.V,7)(Ad)! 
is practically always of order unity and the absorption 


TABLE IV. Ratio R(V,T) 


Ly-a 
N[{cm*]\T[°K] 4X 108 104 "2x10 
1.93 
1.54 
1.14 
0.74 


0.55 
0.35 


1.45 
1.17 
0.89 
0.61 
0.47 
0.33 


2.11 
2.01 
1.45 
0.88 
0.60 
0.32 


10° 
102 
10" 
10'6 
10!" 
10's 


4X10 


0.60 
0.54 
0.48 
0.42 
0.36 
0.30 
0.25 
0.19 
0.13 


0.79 
0.70 
0.62 
0.53 
0.45 
0.37 
0.28 
0.20 


4x104 


1.09 
0.89 
0.69 
0.49 
0.39 
0.29 


4 X10 104 2X10 4X10 


Hg 
0.60 
0.54 
0.48 
0.42 
0.35 
0.29 
0.23 
0.17 
0.11 


0.80 
0.71 
0.62 
0.54 
0.45 
0.36 
0.27 
0.19 
0.10 


1.39 
1.21 
1.04 
0.86 
0.69 
0.51 
0.34 
0.17 


1.27 
1.12 
0.97 
0.82 
0.67 
0.52 
0.37 


0.96 
0.85 
0.75 
0.64 
0.54 
0.43 
0.32 


The first term J; corresponds to the ion contribution 
and the second term J, is due to the electron impacts. 
By factoring out the ion contribution, we can write 
the absorption coefficient in the form 


a(Ad)=a,(Ad)[1+RCV,T) (Ad)! ]. (63) 


The coefficient R(V,7), which is the ratio of the electron 
to ion contribution at a distance of one wavelength unit 
from the line center, is defined by 


exp(—y) 


1 Ta'Ta 


s 


T a’a’’mB 


(B\p w'm)(a'm 


am (alm |u| 8) 


ay" 
Sl Wemyss mae (64) 
DD (Kar'ms)'| (B| | a’’m) |? 


a’’mB 


Ls 


coefficients in the line wings are accordingly larger by 
a factor around two for a given electron density com- 
pared with the predictions of the Holtsmark theory. 
As mentioned earlier, this result removes an existing 
difficulty in the theory of stellar atmospheres. 


[A~4] of electron to ion contribution to the absorption coefficient for the wings of the Lyman lines. 


Ly-g 
4x10 


4 X10 
1.86 
1.50 
1.14 
0.77 
0.59 
0.41 


4.30 
3.31 
2.29 
1.26 
0.74 
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The coefficients R(N,7) vary slowly with tempera- 
ture and density. Values of this constant for conditions 
not represented in the table can therefore be easily 
found by interpolation or extrapolation. Correspond- 
ing calculations for higher series members of the Balmer 
lines are not yet available, but since the R(\,7) de- 
pend smoothly on the principal quantum number of 
the upper state for Hs, H,, and Hy, the absorption 
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coefficients for other Balmer lines can be estimated by 
extrapolation. 
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Conductivity of a Warm Plasma* 
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A theory for obtaining the conductivity of a uniform plasma as a function of frequency and temperature is 
presented and compared with a number of recent treatments. 


INTRODUCTION 


ECENTLY, several different treatments of the 

high-frequency properties of an anisotropic plasma 
have appeared.’ In each case the time-dependent part 
of the electron distribution function is obtained and 
then used to determine either the conductivity tensor 
or the propagation constant for a plane electromagnetic 
wave within the plasma. The forms of the conductivity 
tensor reported by these authors differ and the cause 
of the differences is not clear. It is the purpose of this 
discussion to indicate the nature of the differences or 
similarities in the various treatments. 


FORMULATION OF THE PROBLEM 


We consider the plasma to consist of electrons, posi- 
tive ions, and neutral particles. In the absence of any 
electromagnetic disturbance, the plasma has a uniform 
density and is electrically neutral. For simplicity, we 
assume that in the presence of an electromagnetic field 
only the motion of the electrons is affected. The pro- 
cedure for determining the properties of the plasma can 
be applied equally well when the motion of the ions is 
included; the contribution of the ions can be inferred 
from the results for electrons by noting the change of 
mass and charge. Within the plasma the electrons are 
described by their kinetic properties. Thus, the number 
of electrons at time / whose position and range of 
velocities lie within the interval r and r+dr and v and 

* This work was supported in part by the U. S. Atomic Energy 
Commission. 

1A. G. Sitenko and K. N. Stepanov, J. Exptl. Theoret. Phys. 
Usae. 31, 642 (1956) [translation: Soviet Phys. JETP 4, 512 
COT. Bradham, Phys. Rev. 107, 1222 (1957). 


31. B. Bernstein, Phys. Rev. 109, 10 (1958). 
4 J. E. Drummond, Phys. Rev. 110 293 (1958). 


v+dv is given by /(r,v,/)d*rd*v. The electron distribu- 
tion function, f(r,v,/), must satisfy the Boltzmann 
equation® 


0f/dt+v-V,f+ (q/m)(E+povX H)-V,/ 
- —v(f—fo). (1) 


Here E(r,t) and H(r,t) are the electric field and mag- 
netic intensity, respectively. The quantities g=—|q| 
and m are the charge and mass of an electron, respec- 
tively. In MKS units, which will be used here, €9 and 
uo are the characteristic constants of free space. The 
loss term, —v(f—/o), is included to conserve number 
density and momentum. For simplicity, the collision 
frequency, v, is assumed to be independent of velocity. 
The removal of both this assumption and the limited 
loss term can be accomplished by following the method 
of Allis.® 
We consider a plasma that is close to thermal equi- 
librium within which the following linearization condi- 
tion holds: 
f(t,v,0~foP)+filt,v,2), 
E(r,t)~ Ei(r,!), (2) 
H (r,t)~ Ho2+Hi(r,/), 


where fo(v*), the distribution function in the absence 
of the electromagnetic disturbance, is chosen to be the 
Maxwell-Boltzmann distribution 


fo(v®)=n(m/2nKT)! exp— (mv?/2KT). (3) 


Here K and T are, respectively, Boltzmann’s constant 


5S. Chapman and T. G. Cowling, The Mathematical Theory of 
Nonuniform Gases (Cambridge University Press, London, 1939). 

®W. P. Allis, //andbuch der Physik (Springer-Verlag, Berlin, 
1957), Vol. 21. 
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and the electron gas temperature, and is the number 
density of electrons within the plasma. If we retain 
terms linear in f; and E,, then Eq. (1) can be written as 


Ofi\/A+V-VfitocX Vv Vifitvfi=— (g/m) Ex: Ve fo, (4) 


where w.= —g(uo/m)Hp is the electron cyclotron fre- 
quency. Following Drummond,‘ we note the definition 
of the Boltzmann operator and write the solution of 
(4) as 


filt,v,) = —2(q/m) (dfo/dv®) f e"Cv-Ex(r,) Yds, (5) 


where the prime denotes the fact that the variables 
r, v,/ in the integrand are to be replaced by (/=/—s, 
w=R.-y, and r'=r—f'R(x)- vdx. Here R(s) is a uni- 
tary matrix with the following elements: 


cosw,s —sinw,s 0 
R;;(s)= | sinw,s cosw,s Of. 
0 0 1 
With this form of R we see that 
r’=r— (2/w,) sin(w,s/2)R(s/2)-v,—2,52, 
where v= v,+1.,2. 
The vector current density, 


J(r!)= af vs r,v,/)d*v, (8) 


can now be calculated by using (5). The specific com- 
ponents of the current are given by 


Ji(r,Q) = — (2¢ m) f ar(df dv?) 


0 


x0 f ds Fy;(r', t—s)Rjx(s)v,e-"", (9) 


0 


where r’ is given by (7). The velocity dependence can 
be simplified by introducing the coordinates, 
&= R(s/2)-v=R(—s/2)-v’, (10) 


and, if we note the unitary property of R, the introduc- 
tion of these coordinates into (9) leads to the expression 


J\:(1,0) =— (2q?, mf dse “*Ri(—s 2) 


< Riil(s 2) f welap/deretibnl, t—s), (11) 


where a summation over repeated indices is implied 
and where r’=r— (2/w,) sin(w.s/2)E,—sf.2. Equation 
(11) is in the form derived by Drummond. If we now 
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introduce the Fourier transforms 


E,(r,) = (1/2)? f E,(k,o) exp(ik-1— ial) Phd, 
(12) 
Ji(r,=(1 am? f (ke) exp(ik- r—iwt)d*kdw 


into (11), then the vector current density has the 
simple form 


Ji (k,w) =0(k,w)- E;(k,w), (13) 


where the elements of @ are 


v= — (298/m) [ds Re(—s/2)Ru(—s/2) 


x f ecafe/de ess exp®(£), (14) 
©() = — (2ik,-&/w,) sin(w.s/2) —isk,E,—vs+iws, 


where k= k,+&,2. For a uniform medium oj repre- 
sents the conductivity tensor associated with the 
characteristic electric fields E(r,t), which for a uniform 
medium are plane waves. The various elements of ¢ 
for the assumed form of fo(v”) and for a uniform medium 
are listed below. 


s 4) 
oi= (ngq?, m)f ds[.cosw,s — u,?(1—cosw,s) 
0 


X (cosw,s-+cos2¢) | exp?(s), 
x 


a12= (nq? m) [ ds[ sinw,s— u,?(1—cosw,s) 


X (sinw.s+sin2¢) ] exp?(s), 


o13= — (ng?u,u./m) { ds w-SL(1—cosw,s) sing 
ts (15) 
+sinw.s cos | exp®(s), 

021(W) =12(—we), 
o»2(@)=o1(@+n/2), 
o23(¢) = —013(@+7/2), 
731(W-) =013(—Wwe), 
732(W-) =G23(—w-), 


a? 
O33= (ng?/m) / ds(1—1,2w,2s?) exp®(s), 


“6 
where u=k(K7/mw,*)'~= (electron velocity/wave ve- 


locity); (s)=(iw—v)s—2u,? sin?(w.s/2)—uZw.?s*/2; 
and ¢ is the angle between k and the x axis. 
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DISCUSSION 


In the absence of collisions and when ¢=0, these 
elements of the conductivity tensor reduce to the ele- 
ments of Bernstein’s* Q (when typographical errors are 
corrected), which in turn are equivalent to those ob- 
tained by Sitenko and Stepanov,' when account is 
taken of their different representation of the Fourier 
series expansion of ¢. As such, the elements of @ in (15) 
represent simply a rotation of the coordinates from the 
case treated by Bernstein. Pradham’s results are equiva- 
lent to Bernstein’s specified to propagation along the 
dc magnetic field—except for Pradham’s example, 
which contains an error. 

The elements of (15) do not agree, however, with 
those obtained by Drummond. To simplify his equiva- 
lent of (11), Drummond took components of the vector 
current density parallel () and transverse (1) to the 
dc magnetic field’: 


j= J,(E)+ Ji, (E). 


The dependence of the current on the parallel and 
transverse components of the electric field was ex- 
plicitly taken into account by writing 


J,(E)= J,(E,)+ J,(E,,), 
Ji, (E)= Ji (E.)+ Ji, (Ei,). 


For ease of calculation the contributions from E, were 
calculated separately from E,,. Drummond noted that 
with this decomposition Eq. (11) may be simplified by 
requiring that the electric field satisfy Maxwell’s equa- 
tions in the form 


(16) 


(17) 


curl curlE— (w?/c?) E= ipo J. (18) 


Then, by taking the contributions to the vector current 
density arising from the transverse electric field, new 
expressions for 1), 712, 021, 022, as well as og; and o32, 
were obtained. From symmetry arguments, the other 
off-diagonal elements were found. Finally, 3; was 
calculated from the contribution of the parallel com- 
ponent of the electric field. 

The fallacy in the argument arises from the assump- 
tion that the parallel and transverse components of (18) 
have the form’ 

(curl curlE,),— (w/c)?E,= iu J,(E,), 
20(V- E,)/dz=ipwJ,,(E,), ™ 
. (19) 

(curl curlE,, = ipow J, ( Ban g 


(curl curlE,,),;— (w/c)?E,, = ipw J, (E,,). 
7J. E. Drummond, Report No. EDL-E14, Sylvania Electronic 


Defense Laboratory, Mountain View, California, 1956 (un 
published). 
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The decomposition of (18) into the above form tacitly 
assumes that the parallel and transverse components of 
the electric field are mutually independent. That is, 
the independent modes of propagation within a plasma 
are assumed to possess components either parallel to or 
transverse to the dc magnetic field, but not both. How- 
ever, in the case of propagation in a plasma in a direc- 
tion at an arbitrary angle to the dc magnetic field, even 
in the absence of thermal effects the electric field of the 
independent modes possesses components both along 
and transverse to the direction of the dc magnetic field.® 

Only in the case of propagation in a plasma in a direc- 
tion along or transverse to the direction of the dc mag- 
netic field is the form of (19) and (20) correct. For the 
general case of propagation at an angle to the direction 
of the dc magnetic field the elimination process based on 
(19) is not valid, and the conductivity tensor obtained 
by Drummond is incorrect. For the specific case of pro- 
pagation parallel to or transverse to the direction of the 
dc magnetic field, his form of the conductivity tensor is 
equivalent to that obtained by Bernstein and to that 
obtained by Sitenko and Stepanov. 


APPENDIX 
If we expand (15) in powers of w? and retain first- 
order temperature effects only, and if |u|<1 (i.e., we 
ignore Landau-type damping), then the elements o;; 
may be approximated by 
o11= (ng?/m){ (v—iw)/L(v—iw)*+w? }} 
X (1-—w2u2[ (v—iw)*— 302 )/[(v—iw)?+w2 P 
—3w2u,?/[ (v—iw)?+4w? | 
+ 224? (sin’d)/ (v—iw)*}, 
o12= (ng?/m){w-/[(v—iw)?+w? ]} 
X (1-60 2u2/[ (v—iw)?+4w2 | 
—w2u2[3(v—iw)?—w2 |/[(v—iw)?+we P 
—w,u,? sin2dd/(v—iw)} 
o13= — (nq?/m){w2usu,/[(v—iw)*+w? P} 
 {2(v—iw) cos+w, singlw2+3(vy—iw)* ]/ 
(v—iw)*}, 
023(@) = —o13(@+77/2), 
721(w-) =012(—w-), 
o22(¢)=o1(¢+7/2), 
31(We) =013(—We), 
032(W-) = 023(—We), 
o33=[ng?/m(v—iw) {1—3w2u,2/(v—iw)? 


—w2u,?/[(v—itw)?+w }}. 


*C.H. M. Turner, Can. J. Phys. 32, 16 (1954). 
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An electromagnetic wave traveling in a multistream medium in the direction of an applied magnetic 


field is described by a dispersion relation as follows: 


CR=w*—L; wi2w/(w— kV; FQ)), 


where w is the frequency, & is the wave vector, w; is the Langmuir frequency, 2; is the gyromagnetic frequency 
associated with the beam i, and V; is the velocity of the beam i (j=1, 2, 3---m). For the case of gyromagnetic 
resonance (w={;) we have an occurrence of growing and evanescent waves if 


M =27[%; w?/Vi?—40,1/c'>0, 


and the occurrence of unattenuated waves if M<0. 


A. DISPERSION FORMULA 


ONSIDER an extended uniform medium in a 
steady magnetic field Ho and consisting of a 
superposition of » parallel beams of moving particles 
aligned along the direction of Ho and having velocities 
V; (i=1, 2, ---m). Each beam is of infinite width and 
has a uniform density ; of particles having charge e; 
and mass m;. We shall also assume that } e;=0. A 
disturbance in such a medium would produce electro- 
magnetic waves. Within the last few years several 
investigations were devoted to the study of the dis- 
persion formula describing such waves moving in the 
direction parallel to V;. A dispersion formula currently 
quoted in the literature is as follows: 
wi?(w—RV;) 
cag —S ——_——, (1) 
w—kV +0; 
where w is the frequency, k is the wave vector char- 
acterizing the disturbance, and 


w?=4ane?/m:; Q:=eHo/mic. (2) 


The expression similar or equivalent to (1) has been 
independently derived and studied by several investi- 
gators such as Bailey,! Twiss,? and Berger, Newcomb, 
Dawson, Frieman, Kulsrud, and Lenard.’ Furthermore, 
the dispersion formula (1) was quoted andinvestigated 
by Piddingtont and by Dawson and Bernstein.’ Some 
properties of the formula (1) have also been studied by 
Gershman and Zhelezniakov.® Therefore, the use of the 
formula (1) is quite widespread. 

1V. A. Bailey, Phys. Rev. 83, 439 (1951), Eq. (101). 

2 R. Q. Twiss, Phys. Rev. 84, 448 (1951), Eq. (28). 

3 Berger, Newcomb, Dawson, Frieman, Kulsrud, and Lenard, 
Phys. Fluids 4, 301 (1958), Eq. (31). 

‘J. H. Piddington, Phys. Rev. 101, 9 (1956), Eq. (31); J. H. 
Piddington, Phil. Mag. 3, 1241 (1958), see Sec. 8 and Appendix. 

5 J. Dawson and I. B. Bernstein, Controlled Thermonuclear 
Conference, Feb. 3-5, 1958, U.S.A.E.C. Report T1D-7558, 
Washington, D. C. 

6 B. N. Gershman and V. V. Zhelezniakov, Trudy 5-go Soviesh 
chania po Voprosam Kosmogonii, Akad. Nauk S.S.S.R. (Pro- 
ceedings of Fifth Conference on the Questions of Cosmogony, 
Academy of Sciences, USSR, 1956), p. 273, Eq. (22). 


where Q,={); for all 7’s, 


The author believes that the dispersion formula (1) 
results from a different application of Maxwell’s equa- 
tions, and it may not be applicable to the present 
problem. One can at least suspect its inapplicability by 
considering a specific case where the magnetic field is 
absent, i.e., Q;=0. Then the expression (1) has the form 


CR=w'— >; w. (3) 


The expression (3) is somewhat paradoxical since it 
indicates that the dispersion relation is independent of 
the motion of various beams in the multistream medium. 

The dispersion relation for a multistream medium is 
a particular case of a more general dispersion relation 
applicable to a continuous distribution such as obtained 
for instance by Bernstein.’ A short derivation of the 
dispersion formula for the specific case of a multistream 
medium will be given since this formula has relatively 
important applications in various fields of physics, such 
as astrophysics, controlled fusion, electronics, and in 
the design of high-particle accelerators. 

The derivation of our dispersion formula is based 
essentially on the behavior of an electromagnetic field 
in a nonmagnetic multistream medium characterized 
by the velocities V; (t=1, 2, ---m). This is described 
by a well-known adaptation of Maxwell’s equations as 
follows’: 


1 0H 
curlE=- —, 

c él 
divH=0, 

1 0 4 
curlH =- —E+ 

c Ol 
divE= —4r div>., Pi, 


0 
P;+curl(P;x v9} 
c ildl 


where E and H are the electric and magnetic force, 


71. Bernstein, Phys. Rev. 109, 10 (1958). 
8M. Abraham and R. Becker, Theorie d. Elektrizitat (B. G. 
Teubner, Leipzig, 1933), sixth edition, Vol. 2, p. 245, Eq. (43, 10). 
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and P; is the polarization associated with the stream 
having velocity V;. There are no applied currents and 
charge densities. 

Let the z axis be aligned along the direction V; and 
take x, y to be rectangular axes in the plane perpen- 
dicular to V;. We assume that the quantities shown in 
Eqs. (4) and (7) do not vary with x or y, so that we 
have essentially a one-dimensional problem. Thus, the 
vectors such as E, H, etc., should actually be designated 
as E(z,t), H(z,t), etc. 

In the following we shall refer to various magnitudes 
such as E, H, etc. which are functions of z, ¢, and to 
their Fourier transforms which vary with k, w. In the 
first case they will be identified as E(z,t), H(z,2), etc., 
and in the second case as E, H, etc. Furthermore, we 
shall decompose each vector, such as E, into the sum 
of two vectors: E= E'+-E‘, where the “longitudinal’’ 
vector E! is parallel to k and the “transverse” vector 
E‘ is perpendicular to k. 

The polarization vector P;(z,t) satisfies the following 
equations: 

D? D w,” 


-P;,(2,1)-Q;—P;,(2,t) =—E,(z,1), 
De? Di 4a 


D? D w? 
—P,, (2,1) +2—P;.(2,l) =- 
Dt 4 


-E, (2,1), (9) 
DP? 1 
D? w? 
-P,;,(2,t)= 
De? da 


E.(s,l), (10) 


where (D/Dt)P;=([(0/0t)+ (Vi: grad) |P; and the small 
Lorentz force due to H(z,/) has been neglected. 

We shall introduce terms such as E*, P;*, etc., 
designating rotating vectors that are defined as E+ 
= E,+iE,, P+=P;,+iP%i,, etc. Using this notation and 
taking Fourier transforms of (8) to (10), we obtain 

w,E+ 

4a —(w—kV)2FQ(w— kV) 

wE! 
4ir(w—kV,)*. 


P; (11) 


Pia — 
(12) 


Using Eqs. (7), (10), and (12) we obtain the well-known 


dispersion relation for the longitudinal waves obtained 
by Haeff® and others, which is as follows: 


i 
i-> —— os 


- (13) 
i (w—kV,)? 


=(), 


Using Eqs. (4), (5), (6), (8), (9), and (11) we obtain 


® A. V. Haeff, Proc. Inst. Radio Engrs. 37, 4 (1949). 
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a dispersion relation for the transverse waves, 
(14) 


The expression (14) is the correct expression for the 
dispersion formula and which should be used instead of 
the expression (1). The sign (—) in front of 2; designates 
a circularly polarized (+) wave and the sign (+) 
designates a circularly polarized (—) wave. 


B. GYROMAGNETIC RESONANCE 


Consider now a medium which in an undisturbed 
state is electrically neutral and comprises electron 
beams moving with velocities V; in the direction of an 
externally applied magnetic field Ho. Let 2,=eHo/mc 
=); (i=1, 2, 3---). We shall consider the gyromagnetic 
resonance case, i.e., we assume that at /=>—© we 
applied at a point within the medium a periodic dis- 
turbance at a frequency w=Q, and we shall determine 
the resulting wave motion in the direction of Ho and 
having the type E~exp[i(kz—wf) ]. Substituting w=Q, 
=); (t=1, 2---m) in the dispersion formula (14), we 
obtain for a circularly polarized (+) wave: 
22 2 


—hk— 


9 


ki (15) 


C 


i.e., an equation of the third degree. Using the standard 
cubic formula it can be shown that if M=0, where 


9 


wo’P 40,5 
u=2i|¥ - |- -—, 


t V; c 


(16) 


we obtain two waves traveling in opposite directions 
with phase velocities 


w 0,7c? i 
Ce omer f 

w Rc ' 
otf 

k 2 4>¥ i(w?/V;) 


For M=0 Eq. (15) yields three roots. A discussion on 
the physical meaning of the three roots has been given 
by Piddington."” For M <0 the three roots are real. This 
corresponds to unattenuated waves. For M>0 there is 
one real root and two conjugate imaginary roots. The 
conjugate imaginary roots correspond, respectively, to 
a growing and an evanescent wave. 

Note added in page proof.—The results of this paper 
are subject to a revision, which will be presented in an 
Erratum. Equation (1) is correct rather than (14), but 
Eqs. (17) and (18) remain unchanged. 


(17) 


(18) 


J. H. Piddington, Phil. Mag. 3, 1241 (1958), Appendix. 
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In order to go over from a perturbation expansion of the grand partition function (the unlinked-cluster 
expansion) to an expansion of the thermodynamic potential (the linked-cluster expansion) in powers of the 
interaction, it is necessary to treat carefully those terms in which creation (or annihilation) operators for 
the same state occur twice or more. The unlinked- and linked-cluster expansions for a system of fermions 
are here shown to be equivalent by a direct comparison of the terms which occur in each. The relation be- 
tween the two expansions is illustrated by the example of a system of fermions interacting only with a 


single-particle potential. 


HE expansion of the grand partition function for 

a system of interacting fermions obtained by 
Glassgold, Heckrotte, and Watson! can be expressed as 
a sum over graphs which have the following structure 
and properties : 


(a) All lines are continuous and go from right to left 
of the graph. Therefore the number of lines crossing a 
vertical section of the graph is constant. 

(b) Interactions are denoted by dots on the lines. 
For a two-body interaction, a dot will occur at the inter- 
section of two lines. 

(c) Each line is labelled as a single-particle eigenstate 
of the unperturbed Hamiltonian; the label can only 
change at an interaction point. Generally, the spin and 
momentum will be specified. 

(d) The external lines on the right of the graph are 
the same as the external lines on the left. We will refer 
to the external lines on the right and left as the initial 
and final states, and to the lines crossing a vertical sec- 
tion between two interactions as an intermediate state. 
The number of intermediate states is then one less than 
the number of interactions in a graph. 

(e) No two lines are the same in any intermediate 
state, nor in the initial or final states: all states satisfy 
the exclusion principle. 

(f) Each line must have at least one interaction 
along its length. 


No other restriction is made about the connectedness 
of a graph, and Figs. 1(a) and 1(b) are both possible 
graphs. Each interaction in a graph contributes a matrix 
element of the interaction as a factor, and each inter- 
mediate state contributes an energy denominator deter- 
mined by the difference between the unperturbed 
energies of the initial and intermediate states. It is con- 
venient to regard a line as continuing through an inter- 
action above the other line if it was above it before the 
interaction, and below it if it was originally below. 
Because of the antisymmetry of the particles, there is a 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

t Present address: Department of Mathematical Physics, Uni- 
versity of Birmingham, Birmingham, England. 

1 Glassgold, Heckrotte, and Watson, Phys. Rev. 115, 1374 
(1959). 
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factor (—1)”, where p is the number of permutations 
required to go from the order of the final states to which 
the initial states are connected, back to the order of the 
initial states. This factor is +1 for both parts of Fig. 1. 
It is, however, the statistical factors, that come from 
taking the trace of exp(aV—8Ho), with which we are 
mainly concerned. 

A particular graph labelled \ has lines ki, ke, - - -, 
k,, in its initial state, and further lines 5, 52, “3 Sip 
in its intermediate states. The graph makes a contribu- 
tion toa particular diagonal element (| exp(aV—8H) |) 
if and only if all the states i, ke, - - -, k» are included 
in y and none of the states 51, So, +, Sm are included 
in Y. We can write the contribution as 


(w| exp(aNV —BHo) |p) 
Xday (Ri, Ro, 


if this condition is satisfied. The contribution of the 
graph X to the grand partition function is then 


« $o whE) 


“ie kes Si, Sa, 5° 


Body (Rie +R; Sie *Sm)fki fhe: + fkn 
X (1—fs1) (1—fe2)> + (1—fem), 
where 


a0= TrLexp(a@V — BH») 1, 
fx=[exp(—at+Be)+1] 


Fic. 1. Some typical 
graphs in Method I. 
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ke 
ke 
S2 
a 


(d) 


Ss 


(b) 


Here Ho is the unperturbed Hamiltonian, given by the 
sum of the single-particle energies e,. 

This way of evaluating the partition function will be 
referred to as Method I. It must be noticed that, if the 
same line occurs twice as an intermediate state, like 54 
in Fig. 1(a), the factor 1—fs, only occurs once. Similarly, 
if a line occurs both as an initial state and as an inter- 
mediate one, like ky in Fig. 1(b), we have just a factor 
fxs. Both these graphs can be seen to have five degrees 
of freedom and four interactions, so that each gives a 
contribution proportional to the extent of the system. 
According to the analysis of Hugenholtz,” the contribu- 
tion of a graph is proportional to the volume raised to 
a power equal to the number of unlinked clusters less 
the number of additional constraints. Graphs with two 
clusters and one constraint, like Fig. 1(b), contribute to 
the same order as graphs with one cluster and no con- 
straint, like Fig. 1(a). The grand partition function 
cannot yet be expressed as an exponential of contribu- 
tions from linked clusters, because a graph like Fig. 1(b) 
gives a contribution which is not simply the product of 
factors from its two linked clusters. Firstly, there is no 
factor 1—fk, from the intermediate state ky, and, 
secondly, the points @ and b are constrained to lie 
between c and d by the exclusion principle. 

For this reason, we want to show that this expansion 
of the grand partition function is equivalent to a slightly 
different expansion, which is essentially the Laplace 
transform of the expansion obtained originally by 
Matsubara® and studied in more detail by Thouless‘ and 
by Bloch and De Dominicis.® This expansion, which we 
call Method IT, has the advantage that it can be directly 
expressed as an exponential. 

We therefore want to show that the results of Method 

* N. M. Hugenholtz, Physica 23, 481 (1957). 

* T. Matsubara, Progr. Theoret. Phys. (Kyoto) 14, 351 (1955). 


‘D. J. Thouless, Phys. Rev. 107, 1162 (1957). 
®C. Bloch and C. De Dominicis, Nuclear Phys. 7, 459 (1958). 
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Fic. 2. Some typical 
graphs in Method II. 


k 


: L———\ 
G9 


Ss 


Sy 
= 
> 

kg 
‘ 
c 
(f) 
I can be obtained by summing over graphs with different 
structures and properties, given below: 

(a’) All lines are continuous, but can go from right 
to left or from left to right, changing direction only at 
an interaction point on the line; we call them particle 
lines and hole lines, respectively. There are no external 
lines, and the lines are continuous, so that the number 
of particle lines in an intermediate state is equal to the 
number of hole lines. 

(d’) There are no lines in the initial or final state. 
The energy of an intermediate state is the energy of its 
particles less the energy of its holes. This is the quantity 
that determines the energy denominator. 

(e’) A hole or particle line can occur any number of 
times in an intermediate state, and the same line can 
occur both as a particle and a hole in one state. There 
is no exclusion principle. 

(f") A line may join a point to itself, in which case 
it counts as a hole line. It can only do this if there is an 
interaction at the point. 

The conditions (b) and (c) remain the same. Because 
of the antisymmetry of the matrix elements of the inter- 
action, we now get a factor —1 for each closed loop of 
fermion lines in the graph. The matrix elements and 
energy denominators come in the same way as they did 
in Method I, and the only essential difference is that 
there is now a factor —/f, for each hole line, and a factor 
1—/;, for each particle line in the graph, irrespective of 
how many times the same line is repeated. For example, 
there is a factor (1—fs4)? in the contribution from 
Fig. 2(a), and a factor —fs4(1—/s4) in the contribution 
from Fig. 2(b). The grand partition function is still 
given by the sum of all graphs, connected or otherwise. 

It is easy to show that the contributions of those 
graphs that do not have two different lines representing 
the same state are the same for the two methods. The 
hole states in Method II are equivalent to the initial 
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states in Method I, and the statistical factors are the 
same except for a factor —1 for each hole line. The 
factors —1 for each hole and —1 for each closed loop 
combine to give the factor (—1)? in Method I, where 
p is the number of permutations required to change the 
ordering of the final states to the ordering of the initial 
states to which each one is connected. 

We therefore consider graphs in which one line, re- 
ferring to the state &, occurs in several places in the same 
graph. Using Method II, we consider a particular graph. 
There are some points in the graph which the directed 
line & enters, which we call entry points, and an equal 
number from which the directed line k leaves, which we 
call exit points. In each part of Fig. 2, the points a and 
d are exit points for the line s4 or &4, and the points b 
and ¢ are entry points for that line. It may happen that 
an exit point and an entry point coincide, in which case 
we displace the entry point a little to the right in order 
to keep the condition that a point may only be joined 
to itself by a hole line. 

Now we observe that the energy denominators and 
the matrix elements of the interaction which are in- 
volved do not depend on the way in which the entry 
points and n exit points are connected by the x lines k. 
The n! ways of joining these points by the lines & differ 
by the number of closed loops and by the number of 
factors —f, and 1—f, which occur. Figures 2(a) and 
2(b), or Figs. 2(c) and 2(d), or Figs. 2(e) and 2(f), are 
graphs which differ only by which entry point is con- 
nected to which exit point. We can get these 7! different 
graphs from the initial one by making elementary per- 
mutations successively. An elementary permutation is 
obtained by taking two of the lines k, connecting the 
points a to c and the points d to 6, and then making 
them connect the points a to b and d to c; we denote 
this permutation by (cb) or (ad). Each elementary per- 
mutation changes the number of closed loops by +1. 
This permutation is the one that carries Fig. 2(a) into 
Fig. 2(b), and it can be seen that Fig. 2(a) has three 
closed loops, while Fig. 2(b) has four. 

Now consider the way in which the 2m points are 
ordered, from right to left of the graph. Suppose that 
two entry points or two exit points c and b come suc- 
cessively, as they do in Fig. 2(e). Then we can make 
the elementary permutation (cb), which will not alter 
the direction of any line, and so will change the contri- 
bution of the graph by a factor —1 because of the 
change in the number of closed loops. This is the per- 
mutation which carries Fig. 2(e) into Fig. 2(f), and it 
can be seen that the contributions from these graphs 
differ merely by a factor —1. If we have two exit points 
or two entry points adjacent, then the total contribution 
of all the m! arrangements is zero. This is in agreement 
with the results of Method I, since the corresponding 
graph would violate the exclusion principle just to the 
right of the two points if they are entry points, and just 
to the left of the two points if they are exit points. 

It remains to consider the case in which entry points 
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and exit points for the line & come alternately. In this 
case there is one and only one corresponding graph in 
Method I for which the exclusion principle is not vio- 
lated. If the first point on the right is an entry point, 
the corresponding graph has & as an external line, and 
gives a factor f,. Figures 2(c) and 2(d) are examples of 
this, and Fig. 1(b) is the corresponding graph. If the 
first point is an exit point, the corresponding graph has 
k as an internal line, and gives a factor 1—f/;. 
Figures 2(a) and 2(b) are examples of this, and Fig. 1(a) 
is the corresponding graph. 

The statistical factor which we get by summing over 
all 2! permutations is called +F,,+ if the first point is 
an exit point and +F,,™ if the first point is an entry 
point. The sign is determined by the sign of the arrange- 
ment which is allowed in Method I (which depends on 
the number of permutations needed to make the final 
state correspond to the initial state). Explicitly, we have 

F,“= (1 —fi jn... 
(5) 
FiO =—f(l—fay +e. 


Now, if the point 1 (on the right) is connected to the 
point 2 adjacent to it, and we sum over the (m—1)! 
permutations for the other points, we get a contribution 
to F,* of (1-fi)F ni. If the point 1 is connected 
to the point 2, on the left, we get a contribution to 
F, of —(1—fx)Fn-1™. If the point 1 is connected to 
some other entry point, the summation over the (n—1)! 
permutations for the remaining points gives zero, since 
there are two adjacent exit points in the remainder. 
Therefore, we obtain 


FF, = (1—f,) [Fra —Fa@ 7. (6) 
In the same way we get 
FO =—fiLF a" 
and so we have 


F,v— uke =F, O—F,_y' Ye (8) 


—F,, 1' al” 


Considering the case n= 1, we find that the expression 
in Eq. (8) is equal to one, and so we have 


F,“ '=1 —fis 
(9) 
F,,' —fx. 

Therefore we have shown that, by summing over 
the n! permutations, we get just the result found by 
Method I. The proof can easily be extended to the 
case where more than one line occurs in several dif- 
ferent parts of the graph, and so we have shown 
that Method I and Method II are equivalent. 
Figures 2(a) and 2(b) add to give Fig. 1(a), because 
we have (1—fs4)?+/ss4(1—fe4)=1—fe4. In the same 
way, Figs. 2(c) and 2(d) add to give Fig. 1(b), since 
we have fka+fka(1—fks) =fia. 

If the grand partition function is expanded by 
Method II, it is easy to find its logarithm. If a graph 
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(a) (b) 


Fic. 3. Some graphs in the expansion of the grand partition 
function with a one-particle potential. 


consists of several clusters, its contribution is equal 
to the product of the contributions of each cluster, if we 
take all possible orderings of the vertices of different 
clusters. This means that in order to get the product 
we would have to add together Figs. 2(b), 2(d), and 
2(f), and three other graphs not shown. Therefore the 
thermodynamic potential is given by the sum of all 
linked graphs, evaluated with the statistical factors of 
Method ITI. A linked graph like Fig. 2(e) has no counter- 
part in Method I. 

As a simple example of the use of the linked-cluster 
expansion, we take the case of particles interacting only 
with a diagonal one-particle potential, whose matrix 
elements are },. This was also considered by Glassgold, 
Heckrotte, and Watson,'! and they showed that the 
partition function is exactly given by a sum of graphs 
like those in Fig. 3. We will take the exact answer, and 
write down the first four terms of its expansion in powers 
of b;. We have 


2-2 =—B" DY; log{1+/.Lexp(—Bb.)—1]} 
= —B1 Ds (—Bbeli +30? (ff) 
U6 (fi 3f?+2fi?) 
+ (1/24) BM (fx— Tf? + 12/8 6/4) —- ++) 
=—81 Die (—BbiLfe ]4+30°O2Lf. (1—f) ] 
— 38% Lfe(1— fi) —f2 fi) ] 
+(1/24) BL fa(1— fr)? 
—4f.2(1— fa) +f(1—fa)]— +++). 
The graphs which denote the terms written down here 
are all shown in Fig. 4. All the lines in these connected 


graphs represent the state &. It can be seen that the 
graphs of Fig. 4 are very different from those of Fig. 3. 


(10) 
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Method I gives the expansion of the grand partition 
function which arises naturally in perturbation theory, 
but does not lead directly to an expansion of the ther- 
modynamic potential. We have shown that it is equiva- 
lent to Method II without using the dependence of 
various terms on the total volume, so that the proof is 
good even for a finite system. Method II differs from 
Method I in its neglect of the exclusion principle and 
in the statistical factors used, and leads naturally to an 
expansion of the thermodynamic potential as a sum of 
linked clusters. In the limit of zero temperature, all 
the statistical factors are one or zero, and so the two 
methods differ only in the treatment of the exclusion 
principle. Thus we have here a generalization of the 
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Fic. 4. Graphs that represent the terms of Eq. (10) up to 
fourth order in the potential. 


theorem that the exclusion principle need not be used 
for intermediate states in the calculation of the ground- 
state energy by perturbation theory.* The difference 
between the two methods will be very important at 
nonzero temperatures for the calculation of the expecta- 
tion value of a diagonal operator, or if some self- 
consistent potential is introduced. 
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The method developed in a previous paper is used to evaluate the fugacity coefficients b; to the order a?/d* 
for a hard-sphere gas with spin J satisfying Bose-Einstein or Fermi-Dirac statistics. 


HE general method developed in paper I' is here 
applied to a calculation of the fugacity coefficients 
b, for a hard sphere gas. (We follow the notation of 
paper I. Also we take 2= & throughout this paper.) To 
recapitulate: one computes U; in terms of the binary 
kernel B by the method developed in Sec. 4 of paper I. 
The binary kernel B was given explicity in (I.70) and 
(1.72). One then expresses U;S and U;,“ in terms of U, 
by rules A and B of I. From these functions one evalu- 
ates the fugacity coefficients b,S and 6,4 through (1.54) 
and (1.56). We discuss the cases of Bose statistics and 
Fermi statistics separately. 


1. BOSE STATISTICS, ORDER (a/2) 


The first fugacity coefficient b;% is exactly evaluable 
and is equal to \~*. [See (1.18), (1.19).] be% can also 
be exactly evaluated, since it involves only U; and U» 
which are computable through a solution of the two- 
body problem. We give its evaluation explicitly in 
Appendix A. The result is of course the same as that 
obtained from the standard Uhlenbeck and Beth? 
method. 

To calculate b;, it is necessary to know U3 which is 
not exactly computable since the three body problem is 
not exactly solvable. In the binary collision method, 
one expresses U; as a sum of integrals [see Fig. 5 of 
paper I, or (1.47)] containing successively higher 
powers of B. For the hard sphere problem, the explicit 
form (I.70) shows that B~O(a). Therefore U;~O(a?). 
[Actually this means that for fixed values of ri’, 12’, 
rs, T1, T2, 73, the matrix element 


(ry' ro’ rs" | us| Pires) 


is of the order of a?. For a fixed value of a, when the 
relative distances between particles are O(a), the 
matrix element is ~O(a) or ~O(1). These regions are, 
however, small in volume and do not contribute to the 
low-order calculations. See the explicit expression of U2 
in (1.66) which demonstrates this point very clearly. ] 
Thus to the order a, U3, Us, --- can be neglected. Also 


* Work supported in part by the U. S. Atomic Energy Com- 
mission. 

1T. D. Lee and C. N. Yang, Phys. Rev. 113, 1165 (1959). 

2G. E. Uhlenbeck and E. Beth, Physica 3, 729 (1936); 4, 915 
(1937). 


terms containing U’, quadratically or in higher powers 
can be neglected. Now let us examine U;* as given by 
rule A of paper I. It is a sum of terms (1.28). To the 
order a, therefore, 


US= {UW i:: -U;} 
+P (UU: + - Ui} {U2} +O0(a), 


where in the first sum each term has / factors of U1, and 
in the second sum each term has /—2 factors of U; and 
one factor of Uy. The first sum is independent of the 
interaction. It therefore gives a contribution to 0,‘ 
equal to 


(11.1) 


a 


as discussed in (1.33) for the ideal Bose gas. The con- 
tribution due to the first sum in (II.1) to }> b,Sz' is thus 


q= 3 yD l tel 


i=l 


(II.2) 


Next consider a typical term in the second sum of the 
form® 


(i’j"|U2|12){U- + - U4}. (11.3) 


To calculate its contribution to b;5 we use the mo- 
mentum space representation and compute first its 
contribution to #;% defined in (1.54). We notice that 
(II.3) contains (/—1) 6’ functions: one from U2 and the 
rest from the U;’s. The one from U, can be replaced 
by 6°(> k’—>\ k) through the use of the other 6° 
functions. Dropping this 6°(}> k’—}) k) factor one 
obtains a contribution to “5. One then uses (1.56) 
to compute 5,5 as an integral over d*kj, d*k.- - -d*k;. The 
integrand contains (/—2) 6 functions, which reduce the 
integral to one over d*k,; and d*k». In this way one sees 
that the contribution to 6,‘ from (II.3) is of either of 
two forms?: 


(82°!) “faz u»| 1,2) exp(—mB1?—n82?), (11.4) 


(821!) f 2Alw 1,2) exp(—m,8P?—n.82*), (II.5) 

3 We use in this paper the notation 1=k,, 2=kz, 1’=k,’, etc. 
and the convention that an integral sign not followed by any dif 
ferentials is meant to represent fd%k,d*k2-+-d*k,, where ky, 
ke---k, are all the momenta variables in the integrand. 
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where m, and mp are integers satisfying m,20, n.20, 
n\+n,=l—2. The number of terms yielding (II.4) is 
(J—2)!. So is the number of terms yielding (II.5). 
Further, one must sum over all terms of the form 
(11.3) with the indices 1, 2 replaced by any of the 
3l(1—1) pairs of indices chosen from 1, 2, ---l. The 
total contribution to 6,5 from the second sum in (IT.1) 
is thus 


l—2 


Y (Sel!) [4—1) [L¢—2) 1] 


ni, m2 =0 
mi +nz=1—2 


x fa te 1,2)+(2,1| ue 1,2) ] 


Xexp(—Sn,1°?—Bn.2*). (11.6) 


The symmetrical combination of m2 is typical in this 
kind of computation, its appearance being a direct 
consequence of rule A of paper I, as already discussed 
there is introducing (1.30). We introduce here corre- 
spondingly 


(1’,2’| ve|1,2)=d0p- P’(1’,2’| u2| 1,2), 


(1’,2’,3’| vs| 1,2,3)= Sop P’(1',2’,3' | us| 1,2,3), ve 


where P’ is a permutation of the primed momenta I’, 
2 

The total contribution to >> b;5z' from the second 
sum in (II.1) is easily obtained from (II.6): 


C2= 4 (87°) 7 Koes 1,2)m(1)m(2), (11.8) 


where 


m(k) =s[1—z exp(—@k*) }"'. (11.9) 


In Appendix B, cy is evaluated to the second order 
in a. Combining the result to the order a with (II.2), 
one obtains 


bySz'=d-*{ gy (2) —2(a/A)[g3(z) ]?+-O(a?/d*)}, (11.10) 


1 
where 


gn(s) =), "2". 
l=1 


2. BOSE STATISTICS, ORDER (a/2.)? 


To include terms of the next order we first generalize 


(11.1): 


US=L(UW1-- Uj+LU{(Ui1-- -Uij}{ U2} 
+P (UW, --U {U3} FE {UW 1--- Ui} 

X {UU 2}+0(a*). 
The first two sums lead to contributions ¢; and c. By 


arguments similar to those used in the last section, one 
can show that the contribution to }> 6,5 z ! due to the 


(11.12) 


ao Co Aw. 
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third sum is 


= 68x) f(1,2,3 vs| 1,2,3)mn(1)m(2)m(3). (11.13) 


We now consider any term in the fourth sum in 
(II.12) in the momentum space representation. From 
definition (1.54), to obtain its contributions to “;* one 
has to drop a factor 6°(>> k’—>- k). To do this, one 
may drop the 6 function associated with either of the 
two U.’s. One then has left (J— 4) 6* functions associated 
with the U; functions and one 6° associated with the 
other Uy». Putting this result into (1.56) one can 
integrate out immediately (/—4) d*k’s, leaving an in- 
tegral over the four remaining d*k’s with the integrand 
containing one 6 function. It is not difficult to verify 
that the integral appears in either of two forms: 


ft--ja-2), 


ft--wa+2-3-9) 


(11.14) 


(11.15) 


where the integration extends over the four remaining 
momenta d*k,---d*ks. Terms giving rise to (II.14) 
contribute to b;% the expression: 


Har) f 2,3 ve| 1,3)(1,4] v2] 2,4) 


X {exp[—8(m 1? +-.2?+-;3?+ 044") }}63(1—2), (11.16) 
where the summation extends over all integrals m, 12, 


N3, NyzO satisying m+n2+n3+n4=l1—4. The terms 
giving rise to (II.15) contribute to 0,5 the expression 


8-1(8x3)—1 rf 3 ve! 12)(12| ve! 34) 


X {exp[—B(m, 1?+-222?+-0;3?+044) }} 
<63(1+2—3-—4). (11.17) 


The total contribution to >> 6;Sz' from the fourth 
sum in (II.12) is thus 


cs= 4 (87°) fas Ve 1,3)<1,4 Us 2,4) 


 m(1)m(2)m(3)m(4)63(1—2), (11.18) 


plus 
C5=8 '(8rr*) fa. Vo 1,2)(1,2 Vo 3,4) 
< m(1)m(2)m(3)m(4)68(1+2—3-—4). (11.19) 


One thus obtains 


, bySs!= cy +02+ 03+ ¢4+¢65+rA 0 (a/A*), 


=] 


(11.20) 
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where the constants ¢,:--c; are defined in (II.2), 
(11.8), (11.13), (11.18), and (11.19). 

In obtaining this expression the explicit forms of U2, 
U3, +++ are not needed. It is in fact a consequence only 
of rule A of paper I. We shall see in paper IV that 
indeed rule A lends itself to a graphical treatment 
which leads to a general expression for >> ,Sz', of 
which the first few terms give exactly (II.20). 

c. has been evaluated to order a? in Appendix B. 
C3, C4, and cs will be evaluated to the same order in 
Appendices C and D. Combining these results, one 
obtains 


AF Do bySz!= gy(z) — 2L gy (2) (a/d) 
l=1 
+8g;(z)[/g3(z) ?(a/d)? 


+8F(z)(a/d)?+O0(a3/d3), (1.21) 
where 
F(z)= D> (rst)—(r+s)(r+o) att", 


r,s,t=l 


(11.22) 


and g,(s) was defined in (II.11). 

The result (11.21) was announced in a previous 
publication.‘ It is in agreement with the result obtained 
earlier with the pseudopotential method.® 


3. PARTICLES WITH SPIN J 


The discussions of I and of the last two sections are 
easily generalizable to the case where the particles have 
spin J. We notice that, if w=—J, —J+1, ---+J 
denotes the z-component of spin, the state vector of / 
particles in momentum space should be replaced as 
follows: 


kiko, -++k)) G1,Q2) °° °Qt)s 


where® g, represents kj, u,. Since the s component of 
the spin is conserved, the formulas of paper I and of the 
last two sections need little change other than the 
replacement of k by g and the integral fd®k by 
Sd, @k. Thus (11.8) is replaced by* 


co! =} (8m) FS (g1,g2| ve" | g1,g2)m(1)m(2). (11.23) 


#1,H2 


We introduce® here the notation v’ to denote the vu 
operator for particles with spin. Also we denote by 
(17, Co’, --+c57 the generalizations of the terms ¢: - «cs. 
Now the hard-sphere interaction is spin independent. 
Hence® 


(qr’ qa’ | M2” | G1,g2) = Sur'urOu2'u2( 1’, 2" | w2| 1,2). 


4T. D. Lee and C. N. Yang, Phys. Rev. 105, 1119 (1957). 

5K. Huang and C. N. Yang, Phys. Rev. 105, 767 (1957); 
Huang, Yang, and Luttinger, Phys. Rev. 105, 776 (1957). 

6 We use in this paper the notation that g; represents ky, ui, 
where ni= —J, —J+1, ---+J is the z component of spin of the 
ith particle. Also we denote by u/, v’, etc., operators for the case 
of particles with spin. 
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Thus by the definition of vs, 


(q1' ,g2' | vo | 91,92) = 841 'u10u2’u2( 1’ ,2’ | U2 | 1,2) 
+8 ur'w28p2’ur(2’, 1’ | u9| 12). 


Hence 


om (41,92 ve" | g1,g2)= (2J+1)¢ 1,2| ve! 1,2) 
mine 


+2I(2F+1)(1,2| m2) 1,2). (11.24) 


If one includes only s-wave interactions, as we have 
been doing, 
(2,1| | 1,2)=(1,2| we | 1,2)= 31,2] ve| 1,2). 
(11.24) then becomes 
(J+1)(2J+1)(1,2| ve| 1,2). 
Thus ¢.7 = (J+1)(2J+1)ce. Similarly, 
37 = (27 +1)8eg+ (2S +1)%e7+ (2 +1)es, 


(11.25) 


(11.26) 
where 


co=6 (Sr) f (12,3) us 1,2,3)m(1)m(2)m(3), 


c7=67' (8°) ‘ftas us| 1,2,3) 


(11.27) 
+(3,2,1| u3| 1,2,3)+-(2,1,3| us| 1,2,3) ] 


<m(1)m(2)m(3), 
c3=6 (Bet) [02,31 us| 1,2,3) 


+(3,1,2| us| 1,2,3) Jm(1)m(2)m(3). 


An entirely similar analysis shows that (II.18) and 
(11.19) are now, respectively, multiplied by the factors 
(J+1)?(27+1) and (J+1)(27+1). One obtains thus 


for the case of Bose hard spheres with spin J: 


bSs!= (2I+1eart (J+1) (2+ Dex 


1 
+ (2I+1)%co+ (2I+1)%e7+ (2S +1) cs 
+ (J+1)?(2I + 1)es+ (J +1) (2+ 1)es 
+r*O(a/d*), (11.28) 


Using the results of Appendices B, C, and D, one obtains 


» 


NB bySs!= (2+ 1) g4(s) —2(J +1) (2 +1) 


l=] 
x Lg; (2) P(a/A) +8(J+1)?(2J +1) 
X gy (2) Lg; (2) }?(a/A)?+8(J +1) (2J+1) 
X F(z) (a/r)?+0(a3/r3), (11.29) 


where g and F were defined in (I1.11) and (11.22). 
For the special case of J=0, this reduces to (II.21), as 
expected. 





JOE; AND C..1N. 


4. FERMI STATISTICS 


In paper I it was shown that the calculation of U;4, 
the U-function for Fermi statistics, is very similar to 
that of U;5, the only change being the presence of the 
factor © in (1.29). This change produces minor re- 
visions in the calculation of the fugacity coefficients };. 
For example, in place of (II.2) one now has [for the 
case of spin J=0], 


-EH(-2)1 


l=1 


(11.30) 


as was already given in (1.34). 

A more complicated example is the change produced 
in (II.8). To find this change, we notice that for a 
term in ,* to give rise to (II.4), the permutation of 
1’, 2’, ---l’ must be of the form (la@- --y)(2é---£), 
i.e., two distinct cycles, one containing the coordinate 1 
and the other the coordinate 2, of lengths (m,+1) and 
(n2+1), respectively. The factor € for the corresponding 
term in Fermi statistics therefore assumes the value 
(—1)™*™2, and one obtains (—1)"*"* times (II.4) as 
the contribution to 5,4. Similarly (II.5) arises from a 
permutation which is a single cycle (1£y---{ 2a8---y) 
with a length=,+.+2. For Fermi statistics the cor- 
responding term should become, therefore, (—1)™*"+! 
times (II.5). It is now straightforward to find the 
change in (II.6) and one obtains finally the revised 


: 


YANG 
(for Fermi statistics) form of (II.8): 


ser) f (1,2 vo | 1,2)m4(1)m4(2), (11.31) 


where v2“ is the antisymmetrical combination of ; for 
the case /=2. The definition in the general case is 


(V',2', «| v4] 1,2, +I) 
=> Cp-P'(1',2',-+ +1 uy|1,2,---1), (11.32) 
ns 


where P’ and @p- were defined in (1.25) and (1.26). 
The function m4(k) is 


m4(k)=s[1+2 exp(—@k’) }"'. 


It is in fact not difficult to see that the general rule 
for the changes required in the terms (II.8), (II.13), 
(11.18), and (II.19) for the case of Fermi particles 
with spin J, is to replace all m(k) by —m4(k), all® v, 
by v;74, all momenta‘® k, by g, all fd*k by Sd, dk, 
and to multiply by a +1 factor depending on the even- 
or odd-ness of the permutation of the indices in the 
bras { | as compared with the corresponding kets | ). 
This factor is +1 for (II.8), (II.13), and (11.19), and 
(—1) for (II.18). One thus obtains 


(11.33) 


byts!= — (2S +1)¥gy(—2) +4 (8x4) f ¥ (quge| v274 | g1,g2)m4(1)m4 (2) 
— 


+671(87*) fF Ecassgeds| vo? | gutegs)m4 Dm (2)m4 (3) 


— }(82*) f X(asgs| ve! gugedquael ve!4| gn 58 1— 2) m4 (1) m4 (2)m4 (3)m4(4) 


+8 (87) f Easel ve antedgue| ve! | goga"(1+-2—3—4)m4(1)m4(2)m4(3) 44 


In paper IV we shall give a graphical method for 
writing down >> 6;4z' as a sum, the first few terms of 
which give exactly (IT.34). 

The evaluation of v’4 in terms of « and the summa- 
tion over uw can be carried out in the same way as in the 
last section. One obtains finally 


Le by4s'= — (2I+1)d%g,(—2) 
l=1 
+{J(2I+ 1) c2— (2I+1)%c¢+ (2I+1)%c; 
— (23 +1)cs— J2(2T +1 )est+J (2I +1) 5} 2-2 


+rA0(a3/r?*). 


+2-*0(a?/A3). (11.34) 


Using appendices B, C, and D one obtains the explicit 
expansion of the fugacity series in powers of a/): 


x 


3 me b, {el 


l=1 


= — (2J+1)gs(—2) — 2) (2J+1)[¢;(—=) }*(a/d) 
—8J*(2J+1)g;(—s)[g;(—s) P(a/A)? 
+8J(27+1)F(—z)(a/dX)?+0(a'/d*), (11.35) 


where g and F are defined in (II.11) and (II.22). This 
formula has been announced before* without proof. 
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APPENDIX A 


We calculate here b.%. According to example 1, Sec. 
3, of paper I, 


UyS=(2'| my] 1)(1"| a] 2)-+(1/,2 | | 1,2) 


+(2',1’|u2|1,2). (11.36) 


To calculate 5.5, one uses (1.53). The explicit forms of 
u, and wu» are given by (1.17) and (1.66) in coordinate 
space. The integrals are trivial and one obtains 


»8=2-')-8— 2(a/m). (11.37) 


This formula is exact for hard spheres if only s-wave 
interaction is considered. It is in agreement with the 
result obtained from the classical Uhlenbeck-Beth 
method,’ as expected. 

An alternate procedure is to calculate in momentum 
space, using (1.56). The integrals are then nontrivial. 
For clarity we exhibit this calculation here explicitly: 
The contribution from the mu, terms in (II.36) is 
easily calculated in momentum space, and yields 
2-\-*, Now mw is symmetrical in k,’ and k,.’, as is 
evident from (1.67). Thus 


=. i 3+ (82°) f ced us| ky,ke)d*kid*ho. 
(11.38) 


Using (1.67) and introducing the total momentum 
K=k,+k, and relative momenta k= 3(ki—k»), one can 
easily perform the K-integration and the angular inte- 
gration in k-space. The remaining integral over k can 
be reduced through the introduction of the dimension- 
less variables x= (28)'k and a=2a(28)—}. (II.38) be- 
comes 

byS=2-!-84-924r( A+B), (11.39) 
where 


A= (4a) f exp(— x”) 


XL—-ata7(1—2x?) sinax|dx, (11.40) 


n d 
—_— tf x! (1—cosax) 


0 dx 


X[xM exp(—.x°?)—} dx, (11.41) 
where M (x)= Jo” exp(y*)dy, and M (x) =exp(a*)[(2x)“ 
+ (424)-!+----] for large x. 

To evaluate A we calculate first dA/da. It is per- 
missible to differentiate under the integral sign and the 
resultant integral is evaluable by complex integration, 
yielding 


dA/da= (16)'x~'[e? exp(—a?/4)—2]. (11.42) 


To evaluate B we calculate dB/da by differentiating 
under the integral sign which is permissible since 
(d/dx)[xM exp(—2x*)—4]— — (2x3)"! as x ~. Inte- 
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gration by parts then leads to 


dB ae 
—=+2-9- la } [xM exp(—x*)—}] cosaxdx. 
0 


da 
(IT. 43) 
Now define 


=f [M exp(—x*)—2-x—] sinaxdx. (11.44) 


Then 


dc/da= f [xM exp(—x*)—4] cosaxdx. (11.45) 
0 


By integration by parts, using 
«M exp(—x*)—3=—}(d/dx)[M exp(—2*) ], 


one obtains 


» 


dc/da=— jaf M exp(—2") sinaxdx. (11.46) 


Comparing (II.46) with (11.44), one obtains 


dc/da= —alict+ (x/4) |, (11.47) 


where the + depends on the sign of a. Integrating this, 
using the condition c(a=0)=0, one arrives at, fora 20, 


c= (/4)[—1+exp(—a?/4) J. (11.48) 
Next compare (II.45) with (11.43) and obtain 


dB/da=2-'(x)~'a(dc/da). (11.49) 


(11.42), (11.48), and (11.49) combined with the con- 
ditions that A (a=0)= B(a=0) =0 yield 


A+B=—8"'9r ‘la (for a>0), (11.50) 


which when substituted into (II.39) leads to (II.37). 

We observe that in evaluating B it is not permissible 
to expand the integrand in powers of a and integrate 
term by term. [Furthermore the dependence of B on 
a is such that it is a sum of odd powers of |a|, starting 
with |a|*.] Thus one cannot evaluate (II.38) by 
expanding «#2 into a power series in a and integrating 
term by term. However, if one does expand, and leaves 
out terms of the series beyond the power a’, one does 
obtain the correct result (11.37), as can be easily 
verified. 


APPENDIX B 


To evaluate cy defined in (II.8) to order a*?, we use 
the momentum representation and expand Ul’, in 
powers of a. This is correct to the order a* because of 
two facts: 

(i) The contribution of (II.8) to b2%z? is z* times the 
integral exactly evaluated in Appendix A. In other 
words, the contribution is 


—2az?/M, 
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which agrees with the z* term of (II.61) obtained by 
expanding U2 in powers of a. 

(ii) For contributions to 6;‘z', 1/23, the integrand of 
¢, contains extra factors exp(—§mky—Bnek,*) with 
n\+n2#0 which gives rise to extra exponential con- 
vergence factors in the k integration [k=43(ki—k.) ]. 
With such exponential convergence factors it is correct 
to expand the integrand in powers of a and integrate 
term by term. 

Expanding U» as given by (1.67) and keeping only 
terms up to order a’ one obtains, using (II.7), 


(1,2| ve! 1,2) = —2anr-*8 exp(—B1°?— 82?) 
—a’x-'k™ exp(—48K?)é(k), 


where k=4}(ki—k,), R= |k|, K=k, +k, and 
£(k) = (28)*k+ (1—48k?) M[_(28)'k | exp(— 28k’). 


(11.51) 


Thus 
Co=A,at+Aa?+0(a'), 


where 


A, = — (32x) nt fm 1)m(2) exp(—81?—82?) 
— (2a/d*)[g;(2) }, 
A= —[16n'"/?] fim 1)m(2)k" 


X exp(— 38K*)E(k)d*1 d*2. (11.55) 
To evaluate A», we expand m(1)m(2) into powers of 
z and obtain 


a 


A,=—(8r*)" D> 2*D(r—1, s—1), 


r,s=l 


(11.56) 


where 


D(r,s)= (on!) f exp(—38K?—18 ?—sB2*)k“ 


x &(k)d*1 d*2.— (II.57) 


One now transforms variables into K and k and per- 
forms the K integration and the integration over the 
angular part of k, obtaining 


x 


D (r,s) =16(ng) if kdkt(k) exp(—Bak*)dk, (11.58) 


where 

n=r+s+2 
We now consider the cases (i) r20, s20, and (r,s) 
(0,0). In this case a>0. By writing M= fy)" 
Xexp(y*)dy in §(&) and switching the order of the y 
and & integrations in (II.57), one can carry out the 
computation, arriving at 


D(r,s)= —8(2xB-an-*)! (a+2)-*. 


and a=n—2—n'(r—s)*.  (I1.59) 


(11.60) 


Aare) CN. 
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(ii) r=s=0. In this case a=0 and the integral in (II.58) 
can be evaluated by partial integration with the help 
of the identity 


a’ 
&(8) = — (48) {MT (28)*#]] exp(— 284). 


The result is that D(0,0)=0. In other words (II.60) 
holds for all r20, s20. Putting (II.53), (II.54), 
(11.56), (11.60), and (II.59) together, one arrives at 


¢2= — (2a/d*)[[g3(s) ?— (4a2/d*®) Sart (rs)? 


r,s=l 


x (2rs—r—s)'+d-*0(a*/d8). (11.61) 


APPENDIX C 


We shall compute in this appendix cs and cs. To the 
order a? these quantities can be computed by expanding, 
as in (II.51), the momentum representation of v2 in 
powers of @ and retainining only the dominant term. 
Thus, to order a’, 


cy=} (87°) (2a5)*e- f expL—8(P?-+ ?+3?+4) ] 


X [m(1) }?m(3)m(4)d1d3d4 
=8a°d~*Lg; PLes— 83]. 


For cs, off diagonal elements of v2 are needed. They are 
easily obtained from (1.67). The integral expression 
for cs is, to order a’, 


(11.62) 


¢5= (1627) *at f m(1)m(2)m(3)m(4) 


X exp[—8(1?-+2°+3*+4*)] 
 A-?(— 2+ e844 ¢-#4) 


63(1+2—3—4)d1d2d3d4, (11.63) 
where 


A=P2P+2?—3?— 4. (11.64) 


In Appendix D, (II.63) added to some other integrals 
will be explicitly evaluated. 


APPENDIX D 
We shall evaluate now, to order a’, ¢3, Cs, C7, and Cs 
defined in (11.13) and (II.27). We need first the 
momentum representation of “; to the order a’. This 
can be obtained by retaining only the first six diagrams 
of U; in Fig. 5, paper I. The lowest order expression B, 
for B is then used [see (1.71) ], and the §’, 6” integra- 
tions carried out. One thus obtains, to order a’, 
(1’,2’,3' | us| 1,2,3) 
=o (Ek - Ey23)71{ Ex23— E)~"[[e-F # — e F28 | 
+(E—F’)[e-8#—e-F#" ]}, (1.65) 





VIRIAL EXPANSION 
where 
E=P4+243, £’= 142743", 
Exo3= 17+ 32+ (14+2-1’)?, 


and the >>’s extend over all the 6 permutations of the 
subscript 123 of £93. 

With the use of (II.65), the integrands in ¢¢, cz, and 
cs can be explicitly written down to order a®. Some of 
the terms are of a product form, 


m(1)m(2)m(3)e8*, 


which can be immediately integrated over. One obtains 
thus, to order a’, 


(11.66) 


C6= 2a’h-*(g;), 
C7 = 40d *(g3)?+-Z, 
c3= 2a°d-*(g3)8+-Z, 


(11.67) 
(11.68) 


(11.69) 
where 


Z=— (saya fm 1)m(2)m(3) 


Xexp[ —8(1?+ 2?+ 3?) JA-?(1—e#4+ BA) 
x 6*(1+2—3—4)d1d2d3d4. (11.70) 


The symbol A was defined in (II.64). 
We notice that by the definitions (II.13) and (II.27) : 


C3= Cotter +Cz. 


In all the problems dealt with in this paper, Z and cs 
always occur in the combination 2Z+c;. Using (II.63) 
and (11.70), one obtains 


2Z7+¢5= + (16727) sat fm 1) m(2)m(3)m(4) 


Xexpl—8(1?+2?+ 3?+ 4’) ] 
XK A-2{ — 2+ €94-+-¢-F4 — 4(1—¢f4+BA) 
<Lm(4) }* exp(84?)} 


<6 (14+2—3—4)d1d2d3d4. (11.71) 


FOR 


HARD-SPHERE GAS 


In (II.71) the expression inside {---} is 


—2+-¢65+ ¢-664.4(1—¢f4+8A) 
—4z-! exp(64?) (1—e*4+-8A). 


Due to the symmetry of the other factors with respect 
to the interchanges 2<> 3, 1<>4, (II.72) can be 
replaced by 

2—¢®4—¢-64—4--| exp(+84*)(1—e84+ 8A). (II.73) 
Replacing the expression inside { } in (II.71) by 
(II.73), we proceed to evaluate the integral through 
the following sequence of procedures: 

(i) We write 


(11.72) 


l 
A-*{2—¢%4—¢ ay —6 (¢—1)dé cosh(Ag8), (II.74) 


(11.75) 


aq1— 84a) =6" f (E—1)dé e%?, 


5°(14+2—3—4) = (8x) f da 


Xexpia:(1+2—3-—4). (II.76) 


(ii) Expand 


m{1) exp(—81?)=0 2" exp(—nBl’), (11.77) 


n=l 


and similarly for the m(2), m(3), m(4) factors. 

(iii) The integrations over d1 d2d3d4 can now be 
performed as complete Gaussian integrals. The d’a 
integration can then be performed, also as a complete 
Gaussian integral. 

(iv) One can then integrate over dé by elementary 
means, obtaining 
2Z+¢5=8a°v\ > F+4a’A—> SY at#(rs)-*(2rs—r—s)}. 

r,s=1 
(11.78) 
where F was defined in (II.22). 
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The origin of the large tetragonal distortions which occur in a 
number of transition metal oxides having the spinel structure has 
been examined recently by Dunitz and Orgel in terms of the 
crystal field theory. According to these authors the macroscopic 
distortions arise as a consequence of a Jahn-Teller type distortion 
in the immediate environment of certain transition metal ions. 
Thus, all the observed large distortions in spinels have been corre- 
lated with the results of this crystal field treatment on the basis 
of the spatial ordering of the local distortions. 

In this communication we investigate the detailed properties of 
the transformations from tetragonal to cubic phases which are 
observed at elevated temperatures. An approximate model has 
been constructed which explicitly takes into account the inter- 
actions between local Jahn-Teller distortions about neighboring 
octahedral site cations. The configurational energy of the model 
has been derived in a completely general form in terms of occupa- 
tion variables, and has been used to deduce the structure of the 


I. INTRODUCTION 


HE origin of the large crystal distortions which 

occur in certain transition metal compounds has 
been examined by several investigators. Goodenough 
and Loeb! have discussed the large distortions from 
cubic to tetragonal symmetry in a number of spinels 
from the point of view of the ordering of square covalent 
bonds about the transition metal cations in octahedral 
sites. Goodenough? has also analyzed similar distortions 
occurring in the perovskite-type manganites in terms of 
the ordering of covalent and semicovalent bonds. 
Adopting the point of view of the crystal field theory,* 
McClure* has suggested that distortions from cubic 
symmetry will occur whenever there is a large Jahn- 
Teller distortion in the ligation of the transition metal 
cations. Dunitz and Orgel® have recently provided an 
exhaustive analysis of the distortions in transition 
metal oxides in terms of the crystal field theory. 
Emphasizing the role of the Jahn-Teller effect, they 
have constructed a table of the type and magnitude of 
distortions that can be expected in both the octahedral 
and tetrahedral ligations of all the transition metal 
cations. With these results Dunitz and Orgel have 
succeeded in correlating all the observed large distor- 
tions in transition metal oxides with the occurrence of 
the appropriate Jahn-Teller type distortion. In addition, 


* A short account of some of this work has already appeared: 
J. Appl. Phys. 30, 30S (1959). 

1 J. B. Goodenough and A. L. Loeb, Phys. Rev. 98, 391 (1955). 

2 J. B. Goodenough, Phys. Rev. 100, 564 (1955). 

* For a review of the crystal field theory see W. Moffitt and 
C. J. Ballhausen, Annual Review of Physical Chemistry (Annual 
Reviews, Inc., Palo Alto, 1956), Vol. 7. 

*D. S. McClure, J. Phys. Chem. Solids 3, 311 (1957). 

5 J. D. Dunitz and L. E. Orgel, J. Phys. Chem. Solids 3, 20 
(1957). 
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stable low-temperature phase. By the use of the usual methods of 
statistical mechanics it has proved possible to derive the thermo- 
dynamic behavior of the model, and hence to contribute to an 
understanding of the cooperative nature of these phase trans- 
formations. The temperature and composition dependence of the 
long-range order parameter, the thermodynamic functions, and 
the lattice parameters are calculated explicitly. The principal 
result of importance is the demonstration that the transformations 
from tetragonal to cubic spinel phases are thermodynamic transi- 
tions of the first order type. That is, a latent heat, a volume dis- 
continuity, lattice parameter discontinuities, and a lambda 
anomaly in the heat capacity are to be observed at the trans- 
formation temperature. The available experimental evidence 
supports the conclusions drawn from the theoretical model. The 
agreement between theory and experiment is found to be semi- 
quantitative in most of the cases considered. 


they have shown the equivalence of the resuits of 
Goodenough and Loeb to the consequences of the more 
general crystal field theory. 

Even though the origin of the crystal distortions is 
now clear, the work of the above authors does not 
explain the transformations from distorted to cubic 
phases which are observed in many transition metal 
compounds at elevated temperatures. Apart from the 
suggestion that covalent bonds or local Jahn-Teller 
distortions must order cooperatively below some trans- 
formation temperature to produce a noncubic phase, 
this aspect of the problem had not been treated in 
detail. Finch, Sinha, and Sinha,® on the other hand, 
recognized the resemblance of certain experimental 
lattice parameter curves on ferrite-manganite systems 
to those obtained in studies of the order-disorder and 
ferromagnetic problems. Following Goodenough and 
Loeb, they attempted a calculation of the temperature 
and composition dependence of the lattice distortions 
from a consideration of the number of covalent bonds 
oriented in “right” and “wrong” directions (by analogy 
with the order-disorder theory for binary alloys). It 
shall be shown in this paper, however, that the treat- 
ment of Finch ef al. is inadequate, and that certain 
conclusions which can be drawn from their equations 
are in disagreement with the experimental results. 
Thus, an understanding of the variation of crystal 
distortion with temperature and composition has not 
yet been obtained. 

In the present communication we wish to investigate 
the detailed properties of the transformations from the 
low-temperature distorted structures to the high-tem- 


6 Finch, Sinha, and Sinha, Proc. Roy. Soc. (London) A242, 28 
(1957). 
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perature cubic phases. Concluding with Dunitz and 
Orgel, and McClure that the origin of the distorted 
structures is the Jahn-Teller effect, we have constructed 
an approximate model for the system which takes into 
account the interaction between local distortions about 
neighboring transition metal cations. By the use of the 
usual methods of statistical mechanics it has proved 
possible to derive the thermodynamic behavior of this 
model, and hence to contribute to an understanding of 
the cooperative nature of these crystal transformations. 
This paper treats the model for the spinel structure, 
while that required for the perovskites will be described 
separately.’ Furthermore, we are concerned here only 
with those spinels having distorting cations on the 
octahedral sites alone (e.g., Mn3;04, ZnMn2oO,4, CuFe.0,, 
etc.); the more general case will form the subject of a 
separate investigation. 

Section ITI is devoted to a brief review of the Jahn- 
Teller effect followed by a detailed description of the 
model for the spinels. In Sec. IIT, the Hamiltonian of 
the system is derived, and from it is deduced the 
structure of the distorted phase which may exist at low 
temperatures. Section IV contains a mathematical 
treatment of the thermodynamic properties of the 
model by the general methods employed in the study 
of cooperative phenomena. Explicit consideration is 
given to the temperature dependence of the free energy, 
entropy, internal energy, heat capacity, and lattice 
parameters. Section V outlines the calculation of 
Sec. IV for the case where nondistorting cations dilute 
the active compound; the composition dependence of 
the transformation is thus obtained. A comparison of 
the theoretical results with the experiments to which 
they apply is presented in Sec. VI. 

The principal result of importance in this investiga- 
tion is the demonstration that the transformations from 
tetragonal to cubic spinel phases are thermodynamically 
of the first order. That is a latent heat, a volume dis- 
continuity, lattice parameter discontinuities, and a 
lambda anomaly in the heat capacity are to be ob- 
served at the transformation temperature. 


II. THEORETICAL MODEL 


To begin, we review the action of the Jahn-Teller 
effect in causing the large crystal distortions by sum- 
marizing the main conclusions presented by Dunitz and 
Orgel.’ According to the theorem of Jahn and Teller,’ 
molecules with orbitally degenerate electronic ground 
states are unstable in the symmetric configuration. The 
molecule will always find at least one vibrational 
coordinate along which it can distort to split the 
degeneracy and lower its energy. In the octahedral 
transition metal complexes, those cations having one, 
two, four, six, seven, and nine 3d electrons will have 


TP. J. Wojtowicz, Bull. Am. Phys. Soc. 4, 63 (1959). 
8H. A. Jahn and E. Teller, Proc. Roy. Soc. (London) A161, 
220 (1937). 
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orbitally degenerate ground states. It is only for the 
3d* (Cr*+, Mn+, Fe*t) and 3d* (Cu**) configurations 
where the degeneracy occurs in the strongly anti- 
bonding orbitals, that the distortions are large, however. 
For these two cases the commonly observed distortions 
are of the prolate tetragonal type; the octahedron is 
elongated so that now four ligands lie close to the cation 
while two are farther removed. The opposite distortion, 
giving two close and four distant ligands is also possible, 
but does not seem to occur (in spinels, at any rate). 
Opik and Pryce? have ascribed the greater stability of 
the prolate tetragonal distortion to the anharmonic 
nature of the electrostatic forces acting between the 
central cation and the ligands. In a more complete 
analysis Liehr and Ballhausen” have shown that either 
distortion may occur depending on the exact nature of 
the cation-ligand interaction. In this paper, we shall 
consider only the elongated distortion, the generaliza- 
tion to the other case being straight forward if required. 
Furthermore, there are three equivalent tetragonal 
distortions, one along each of the cubic axes, and in 
the isolated complex each will occur with equal proba- 
bility. 

In a crystalline material the situation is made com- 
plicated by the interaction of neighboring distortions, 
and it becomes necessary to examine the problem in 
terms of the details of specific lattice structures. In the 
ideal cubic A B,O, spinel structure’ the oxygen ions 
form a cubic close-packed lattice with the A and B 
cations occupying, respectively, the tetrahedrally and 
octahedrally coordinated interstices. The octahedral 
sites may be subdivided into four interpenetrating non- 
equivalent face centered cubic lattices, and a B cation 
in any one such sublattice has six B neighbors, two 
from each of the other sublattices. For the purposes of 
this investigation it is convenient to view the spinel 
lattice simply as a collection of octahedral transition 
metal complexes centered on the B ion sites, the apexes 
falling on the cubic close-packed anion positions. The 
octahedra are then seen to pack in such a way that each 
complex shares two oxygen ions with each of its six 
neighboring complexes. 

Now, in such a cubic system, each B transition metal 
ion will be subject to a crystalline electric field of 
octahedral symmetry, and those whose electronic con- 
figurations were listed above will possess orbitally 
degenerate ground states. To satisfy the Jahn-Teller 
theorem each such cation must distort its immediate 
environment, the distortions presumably being of the 
same type as in the free complexes. Since the octahedra 
about the cations share ligands at their edges, the dis- 
tortions in neighboring complexes must interfere with 
each other. At high temperatures, where this interaction 


*U. Opik and M. H. L. Pryce, Proc. Roy. Soc. (London) A238, 
425 (1957). 

1 A.D. Liehr and C. J. Ballhausen, Ann. Phys. 3, 304 (1958). 

1 The geometry of the spinel lattice has been described in detail 
by E. W. Gorter, Philips Research Repts. 9, 295 (1954). 
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is of little importance, each complex will distort inde- 
pendently, all three equivalent tetragonal distortions 
again occurring with equal probability. Furthermore, 
the orientations of the distortions are rapidly inter- 
changed by means of the lattice vibrations, and at any 
instant an equal number of complexes are distorted in 
the three cubic directions. The structure is described as 
being statistically cubic; to a diffraction experiment the 
crystal will indeed appear to be cubic, although re- 
quiring an abnormally large vibrational correction. 
Upon lowering the temperature, the interactions be- 
tween distortions begin to dominate, and the probability 
of a given distorted complex being oriented in a certain 
direction now depends on the orientations of at least 
those neighboring complexes with which ligands are 
shared. A short-ranged ordering of distortions may then 
occur. Finally a temperature is reached, below which 
minimization of the free energy is accomplished by 
minimizing the interaction energy between local dis- 
tortions rather than by a maximization of the entropy 
(disorder). The distortions will form a superlattice, 
ordering in such a way as to provide the least inter- 
ference between neighboring complexes. A macroscopi- 
cally distorted phase thereby results. The exact nature 
of such a transformation cannot, of course, be inferred 
from these and previous considerations. In this paper 
these heretofore lacking details will be derived from our 
model, a description of which now follows. 

The basic unit of the model, chosen to represent the 
complex formed by a transition metal cation and its six 
ligands, is the simple rigid octahedron. Because of the 
Jahn-Teller effect each octahedron is given a prolate 
tetragonal distortion so that there will be one long and 
two short axes. The magnitude of the distortion is 
assumed to be a constant independent of the tempera- 
ture and the orientation of neighboring distortions. The 
model for the spinel (A ions not included) may now be 
constructed by centering these basic units on the points 
of the four B-ion fcc lattices with the axes of the 
octahedra directed along the cubic directions. Each 
octahedron shares an edge with six neighboring octa- 
hedra. If the octahedra were undistorted a cubic 
structure would result. Since the octahedra are dis- 
torted, this structure will not, in general, possess cubic 
symmetry. It is convenient, however, to define a set 
of pseudo-cubic axes with respect to which it will be 
possible to specify the orientation of the octahedral 
axes. Within this framework it is easily seen that the 
octahedra are constrained to only three approximately 
definite orientations. The long axes of the octahedra 
may be directed (exactly, or very nearly so) in the x, 
the y, or the z directions of the pseudocubic coordinate 
system defined by the stacking of our basic units. 

The essential feature of the model is the pairwise 
interaction of neighboring Jahn-Teller distortions. As- 
suming that only nearest neighbors interact appreciably, 
we find that there are four different pair potentials 
depending on the relative orientation of the octahedra 
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involved. The possibilities, along with the resulting 
pair interaction potentials are depicted in Fig. 1 where 
the octahedra are schematically represented by drawing 
their three mutually perpendicular axes (these are 
equivalently the six cation-ligand bonds, four short and 
two long). The magnitudes of the potentials Vj; and Vi2 
should be small as the Jahn-Teller distortions do not 
interfere with each other in these configurations. In the 
configurations leading to the potentials Voi and V2, 
the distortions do interfere with each other, and con- 
siderable strains are induced in the structure about the 
two cations involved. The potentials V2; and V2 are 
therefore larger in magnitude, and it is reasonable to 
order the pair potentials as follows: Vis< Vin V22< Vou. 
We shall further assume that the pair potentials are 
constants, independent of the temperature and the 
orientations of other octahedra in the neighborhood of 
the pair in question. Moreover, an analysis of the 
detailed nature of these interactions in terms of more 
basic principles shall not be undertaken at this time. 

In addition to the assumptions already discussed, it is 
important to indicate several other approximations 
made in the construction of this model. For simplicity 
the influence of the lattice vibrations is completely 
neglected. It is known,!?:* however, that although the 
lattice vibrations may contribute profoundly to co- 
operative phenomena, the effect is not such as to alter 
the qualitative character of the transformation. Thus 
this theory would predict a first order transformation 
even if the lattice vibrations were included; the exact 
values of the derived thermodynamic functions would, 
of course, be changed. The interaction between the 
octahedra and the tetrahedrally coordinated A ions is 
also neglected. But since these will be nondistorting 
cations in the systems of interest, it is reasonable to 
suppose that these interactions will depend little on 
the orientations of the octahedra. Also ignored are the 
small trigonal distortions induced in the octahedra by 
deviations of the oxygen parameter, « from the ideal 
value of 0.375. 


III. THE HAMILTONIAN 


The Hamiltonian for a particular configuration of the 
crystal is the sum of all the nearest neighbor pair 


VW Ay 
A 7 


ra) 22 





V, 


12 * Vi i Vee : Vay 


Fic. 1. The four possible pair interactions between octahedra 
in the spinel. The octahedra are schematically represented by 
their axes, one long (heavy) and two short. The dashed lines are 
the shared octahedral edges. 


2K. F. Stripp and J. G. Kirkwood, J. Chem. Phys. 22, 1579 


(1954). 
8 P, J. Wojtowicz, thesis, Yale University, 1956 (unpublished), 
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interaction potentials appropriate to that configuration. 
The enumeration of the pair potentials is facilitated by 
the division of the system of octahedra into the four 
face-centered B-ion sublattices of the spinel structure. 
The four sublattices may be classified according to the 
(110) directions along which the lines of centers be- 
tween neighboring octahedra are found to fall. Figure 2 
shows the arrangement of nearest neighbors about a 
site of sublattice 1, while Table I gives the directions of 
the lines of centers for neighbors between all pairs of 
sublattices. The directions are labeled both by the 
usual Miller indexes and in the more convenient (u,u’) 
notation. The (u,u’) direction is defined to be the direc- 
tion of the sum of unit vectors pointing in the « and yp’ 
cubic directions. We note that the lines of centers 
between a given site and the two nearest neighbors 
from the same neighboring sublattice are collinear. 
Furthermore, there will be .V/2 sites in each sublattice 
so that we treat a mole of transition metal spinel, 
AB,O, (N is Avagadro’s number). 

The many possible configurations of the system may 
be completely specified by the use of a set of occupation 


, (101) 
/ 


7 (oll) 





Fic. 2. The arrangement of nearest neighbor B sites about a 
B site of sublattice 1. The open circles are the oxygens while the 
hatched circles represent cations. Each cation is labeled according 
to the sublattice on which it resides. 


variables defined as follows: 


1, if site 7 on sublattice s is occupied by an 
octahedron distorted in the y-direction, 
0, otherwise, 


where i=1, ---, NV/2; s=1, 2, 3, 4; and v=a, y, 2. 
From their definition, it is seen that the occupation 
variables must satisfy the relation: 


>» p*(vy)=1, (s=1, 2, 3, 4), 


since an octahedron in any one site must have a single 
definite orientation with respect to the pseudocubic 
axes. Further, 


D> pf(v)=N,’, (v=x, 


where -V,’ is the number of octahedra on sublattice s 
with long axis oriented in the y-direction. A specifica- 
tion of the values of the 6.V occupation variables com- 
pletely determines the configuration of the system. 

To obtain the Hamiltonian function which determines 


(@=1,-- 


y,2), (s=1,2,3,4), (2) 
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TABLE I. Directions of lines-of-centers of neighboring octahedra 
between all pairs of sublattices. 


Sub- 
lattice 1 2 3 


None 


1 (O11) (y,z) (101) (—x, z) 
2 (110) (—x, y) None (101) (x,2) (O11) (—y, z) 
3 (O11) (y, z) (101) (x, ) None (110) (x, y) 
4 (101) (—x,2) (011) (—y,2) (110) (x, y) None 


the energies of these configurations, it is necessary to 
introduce another set of two-valued variables, the 
nearest neighbor selector factors which are defined by 


1, if site 7 on sublattice s is a nearest neighbor 
to site 7 on sublattice ¢. 
0, otherwise. 


st— 
Asi — 


These satisfy the relations: 
ar \M=Lij Aij=2/3, 


since each site has z/3=2 nearest neighbors from each 
of the neighboring sublattices. The direction of the line 
of centers of a pair connected by a nonvanishing \,;*! 
may be obtained by reference to the s-¢ element of 
Table I. For example, the line of centers of a pair con- 
nected by X,;*4 lies in the (011) or (—¥, 2) direction. 
The configurational potential energy for any pair of 
sites 7, 7 in the crystal may be written in the form 


(all st pairs), (3) 


pi (v)Asj'p;'(v') V (v,0" 5 wm’), 
where p,*(v) and p;‘(»’) specify the orientations of the 
octahedra at i and j, and where \,;*‘ discards those 
terms for pairs which are not actually nearest neighbors. 
V(v,v’; uu’) is the pair interaction potential resulting 
from the contact of a pair of octahedra distorted in the 
v and y’ directions, respectively, and having their line 
of centers along the (u,u’) direction (the uw and yw’ being 
taken from the s-t element of Table I). Now, it was 
shown in Sec. II that there are only four different 
possible values for V(v,v’; uu’) depending on the rela- 
tive orientation of the pair under consideration. Table II 
lists the pair potentials appropriate to the different 
combinations of indexes (v,v’;u,u’) generated by the 
various configurations of pairs in this system. The 
results are easily verified by examination of Fig. 1. For 
each neighboring pair 7, 7 in the crystal, there will be 
nine terms of the form shown above since there are 
three allowed orientations for each member of the pair. 


TABLE II. Pair potentials resulting from different relative 
configurations of neighboring octahedra. 


Configuration V (+; we’) 


v= App’ ny 
y=y'=y orp’ 12 
yep’ xp’ o 
pop Au Ap “91 
yap =p’ ‘22 
v=p' xv’ =p "92 
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Only one of the nine will be nonvanishing, however; 
by their definition, the occupation variables will discard 
those terms not actually describing the true situation. 

The Hamiltonian function can now be constructed 
by summing the interaction terms for all pairs in the 
system, taking proper account of the entires in Tables I 
and II. The procedure is straightforward but tedious, 
and shall not be displayed here. A simplified form of the 
Hamiltonian can be obtained, however, by making use 
of the relationships satisfied by the occupation variables 
and nearest neighbor selector factors, Eqs. (1) to (3). 
Upon collecting terms, the result is 


H=3N2(2VantVi2)+ (Vit Vi2—2V 01) p 
+ (V22— Vi2)q, 


4 N/2 


P= LD pit(»)ds*p;'(v), 


e<tt i,7 


(4) 


4 N/2 
q=X X asLoe' (u)p;'(u') +08 (u')0;'(u) J, 


e<t ij 


where the uw and yp’ are the (u,u’) of the s-¢ element of 
Table I, and where vz or yw’. The first term is a con- 
stant while p and g are amenable to a simple interpreta- 
tion. In each term, p,*(v)A;;*‘p;'(v) of p, v=» Ayu or yw’. 
Referring to Table II, it is found that this combination 
of indexes results from that relative orientation leading 
to the potential V,;. Thus, p is the total number of 
nearest neighbor pair contacts of the kind contributing 
Vi; to the configurational energy. In each term of 
g, v=y, v’ =p’ or v=y’, v'=y. Table IT shows that these 
combinations result from that relative orientation 
leading to the potential V22. Therefore, g is the total 
number of nearest neighbor pair contacts of the type 
contributing V2 to the energy. 

The Hamiltonian function can be used to deduce the 
structure of the distorted phase which may result from 
an ordering of the octahedra at low temperatures. At 
the absolute zero a stable, ordered crystalline phase is 
characterized by having a minimum configurational 
energy and a vanishing configurational entropy (dis- 
order). That completely ordered arrangement of the 
distorted octahedra which leads to a minimum in H 
will then represent the low-temperature stable phase. 
Since V22—Vy2>0 and ViitVi2—2V21<0, A will be 
minimized when # and g are simultaneously maximized 
and minimized, respectively. The only completely 
ordered arrangement accomplishing this places the long 
axes of all the octahedra along the same crystallographic 
direction. In this case p attains its absolute maximum, 
Nz/3 while g is at its absolute minimum, zero. The 
configurational energy of this phase is V2(2V12+V11)/3, 
one-third of the neighbor contacts contributing V;, 
two-thirds contributing Vi2. With all the octahedra 
distorted in the same direction, the low-temperature 
structure must be tetragonal and with c/a>1 in as 
much as the individual octahedra are prolately tetrag- 
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onal. A number of spinels containing 3d‘ and 3d° 
cations in the octahedral sites have been found to 
have the tetragonally distorted structure at low tem- 
peratures. Several examples with their room-tempera- 
ture c/a ratios are Mn;O, (1.16),!4 y-Mn,O; (1.16), 
ZnMnqQ, (1.14) ,!* MgMnzO, (1.15),!® CoMn2O, (1.15),"° 
and CuFe20, (1.06). 


IV. THERMODYNAMIC PROPERTIES 


The Hamiltonian function in terms of the general 
occupation variables, Eq. (4), may now be used to form 
a basis for any one of a number of techniques that have 
been developed to treat the statistical mechanics of 
cooperative phenomena. The most convenient tech- 
nique for this problem is the method of moments de- 
veloped by Kirkwood."* By using this procedure it will 
be possible to ascertain the approximations made in 
evaluating the partition function, and to form a frame- 
work within which higher approximations may be 
constructed in a consistent fashion. The first part of 
the calculation involves the evaluation of an approxi- 
mate partition function for a fixed but arbitrary set of 
orientations, N={N,7, Ni", ---, Na, Ne}, of the 
octahedra on the sublattices. The equilibrium values of 
the set N are then obtained by minimizing the con- 
figurational free energy with respect to N. The sub- 
sequent determination of the temperature dependence 
of the thermodynamic functions concludes this section. 

The partition function, Zy for a fixed set of orienta- 
tions, N is obtained by summing the Boltzmann factor, 
exp(—6H) over all the distinguishable configurations 
of the system that can be generated from the set N. 
Following the method of moments, this is expressed as 


Zy=PyOQw exp[—BN2(2Vnt+Vi2)/3], 
Py=[(N/2)!}*/IT TI N,"! 


Qv= Py D0’ expl—BW (p,q) J, 
W (p,q) = (Vir t Vi2—2V 01) p+ (V22— Viz) q, 


where B=1/kT, k being the Boltzmann constant and T 
the thermodynamic temperature. The symbol >>’ means 
a summation over the two allowed values of all 6N 
occupation variables : 


1 


ie > > ---(6Nsums):-- } , 


pi! (x) =0 pi'(y) =0 pn/2*(s) =0 


subject to the restrictions expressed in Eqs. (1) and (2). 
Py is the number of distinguishable configurations for 


4B. Mason, Am. Mineralogist 32, 426 (1947). 

15E, J. Verwey and J. H. deBoer, Rec. trav. chem. 55, 531 
(1936). 

16 P. F. Bongers, thesis, University of Leiden, 1957 (unpub- 
lished). 

17E, F. Bertaut, J. phys. radium 12, 252 (1951). 

18 J. G. Kirkwood, J. Chem. Phys. 6, 70 (1938). 
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the set N, and hence is the number of nonvanishing 
terms generated by >>’. Py serves as a normalizing 
factor for the configuration sum Qy ; when BW vanishes, 
Ow reduces to unity. 

The configuration sum may be expanded in a power 
series in —@ in terms of the moments M,: 


» (—8)" 
= M., 
” m n! (7) 
M,=Py™" > W*=(W"). 


By their definition above, the moments are just the 
a priori (that is, unweighted) averages of the simple 
powers of W, averaged over all the permitted dis- 
tinguishable configurations of the system. A more useful 
expansion utilizes the semi-invariants of Thiele, \m: 


= (-6)" 
Ov=exp| + — ra (8) 


m=1 m: 


The semi-invariants may be computed from the mo- 
ments by equating the two expressions for Qy and 
separating terms of the same order in —§. The details 
of this procedure have been published elsewhere.'*.!® 
The first few » are given by 


M=M,, 
\e=M2—M;?’, (9) 
\3=M;—3M2M,4+2M'. 


A consistent sequence of approximations to Qy may 
be obtained by retaining one, two, - - -,# semi-invariants 
in Eq. (8). We shall make use of the first approximation 
in which all terms beyond ), are neglected: 


Qu = exp(—6d1) = exp(—8M)). 


The nature of this approximation is demonstrated by 
examination of the form of the invariants, Eq. (9), or by 
comparing Eqs. (7) and (10). In either case, it is seen 
that retaining only A; is equivalent to assuming that 
M,=M,", all higher moments are powers of the first. 
This is true if the orientations on neighboring sites are 
uncorrelated, for then the averages over different sites 
are independent, leading to a set of moments having no 
dispersion. Thus, the approximation adopted is based 
on the premise that there is little short range ordering 
between neighboring octahedra; the system may be 
completely described by a long range order, that is by 
the set N. The present treatment is therefore analogous 
to the well-known “molecular field” theory of mag- 
netism and to the “random mixing” approximation in 
the theory of mixtures. 

The evaluation of the first moment is made straight- 
forward by expression in terms of the occupation 
variables : 


(10) 


19 R, W. Zwanzig, J. Chem. Phys. 22, 1420 (1954). 
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M,= (Vist Vi2—2V21){(p)+ (V22— V12){q), 


4 N/2 N/2 
(p)= a DX (pi*(v) X20 dis*'ps'(»)), 


+ 


4 N/2 


= E (oe) XE soi) 


+ (peu XE das"os4(u))), 


where the summations over s, /, and i have been re- 
moved from the brackets since averages of sums are 
sums of averages. In addition, since @ priori distribu- 
tions on different sublattices are independent, the 
averages can be decomposed in products in as much as 
the p* and p! refer to sites on different lattices. Because 
the a priori average value of p,*(w), (w=<, y, 2), is the 
same for all sites 7, 


2 2 
(p#(w))=— LX (p#(w))=HXX pi (w)) 
N i N 


2 
=—(N,*)=—N,*, (12) 
N N 
where Eq. (2) was used in passing from the first to the 
second line above. In a similar way, 


2 
(L is"o3'(o)) =e D Ais*'p;*(w)) 


2 /3 22 
= —(-ve) = —N,*, ( 13) 
N N3 3N 


where in this case it was necessary to use Eq. (3) in 
addition to Eq. (2). Collecting terms, the value of the 
first moment is 


22 4 
i= De C(Virt Vie—2V 2) NN? 


e<t 
+ (V22—Vi2) (NAN +NN*)], (14) 


where again vy or wy’, the uw and yw’ being taken from 
the s-¢ element of Table I. The configurational partition 
function for the set N is then obtained (in the first 
approximation) by combining Eqs. (5), (10), and (14). 

The determination of the equilibrium values of the 
set N is considerably simplified once it is recognized 
that the twelve members of the set are not all inde- 
pendent. In fact, this large number resulted only 
because of the division of the system into sublattices, 
a concept introduced solely for the purpose of simpli- 
fying the calculation of the Hamiltonian and partition 
function. Four dependent members can be eliminated 
immediately by the relations 


LD»! [’=N/2, (s= 4, 2, 3, 4), (15) 
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since the total number of octahedra on any sublattice 
is fixed. Seven more members can be eliminated by 
symmetry considerations. If the z direction is defined 
to be the unique direction of the completely ordered 
tetragonal phase, then at the absolute zero, all \,’ will 
equal N/2, their maximum value. Since the Hamil- 
tonian is invariant to the labeling of the sublattices,” 
the deviations with temperature of the ,* from N/2 
are independent of lattice index s, and hence must be 
identical for all temperatures, so that 


N= NA=Ns= Ne. ( 16) 


Furthermore, in the perfectly ordered configuration, 
the individual octahedra, the bulk phase, and the 
nearest neighbor environment about any given octa- 
hedron all have tetragonal symmetry with coincident 
unique axes (z direction). The deviations from perfect 
order must therefore occur by the orientation of the 
octahedra into the x and y directions equally, so that on 
each sublattice, and for all temperatures, 


N,7=N,*, (s=1, 2, 3, 4). (17) 


The eleven relationships between the members of the 
set N, Eqs. (15) through (17), now permit the specifi- 
cation of all the configurations of the system in terms 
of a single long-range order parameter o which may be 
defined as follows: 

N,A=N,"=N(1-0)/6, 
N,?=N(1+20)/6, (s=1, 2, 3, 4). 


(18) 


o ranges in value from unity in the perfectly ordered 
tetragonal structure to zero in the randomly oriented 
statistically cubic phase. Substitution of Eq. (18) in 
Eqs. (5), (10), and (14) yields the partition function in 
terms of a: 

Zy= Py exp{ —BLE(0)—2N2Vo?/9}}, 

V = Vo2— Vir t2Va—2V32>0, 
E(0)=N2(Virt2Vi2t4V 1+ 2V02)/9, 


(19) 


where E(0) is the configurational energy of the ran- 
domly oriented phase, =0. The molar configurationa!| 
free energy, F(c)= —kT InZy, is given by the following : 
F(c)—F(0) 
——-= (1+ 2s) In(1+2¢) 
2NRT/3 
+2(1—¢) In(1—o)—o?/J, 


F(0)=E(0)—2N&T In3, 


(20) 


where Stirling’s approximation was used to compute Py 
in terms of a, while F(0) is the free energy of the cubic 
phase, and J=3k7/zV is a reduced temperature. 

The equilibrium values of the long range order for all 


” Note that the configurational energy of the system, Eq. (4), 
depends only on the values of p and g. These in turn are just the 
number of certain kinds of interactions, and are independent of 
the notion of sublattices or the labeling of directions. 
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temperatures are determined by minimizing F with 
respect to o at constant J. Setting (@F/dc), to zero 
provides the following transcendental equation between 
o and J: 

In(1+2e0)—In(1—o) =0/J. (21) 
The multivalued solution of this equation for positive J 
was obtained by numerical methods on an IBM-650 
electronic computer. The results are displayed graphi- 
cally in Fig. 3. The solid branches are those values of o 
which give an absolute minimum to the free energy, 
and therefore represent the thermodynamically stable 
phases. The location of the transformation temperature 
is accomplished by the determination of the conditions 
under which a phase of finite order o can be in equi- 
librium with the cubic phase. The usual requirement for 
the coexistence of two phases is the equality of their 
molar free energies. Thus, setting F (¢)—F (0) to zero in 
Eq. (20) and solving simultaneously with Eq. (21) 
should give the transformation temperature. The ana- 
lytical solution of this system of equations reveals that 
at a single temperature, J,=(41n2)~', a tetragonal 
phase with o=} is in equilibrium with the cubic phase. 
Reference to Fig. 3 shows that above J; the cubic phase 
alone is stable, while below J; only tetragonal phases 
having o>}# are stable. It is therefore demonstrated 
that the transformation from tetragonal to cubic sym- 
metry in transition metal spinels is a first order phase 
transformation. 

Other thermodynamic quantities of interest may be 
derived from the free energy by the use of the familiar 
formulas of thermodynamics. The results for the molar 
configurational internal energy, entropy and_ heat 
capacity, respectively, are 
E(a)=E(0)—2NzVo?/9, 

s(o) = 2. VR[3 In3— (1+2c) In(1+20) 
—2(1-—«) In(1—a)], (22) 
4Nko?/3J? 

[3/(1—0)(1+2¢) ]—1/J 
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Fic. 3. Long range order vs temperature by numerical solution 
of Eq. (21) for positive J. The solid branches represent the 
thermodynamically stable phases. 
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The explicit temperature dependence of these quantities 
may be calculated by the substitution of the solutions 
of Eq. (21), o(/) into Eq. (22). The theoretical curve 
for the heat capacity C(J) is shown in Fig. 4 where the 
typical lambda shape characteristic of cooperative 
phenomena is in evidence. The discontinuities in the 
thermodynamic quantities at the transformation tem- 
perature are computed from Eq. (22) by accounting 
for the jump in o from } to zero. The values for the 
latent heat, entropy change, and heat capacity dis- 
continuity are AE= NzV/18, AS=0.918 cal/°mole, and 
AC= 22.4 cal/°mole, respectively. 

The temperature dependence of the lattice parameters 
cannot be derived from the present model of the spinel 
in a rigorous way, but an adequate approximation can 
be deduced from the following considerations. We shall 
assume that the c and a parameters of the average 
tetragonal unit cell are proportional to the mean 
lengths of the octahedral axes aligned along and per- 
pendicular to the unique axis (s direction). Let P, be 
the probability of finding an octahedron with long axis 
oriented in the »v direction, and let a and ya be the 
lengths of the short and long octahedral axes. The 
mean length in the z direction is a(yP:+P.+P,), while 
in a perpendicular direction, say x, the mean length is 
a(yP:+P,+P.). If we neglect the normal thermal 
expansion of the lattice or assume that it is isotropic, 
the constants of proportionality for ¢c and for a are 
equal, and it becomes possible to express the c/a 
ratio as 


c/a=(yP.+Pst+P,y)/(yPztPytP:). (23) 


The probability P, is just the fraction of octahedra 
oriented in the v direction, equal to >, V,’/2N. The 
relationship between the c/a ratio and the long-range 
order is therefore 


¢ 34+(y—1)(1+20) 
a 3+(y—-1)(1—<) 


~1+(y—-1e, (24) 


where (y—1) is the deviation of the octahedral axial 
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Fic. 4. Theoretical heat capacity vs temperature by substitution 
of solutions of Eq. (21) into Eq. (22). 
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ratio from unity. Equation (24) shows that the curve 
of c/a vs T will closely resemble the solid branches in 
Fig. 3, showing a finite discontinuity, A(c/a) = (y—1)/2 
at the transformation temperature. 

If the normal thermal expansion of the lattice is 
neglected, it is also possible to derive the influence of 
disordering on the unit cell volume. Using the same 
procedure as above, the volume of the unit cell (equal 
to ca*) is found to be proportional to the following 
function of the long range order parameter: 


a®Lyt3(y—1)?(1—0?) + (1/27) (y—1)8 
X (1-—30?+ 20°) ]. 


The fractional volume change on passing from the 
tetragonal to cubic phase at the transformation tem- 
perature can be computed from (25) and is given by 
Av/v= (y—1)?/12y. For a typical case, y=1.16, and 
the fractional volume expansion predicted by the model 
is 0.0018. 

Having completed the thermodynamic analysis of the 
model, we shall now compare these results with those 
obtained by Finch, Sinha, and Sinha.® As stated pre- 
viously, these authors based their calculation on the 
consideration of the number of octahedra oriented in 
“right” and ‘‘wrong” directions. What they failed to 
account for, however, is the fact that there are twice as 
many wrong directions (x and y) available as there are 
right directions (z). One must then conclude that at 
the highest temperatures this model would have half 
the octahedra oriented in the z direction with the 
remaining half oriented in « and y [see Eq. (3) of 
reference 6, 8 — 0]. It is clear, however, that the high- 
temperature phase must have equal populations in all 
three directions in order that the structure be cubic. 

The seriousness of this error is demonstrated most 
clearly upon examination of the relationship between 
long-range order and temperature obtained by Finch 
el al.: 


(25) 


S=tanh(@W,S), 


where in their notation, S is the long-range order, and 
W, is an (undefined) interaction energy [see Eq. (8) of 
reference 6]. This form of equation is well-known in 
theories of cooperative phenomena, and it has been 
demonstrated”! that its solution always leads to second- 
order phase changes. Thus, Finch’s treatment would 
predict the continuous variation of lattice parameters 
and the absence of a latent heat and entropy change. 
The accumulated experimental evidence appears to 
support our prediction of a first-order change, as we 
shall show in the final section. 


V. COMPOSITION DEPENDENCE 


In this section we briefly consider the results ob- 
tained from the theoretical model appropriate to spinels 
having the formula A Bo_»C2,O4, where a fraction « of 


21H. N. V. Temperley, Changes of State (Interscience Publishers, 
Inc., New York, 1956), p. 26. 
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the octahedrally coordinated B ions are replaced by the 
cation C. Unlike the B ions, C does not produce Jahn- 
Teller distortions in the octahedral sites. Distributed 
randomly among the octahedral sites, the C ions merely 
serve to dilute the nearest neighbor interaction struc- 
ture of the B ions. The efficiency of the cooperative 
transformation is thereby reduced; the transformation 
temperature is lowered, and the maximum deviation of 
the c/a ratio from one is diminished. 

The Hamiltonian of this model is derived by the 
same technique as used in Sec. III. The dilution of the 
distorted octahedra by the regular octahedra of the C 
now requires the introduction of an additional set of 
occupation variables, p,*(0) which are defined to have 
the value one when site i of sublattice s is occupied by 
an undistorted C octahedron, and the value zero other- 
wise. The occupation variables still satisfy Eq. (1), 
except that vy is now summed over 2, y, 2, and 0. In 
addition to Eq. (2), the following sums also obtain: 


¥. t(0)=xN/2, 
oY Ny=(1-x)2N. 


s vr 


(s=1, 2, 3, 4), 
(26) 


The presence of the undistorted C octahedra also 
introduces three new pair interaction potentials. Since 
the C octahedra do not possess a unique axis, the pair 
interaction potentials resulting from the nearest neighbor 
contact of a B and C octahedron will depend only on 
the relative orientation of the long axis of the B with 
respect to the line of centers joining the B and C. Thus, 
the potential Vo» will result when »=y or yw’, while Voy 
obtains when vu or yu’, where again y is the direction 
of the unique axis of the B, and (u,u’) is the direction 
of the line of centers joining the pair in question. The 
configurations leading to Vo2 and Vo; closely resemble 
those producing Vj. and Vy, respectively, Fig. 1. 
Moreover, because of the lack of unique axes, the 
contact between two nearest neighbor C octahedra will 
always be Voo, independent of the (u,u’) of the pair. 
With these new quantities, the configurational Hamil- 
tonian of the model can be derived as before, the result 
being given by 


H=4§N2{2V nt Vitx(4V02+2V1—4V 12—2V 21) 
+x*(3Vo0—2Vn1—4V 2 +3V 12) ] 


+ (Vist V22—2V 21) p+ (V22—Vie)g, (27) 


where p and g retain their former significance, Eq. (4). 
The form of H has not changed upon dilution, so that 
the structure of the low-temperature phase will remain 
tetragonal with c/a>1. The maximum value of p 
however, is diminished by the factor (1—-)?. 

Using the same arguments as in Sec. IV, the descrip- 
tion of the system can again be reduced to the specifi- 
cation of the value of a single long-range order parameter 
a. Because of the dilution by C, o must be renormal- 
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ized, so that it is now defined by 
N,7=N,"=N(1—x) (1-0) /6, 
N,?=N(1—2x)(1+20)/6, (s=1, 2, 3, 4). 

Application of the moment method to first approxi- 


mation for a fixed value of o gives the free energy of the 
diluted system as 


F(c)—F(0) 
————= (1—x)[(1+2c) In(1+2s) 
2NkT/3 


(28) 


+2(1—¢) In(i—o) ]—(1—x)*o?/J, (29) 
where J retains its former significance, and where the 
free energy F(0) now contains the additional free 
energy of mixing of x moles AC,0,4 with (1—«) moles 
of cubic AB,O,. Differentiation with respect to o at 
constant J provides the analog of Eq. (21): 


In(i+2e)—In(1—o) = (1—2)o/J. (30) 


Thus for any value of x, the dependence of ¢ on J is the 
same as depicted in Fig. 3, except that the abscissa 
must be properly scaled by the factor (1—x). The first- 
order nature of the phase change is unaltered by the 
dilution of the interactions, the parameter ¢ still 
changing discontinuously from }$ to zero at the trans- 
formation temperature J;. Solving for J;, it is found 
that J,(x) = (1—x) (4 In2)—'= (1—x) J, (0), showing that 
the reduction of the transformation temperature is 
proportional to the dilution. The internal energy, 
entropy and heat capacity may be obtained from the 
free energy by the straightforward differentiation with 
respect to T. The derived result for the heat capacity, 
analogous to Eq. (22), is 


4Nk(1—x)*o*/3J? 
[3/(1-0)(1+20)]— (1—a)/ 





C(o,x) 


For any value of x, the heat capacity curve will have 
the same shape as in Fig. 4, except that the ordinate 
and the abscissa must be properly scaled by the factor 
(1—x). The latent heat, entropy change, and heat 
capacity discontinuity at J; are likewise all reduced 
from their corresponding “undiluted” values by the 
factor (1—x). 

The conspicuous appearance of the scaling factor 
(1—x) demonstrates the possibility of a corresponding 
states principle between the thermodynamic functions 
of spinels of different composition «. We define a new 
reduced temperature by J=J/(1—x) and a set of 
reduced molar thermodynamic functions by G=G/ 
(1—x), where G=F, E, S and C. By applying these 
definitions to the results of this section it is seen that 
all the thermodynamic equations assume the same form 
as those obtained in Sec. IV; the composition de- 
pendence no longer appears explicitly having been 
completely absorbed in J and the G. The corresponding 
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states principle must be used with caution, however. 
An examination of the manner in which it develops 
during the derivation reveals that it is a particular 
consequence of the approximations used in the evalu- 
ation of the partition function. If higher moments than 
the first were included, terms of higher order in (1—~x) 
would have appeared destroying the simplicity of the 
equations and preventing the use of scaling factors. 
The corresponding states principle should, therefore, be 
considered accurate only for small values of x. 

The combined composition and temperature de- 
pendence of the c/a ratio has also been computed within 
the same approximation used in Sec. IV. An additional 
simplification was introduced by assuming that the 
axial lengths of the undistorted C octahedra are equal 
to a, the length of the short axes of the tetragonal B 
octahedra. This assumption eliminates the introduction 
of an additional parameter into the equations. More- 
over, since we are primarily interested in the ratio of c 
to a, the errors introduced by this assumption will 
largely cancel out. Within this framework, the result 
for c/a is 


¢ 34+(1—x)(y—1)(1+20) 


= ~1+(1—x)(y—1)o. 
a 3+(1—x)(y—1)(1—¢) 


(32) 





The temperature dependence of c/a for different com- 
positions is displayed in Fig. 5 where [ (c/a—1)/(y—1) ] 
is plotted as a function of J for several values of x. 
The composition dependence of c/a at different con- 
stant temperatures is shown in Fig. 6. Here [(c/a—1)/ 
(y—1)] is plotted as a function of x for different ratios 
of the ambient temperature, T to the transformation 
temperature, 7,(0) of pure A B,O,. The most prominent 
and noteworthy feature of the latter set of curves is 
the abrupt change in c/a at a certain critical composi- 
tion characteristic of the ambient temperature. These 
results show that as the composition is changed, the 
onset of tetragonality will not be gradual with the 
appearance of arbitrarily small values of (c/a)—1, but 
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Fic. 5. The temperature dependence of c/a for different com- 
positions. The quantity (c/a—1)/(y—1) is plotted as a function 
of the reduced temperature for several values of x. 
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Fic. 6. The composition dependence of c/a for different tem- 
peratures. The quantity (c/a—1)/(y—1) is plotted as a function 
of the composition for several values of T/7;(0). 


rather that the first tetragonal phases to form will 
immediately possess large deviations of c/a from one. 
This behavior is, of course, a direct consequence of the 
first order nature of these transformations. 


VI. COMPARISON WITH EXPERIMENT 
AND DISCUSSION 


A list of compounds which exhibit the tetragonally 
distorted spinel structure (with c/a>1) at room tem- 
perature was presented at the end of Sec. III. We shall 
now consider some of these compounds individually, 
comparing the properties and predictions of the theo- 
retical model with the available experimental evidence. 


CuFe,0, 


Properly prepared, CuFe2O, is an inverse spinel so 
that half of the octahedral sites are occupied by the 
distorting Cu*+(3d°) ions. The remaining cation sites 
contain the nondistorting Fe*+(3d°) ions. As observed 
by several investigators, c/a=1.06 at room tempera- 
ture.®!7.22 The transformation temperature has been 
found to fall in the range, 360°C to 390°C.*2-* The 
temperature dependence of the c/a ratio has been 
determined by Ohnishi, Teranishi, and Miyahara.” The 
experimental points are shown in Fig. 7(a) along with 
the theoretically computed curve. Equations (30) and 
(32) were used to compute the curve, the two adjustable 
parameters therein being given the following values: 
T,=633°K and (1—x)(y—1)=0.057. The agreement 
between theory and experiment is exceptionally good; 
it is unfortunate, however, that not enough points were 
taken near 7; so that a definite experimental verification 
of the first order nature of the phase change could not 
be established. Also included in Fig. 7(a) is the c/a vs T 
data* for the compound CuFe;.sCro..04. In this ma- 


2S. Miyahara and H. Ohnishi, J. Phys. Soc. (Japan) 12, 1296 
(1956). 

23 Ohnishi, Teranishi, and Miyahara, J. Phys. Soc. (Japan) 14, 
106 (1959). 

* T. Inone and §,. lida, J. Phys. Soc. (Japan) 13, 656 (1958). 
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Fic. 7. (a) Temperature dependence of c/a for CuFe,O, and 
CuFe; sCro.2O, (data of reference 23). (b) The c/a ratio for 
CuFe,O, as a function of the fraction of Cu actually in B sites 
(data of reference 6). See text for discussion of the theoretical 
curves. 


terial a significant fraction of the Cu is present in the 
tetrahedral sites”; the transformation temperature and 
the limiting c/a ratio are therefore both reduced. The 
theoretical curve was computed using the valuse, 
T,=458°K and (1—x)(y—1)=0.043. The agreement 
between theory and experiment is not as good for this 
case, the reason being that the displacement of the 
Cu*+ onto the A sites does not just dilute the interac- 
tion between the distorted octahedra of the B lattice. 
Ions with the configuration 3d° oblately distort the 
oxygen tetrahedra about the A sites, thereby intro- 
ducing new distortions and interactions which are not 
accounted for in the present model. 

The c/a ratio of CuFesO, has been measured as a 
function of the fraction of Cu** ions actually in B sites 
by Finch, Sinha, and Sinha.’ The experimental results 
are shown in Fig. 7(b) along with the theoretical curve 
computed from Eqs. (30) and (32) with the parameters, 
y—1=0.157 and J(T,)=0.0406, where /(T7,) is the 
value of J at the room temperature, 7,. The agreement 
is remarkably good despite the neglected effects of the 
Cu** on the A sites. 

The heat capacity of CuFe,0, has been measured 
over a wide temperature range by Inone and Iida. 
The typical A-anomaly is plainly in evidence, the shape 
of the experimental curve being quite similar to that 
given by Eq. (22) or (31), Fig. 4. The observed heat 
capacity discontinuity at 390°C is about 14 cal/mole°K 
in good agreement with the theoretical value of 11.2 
cal/mole°K computed from Eq. (31) with x=}. 


Mn;0, 


The c/a ratio of Mn3Q, is 1.16 at room temperature." 
Because of this large distortion from cubic symmetry, 
Mn;0, has been assumed!:® to be a normal spinel with 
Mn?*+ occupying the A sites and Mn**+(3d*) filling all 
the available B sites. This assignment of configuration 
is compatible with other properties of the material, and 
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is consistent with similar assignments required to 
explain the properties of ZnMn,O, and y-Mn2O3;.' The 
temperature dependence of the lattice parameters of 
Mn;O, has been determined recently by VanHooke 
and Keith.** The c/a ratio remains relatively constant 
at 1.16 from room temperature to about 1000°C, after 
which it declines rapidly with the eventual formation of 
a cubic phase. Not enough measurements were made 
near the transformation temperature to permit the 
determination of the order of the transformation, but 
quite significantly there is a short temperature range in 
which the coexistence of cubic and tetragonal phases is 
in evidence. Positive proof of the first order nature of 
the transformation is provided by the thermodynamic 
measurements of Southard and Moore.”* A very sharp 
transformation is observed at 1445°K exhibiting a 
latent heat of 4500 cal/mole and an entropy change of 
3.11 cal/°mole. An analysis of the enthalpy data taken 
from room temperature to far above the transformation 
temperature reveals that there is a heat capacity discon- 
tinuity at 1445°K amounting to roughly 12 cal/°mole. 

Although the experimental results are found to be in 
substantial agreement with the predictions derived 
from the model, several significant quantitative differ- 
ences exist. The degree of disorder introduced into the 
tetragonal phase is far less at 7; than predicted from 
the model; the structure is still considerably ordered 
before the transformation occurs. The values found for 
the entropy change and heat capacity discontinuity, 
being larger and smaller, respectively, than predicted 
in Sec. IV also indicates that the greater fraction of 
disordering occurs at T; rather than before. Equation 
(22) would predict an entropy change of 4.36 cal/°mole 
if all the disordering occurred at T;. 

There are several reasons why the model developed 
here disorders with temperature at a rate faster than 
that observed in Mn;O,. It has been assumed through- 
out that the energy of the system could be decomposed 
into a sum of pair-interaction potentials alone. The 
presence of three-body potentials which favor the 
ordered arrangement would tend to “‘stiffen” the system 
and aid in resisting the thermal disordering of the 
octahedra below the transformation temperature. The 
thermodynamic properties of the model were further 
derived within the approximation that the short-range 
order played a minor role. The inclusion of higher 
moments than the first in Eq. (10) to take account of 
the influence of short-range order would most probably 
have the effect of shifting the o vs T curve, Fig. 3, to 
higher values of o near 7;, thus improving the agree- 
ment with experiment. This analysis of the discrepancies 
found for MnO, is also consistent with the very good 
agreement obtained for CuFe:O,. In the latter com- 
pound, only half of the B sites are occupied by the 


28H. J. VanHooke and M. L. Keith, Am. Mineralogist 43, 69 
(1958). 

26 J. C. Southard and G. FE. Moore, J. Am. Chem. Soc. 64, 1769 
(1942), 
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distorting Cu’* ions reducing the number of Cu-Cu 
nearest neighbor pairs by }. Thus, the contribution of 
possible three-body forces and/or short-range order is 
minimized, and a model containing pair interactions 
and long-range order alone should prove to be an 
adequate approximation. 


(Mn;0,),-.(Fe;0,), 


The crystallographic properties of the mixed system 
(Mn;0,);_2(Fe;0,4), have been studied extensively, but 
serious difficulties have prevented their full interpreta- 
tion. The two pure compounds are known to be incom- 
pletely miscible®> so that there is always some doubt as 
to the exact composition of phase whose tetragonal cell 
edges are being measured. Even if the exact composition 
of the tetragonal phase were known, there is still 
considerable doubt as to the cationic and electronic 
distributions among the A and B sites. For simplicity, 
we shall assume that for all values of the over-all com- 
position x, a fraction (1—.) of the B sites are actually 
occupied by Mn** ions. The lattice parameters of this 
system have been measured as a function of composition 
and temperature by McMurdie, Sullivan, and Mauer.” 
The experimental results on the room temperature c/a 
ratios for different values of x are plotted in Fig. 8(a) 
(a number of points obtained by Finch et al.* are also 
included). The curve is computed from Eqs. (32) and 
(30) using the following values for the parameters: 
y—1=0.161 and J(T,)=0.0751. 

The c/a ratios for different compositions diminish 
with temperature in much the same way as pure 
Mn;0,. The discrepancy between theory and experi- 
ment lessens as x increases, however, further sub- 
stantiating our notions concerning the behavior of 
Mn;Q, as discussed in previous paragraphs. The com- 
position dependence of the transformation temperature 
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Fic. 8. (a) The c/a ratios at room temperature in the system 
(Mn,O,):-2(FesO,)z (@ are data of reference 27, « are data of 
reference 6). (b) The c/a ratios at room temperature in the system 
(ZnMn20,);-z(GeCo20,)- (data of reference 28). See text for 
discussion of the theoretical curves. 


27 McMurdie, Sullivan, and Mauer, J. Research Natl. Bur. 
Standards 45, 35 (1950). 
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has also been determined by McMurdie ef al.*” For 
small values of x the depression of the transformation 
temperature is proportional to dilution as predicted in 
Sec. V. For larger values of x the transformation tem- 
perature drops much more rapidly with increasing 
dilution, so that by x=0.4 the transformations occur 
below room temperature. Thus the corresponding states 
principle is indeed obeyed, provided the degree of 
dilution is not too great. 

The crystallographic properties of several other 
systems containing MnjO, plus a cubic ferrite have 
been examined. In particular, Finch ef al.® have de- 
termined the composition dependence of the lattice 
parameters of mixtures of Mnj;O, with NiFesQ,, 
MnFe.O,, and CoFe204. The c/a ratio of each of these 
systems behaves very much like that of (Mn;O,4)i_.- 
(Fe;04)2, Fig. 8(a), except that the break from tetrag- 
onal to cubic phases occurs at a different value of x for 
each example. The fitting of theoretical curves therefore 
requires different values of the parameters y—1 and 
J(T,) for each case. Since these parameters depend on 
the properties of pure Mn;O, alone, the necessity of 
changing their values from one system to the next 
suggests that our knowledge of the actual occupation 
of the B sites by Mn** is indeed imprecise in these 
compositions. 


(ZnMn,O 4) l—z (GeM”* 204); 


The problems encountered in the specification of the 
cation and valence distributions in spinels containing 
both manganese and iron have been fully recognized by 
Wickham and Croft. In a recent study*’ of spinels con- 
taining trivalent manganese, these authors have ex- 
plicitly avoided compositions containing iron, and have 
further chosen systems which appear to present little 
ambiguity in the composition and cation distribution. 
The lattice parameters of the system (ZnMn2Q,))_.- 
(GeMn,O,), were determined at room temperature; 
not enough points were taken to make a good com- 
parison with experiment, however. The composition at 
which the tetragonal phase ceases to be stable at room 
temperature is found to lie between x=0.35 and 
x= 0.40. 

Thec/aratios in the system (ZnMn2O,4);-2(GeCo20,)- 
were measured at room temperature,”* the results 
being presented in Fig. 8(b). The theoretical curve was 
computed from Eqs. (32) and (30) using the following 
values for the parameters: y—1=0.158 and J(T7,) 
=(0.0811. The break from tetragonal to cubic is seen 
to occur between x=0.325 and *=0.35, at a value 
significantly less than that observed for the previous 
example. It is our belief that this difference may be due 
to the presence of the Co**(3d’) ions on the B sites. 
The Co*+ ion has its own small but not insignificant 


28D. G. Wickham and W. J. Croft, J. Phys. Chem. Solids 7, 
351 (1958). 
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Jahn-Teller distortion? and could very well act to 
oppose the cooperative action of the Mn**. On the 
other hand, the large difference in break points could 
merely be the result of chemically inhomogeneous 
experimental materials; the somewhat larger scatter of 
the experimental points in these cases suggests that 
this may be true (this will, of course, be a problem in 
most systems studied). 

The following approximate values of the transfor- 
mation temperatures in the system (ZnMn,Q,);-.- 
(GeCo20,4), were also obtained by Wickham and Croft: 
T,=1290, 790 and 710°K for x=0, 0.30 and 0.32, 
respectively. Using the value of 1290 for 7,(0), the 
corresponding states principle predicts 903 and 877°K 
for x=0.30 and 0.32, respectively. Both of these values 
are too high indicating the invalidity of corresponding 
states at these values of x (the Co** ions may also be 
contributing to this discrepancy). 

On the basis of their own work and the observations 
of others on the manganates, Wickham and Croft?’ have 
been led to conclude that a fraction of about 0.60 to 
0.65 of the B sites must be occupied by distorting 
cations in order for the crystal to be tetragonal at room 
temperature. We should like to point out that this 
“critical’”’ fraction observed in many spinels containing 
Mn** is strictly a property of the ratio V/RkT, appro- 
priate to the interactions between Mn** octahedra, and 
does not depend critically on any specific geometric 
property of the spinel B lattice (at the absolute zero 
there will be, of course, a critical fraction which depends 
solely on geometrical considerations). The different 
values of critical fraction actually observed are then a 
reflection of the influence of other B site cations in 
aiding or hindering the cooperative action of the Mn**. 
Two particularly drastic examples of such a behavior 
are provided by the compounds ZnCrMnQO, and 
CrMn,Q,. Although only a half of the B sites contain 
Mn*, the c/a ratios have been found'® to be 1.04 and 
1.05, respectively, at room temperature. To date, only 
Cr** has exhibited such a dramatic effect on the critical 
fraction in the manganates, however. 

The compound CuFe,O, further illustrates the de- 
pendence of the critical fraction on V/kT,. Fitting the 
data on Cu*+ systems, Fig. 7(b), required a larger 
value of V (smaller J(7,) value) than that needed in 
the Mn* systems, Fig. 8. The interactions are thus 
more effective among the Cu*, and a smaller critical 
fraction at 7, is to be expected. The data of Fig. 7(b) 
does indeed show the reduction of the critical fraction 
to approximately 0.35. Ohnishi et a/.* have also esti- 
mated the critical fraction for Cu** on the B sites to 
have a value near 0.37. 


NiCr.0, 
Certain very general considerations plus the simi- 
larities actually encountered in deriving the properties 
of the present model and the model for the perovskites’ 
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permit the induction of a generalized rule concerning 
the behavior of a certain class of tetragonal-to-cubic 
transformations. In those situations (independent of 
the detailed crystal geometry) where the tetragonal 
structure results from a parallel alignment of tetrag- 
onally distorted basic units (octahedra, tetrahedra, 
etc.), a single long range order parameter will be found 
to suffice, and the derived thermodynamic equations 
will have the same form as those obtained in this 
investigation. The transformation from such a tetrag- 
onal structure to the cubic counterpart will therefore 
be a phase change of the first order. The long-range 
order parameter, moreover, should diminish with tem- 
perature to about half its initial value before the 
macroscopic phase transformation takes place. 

The compound NiCr2O, provides a_ particularly 
striking confirmation of the validity of this rule. This 
compound is a normal spinel*® with a tetragonal unit 
cell® having c/a>1. Since Ni?*+(3d%) is assumed® to 
cause prolate tetragonal Jahn-Teller distortions in the 
tetrahedral sites, it is clear that the bulk distortion 
arises from the parallel alignment of the distortions in 
the tetrahedral sites. The general rule is therefore 
applicable to NiCr2O.. 

The behavior of the transformation in NiCr2O, is 
especially convenient to study since the phase change 
occurs very near room temperature. The temperature 
dependence of the lattice parameters in a polycrystalline 
sample has been measured by White*! of this laboratory. 
At —170°C the c/a ratio is 1.040 and is presumably at 
or very near its maximum value. At 27°C the c/a ratio 
is reduced to 1.022, while at 34°C the entire sample has 
become cubic. Between the latter temperatures both a 
tetragonal and cubic phase are present, the initially 
small amount of cubic phase growing with temperature 
at the expense of the tetragonal material. This behavior 
is believed to be caused by composition deviations from 
one crystallite to the next producing a distribution of 
transformation temperatures. The significant feature of 
this experiment, however, is the observation that the 
c/a ratio of the disappearing tetragonal phase remains 
at or above 1.016 during the entire transformation 
range. Tetragonal phases with c/a ratios less than this 
value are just not observed. We believe this to be the 
first truly definite structural verification of the first 
order nature of this kind of phase transformation. It is 
also noteworthy that the deviation of c/a from unity 
is actually found to diminish to about half its initial 
value before the phase change takes place. 

The volume discontinuity accompanying the first 
order phase change in NiCreO, can be estimated from 
the structure data. The calculated unit cell volumes?! 
display an expansion of about 2 parts in 10° as expected. 
Similar measurements by Ullman** demonstrate a unit- 


* F. C. Romeijn, Philips Research Repts. 8, 304 (1953). 

*® F. K. Lotgering, Philips Research Repts. 11, 190 (1956). 
31 J. G. White (private communication, 1958). 

# S. G. Ullman (private communication, 1958). 
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cell volume expansion of about one part in 10%. Both of 
these determinations are in agreement with a macro- 
scopic measurement of the volume. Using a strain 
gauge technique, the volume of a pressed pellet of 
polycrystalline NiCr2O, was observed to increase about 
0.8 parts in 10* on passing through the transformation 
temperature.® 


3% P, J. Wojtowicz and L. A. Zanoni (unpublished results, 1958). 
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It is shown that the Bardeen-Cooper-Schrieffer and Bogoliubov theories of superconductivity predict an 
isotope effect which is the same for all superconductors, so long as the Coulomb interaction is neglected. 
This is demonstrated by writing the system of integral equations in a mass-invariant form, and it does not 
involve finding actual solutions. The theories predict that Ho, T., and the energy gap at 7 =0 are propor- 
tional to M~*. The inclusion of the Coulomb interaction destroys the invariance of the equations and intro 
duces deviations from the —} in the exponent. The magnitude of the deviation depends on the particular 


superconductor considered. 


I. INTRODUCTION 


HE experimentally determined fact that the 
critical temperature T, of a superconductor is 
proportional to M~! where M is the atomic mass, the 
so-called isotope effect, is one of the phenomena that 
must be explained by any successful theory of super- 
conductivity.! This effect now seems to hold without 
exception for the superconductors tested, Sn, Hg, TI, 
and Pb. For the recent theory of Bardeen, Cooper, and 
Schrieffer,? the proof of the isotope effect as given by 
these authors is based on an approximate solution. 
First the electron-electron interaction is set equal to 
zero if either electron in either the initial or final state 
is outside a certain region R about the Fermi surface. 
It is then found that 7, is proportional to the width of 
R in terms of the energy. This width is taken to be 
(hw), an average phonon energy, which? is proportional 
to M-*. Hence the isotope effect follows. The proof is 
thus directly dependent on the choice for the width of 
the interaction range R. This particular value for the 
width is taken since the phonon part of the electron- 
electron interaction changes from a negative to a posi- 
1 For a discussion of the experimental results and references to 
the literature, see B. Serin, Handbuch der Physik (Springer- 
Verlag, Berlin, 1956), Vol. 15, p. 237. The most recent work on 
Pb is by Hake, Mapother, and Decker, Phys. Rev. 112, 1522 


(1958). fa) 
2 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957) ; 


referred to as BCS. wt 
3J. Bardeen and D. Pines, Phys. Rev. 99, 1140 (1955); re- 


ferred to as BP. 


tive quantity if the energy change of one of the elec- 
trons becomes larger than the phonon energy corre- 
sponding to the momentum transferred. However, it 
does not seem justifiable to discard the interaction 
where it is repulsive. Besides, for the Bardeen-Pines 
interaction’ the phonon part becomes repulsive when 
the energy difference becomes larger than hw, whereas 
BCS cuts off the interaction if either electron energy 
falls outside R.4 

We give here a proof of the isotope effect for the BCS 
and Bogoliubov® theories which is based on the invari- 
ance properties of the Bogoliubov'-Valatin® integral 
equations under changing mass and does not involve 
finding explicit solutions. Neglecting the Coulomb inter- 
action, the isotope effect can be demonstrated by this 
method even when band structures, anisotropies, and 
the functional dependence of u(v) [2u(0) is the energy 
gap | are considered as well as the exchange energy by a 
Hartree-Fock approximation. It is found that T., Ho, 
and the energy gap at T7=0 are all proportional to M—}. 


‘It has been pointed out by J. Bardeen (private communica- 
tion) that the scale of energies is determined by hw since it is the 
only energy which enters the problem. Thus even if there is a 
distribution of frequencies, the energy scale is proportional to 
M~*. Despite these general arguments, it seems desirable to the 
author to see the proof carried through explicitly. The author 
wishes to thank Professor Bardeen for communicating this 
argument. 

5N. N. Bogoliubov, Nuovo cimento 7, 794 (1958); Bogoliubov, 
Tolmachev, and Shirkov, A New Method in the Theory of Super- 
conductivity (Consultants Bureau, Inc., New York, 1959). 

6 J. G. Valatin, Nuovo cimento 7, 843 (1958). 
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We also find a general condition that must be satisfied 
by any other phonon interaction that might be used in 
the BCS theory if it is to give the isotope effect. 

The integral equations are not completely invariant 
with respect to the mass, but the errors involved are 
very small as long as the solution y(v) of the integral 
equation goes to zero in an order of magnitude of k@p 
away from the Fermi surface. This criterion is satisfied 
for the case that the Coulomb interactions are neglected. 
It has been shown by means of an approximate solu- 
tion® that when the Coulomb interaction is included 
u(v) does not vanish a distance of the order of magni- 
tude of the Fermi energy away from the Fermi surface. 
The integral equations can no longer be written in an 
invariant form. However, the contribution from the 
phonon part dominates that from the Coulomb part 
(the criterion for superconductivity) and the former 
part can still be expressed in a mass invariant way. The 
exponent is now —}3 only to a first approximation with 
the deviation from this value depending on the par- 
ticular superconductor considered. 


II. THE GENERAL FORMULATION OF 
THE BCS THEORY 


We use the formulation and notation of Valatin® 
which is more general than that in the BCS paper. The 
Hamiltonian for the n-electron system is 


H=> ko€x@e Axe 


4 * * 
+3 D xx’ qeo’ | kk/Qk’e Og—k'o’ Ag—ko'Iko, 


(1) 


where @y~ annihilates an “electron” in Bloch state k 
with spin o, and e, is the energy of this single-electron 
state. These are not ordinary electrons in a periodic 
potential, but they carry an associated virtual plasmon 
and phonon cloud.’ Here k is used to denote the band 
as well as the wave vector, so that & vectors in different 
zones refer to different bands. 

The BCS trial wave function for the ground state is 
a linear combination of Slater determinants in which 
the one-electron states are occupied in pairs, the pairs 
taken from states of opposite wave vector and opposite 
spin in the same band. 


(14+-gxdxt*a_x4*) 
—, (2) 


(1+ | gx!*) 


where ®p is the vacuum. For certain rather anomalous 
potentials, one may obtain a lower energy if pairs of 
opposite k but parallel spins are correlated. This de- 
pends on the exact form of the potential’ Vi... In either 
case the isotope effect is derived in the same way. 

By minimizing the energy with respect to the gx, the 
latter are determined to be 


v=II 


&x= (ux*)(Ex— x), (3) 


7 This fact has also been noted by L. N. Cooper in a remark at 
the International Conference on the Electronic Properties of 
Metals at Low Temperatures, Geneva, New York, 1958 (un- 
published). See also J. C. Fisher (to be published). 
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with 

Ex=t (t+ lanl?) (4) 
where the functions yu, and », together with the constant 
\ satisfy 


ve=Ex—-A+} pm Vi(k,k’) [1+ /Ex J 


|k’|<kr 


-4 E Vik k)LI—/Ex), 


|k’|>kr 


Be=—3 De Vol KK un /Ex, 
n=) y(1—v/Ex), 


(Sa) 
(Sb) 
(Sc) 
in which 

Vi(k,k’), 


&k@ea— 2 (6a) 


|k’|<kP 
Vi(k,k’) = 3 (Viewer + Vite + Vere + Vex) 
—3(Viat Vier + Vist V_«—x’), 


V2(k,k’) =3(Virnt+V_x_x), 


(6b) 
(6c) 


are known functions. The constant A is introduced as a 
Lagrangian multiplier to insure that the total number of 
electrons is 2, that is that (5c) is satisfied. Here kp is the 
k value at the Fermi surface and is a function of the 
direction and band.® 

The energy & has a significance for the normal state 
as we shall now see. We mean by the normal state at 
0°K, Xo, that state of lowest energy which diagonalizes 
the electron number operators. 


X= II 


|k|<kro 


Axo Po, (7) 
Of course it is only a conjecture that this corresponds to 
the normal state of a superconductor at 0°K in a critical 
magnetic field. However, this assumption appears 
reasonable since the superconductor in a magnetic 
field larger than critical behaves like a normal con- 
ductor, which in turn can be adequately described in 
its ground state by the wave function (7). The energy 
of this state, including the exchange energy but not the 
correlation effects beyond those included in the plasmon 
variables, is 


W = (Xo,AXo) = > 2ex— >» 


|k| <kr [kl ,|k’|<kr 


Vi(k,k’), 


W.= 2 


|k| <kPF 


(atiJ= DL 2&, (8) 
| k] 


<kF 


§ The sign of gx is not determined from the variation of the 
energy with respect to gx. If gx were restricted to gy >0, then for 
those k for which n». <0, the energy is not minimized by the ex- 
pression obtained for gx from the variation of the energy, but 
rather the energy is lowered by® gx (1+-|g%|?)“!=0. However this 
is too restrictive to assume gy >0, and in fact for u~ <0, the mini- 
mum of the energy is obtained® for gx <0. The author is grateful 
to Dr. Valatin for pointing out this fact and for an informative 
discussion of his paper. 

9 J. C. Swihart, Proceedings of the Kamerlingh Onnes Confer- 
ence on Low-Temperature Physics, Leiden, 1958 [Physica 24, 
$147 (1958) ]. 
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where & is given in Appendix A, Eq. (A9). The ex- 
change energy should be included for the normal state 
as it has been in (8) if it is considered in the super- 
conducting state as was done by Valatin.® This has 
been done for the Bogoliubov theory by Rickayzen" 
and by Bogoliubov.*® 

Although the energy of an electron in state k can be 
considered to be 4(€x+éx), the total contribution to 
W, from an electron in state k is 


ex—> DL (Vi(k,k’)+Vi(k', kK) J= éx. 


| k’|<kr 


Thus the Fermi surface is a sphere in & space, since if 
an electron occupies a state of £; say while a state of £2 
is empty with £.<£,, then the total energy would be 
lowered by an amount £;— £2 by filling the state & and 
emptying the state £;. This could be done successively 
until all states with & below a certain value & are filled 
and those above are empty. 

We first consider the Bardeen-Pines interaction, 
Eq. (A13), for Vix and neglect the Coulomb inter- 
action. The £y- factor in the sum of (5b) weighs the 
contributions most heavily for k’ near the Fermi surface 
while the V xx» ensures that only the contributions for 
|€x— | of the same order of magnitude or smaller 
than hw,_, will be important. The combined effect is 
that |x| goes rapidly to zero at a distance of the 
order of magnitude of hwmax=k@p on each side of the 
Fermi surface, where @p is the Debye temperature. 
Hence the sum in (5b) is effectively limited by the 
region of approximately 2k@p in width at the Fermi 
surface. We shall denote this region by R;. The precise 
width of R, is determined from the integral equations 
(5). We shall only make use of the fact that it is much 
smaller than the Fermi energy. 

It is convenient to use v, j=k/| k| as the independent 
variables in Eqs. (5) and (6) rather than k. The sums 
over k are replaced by integrations over angles and v 
with the function V(v,j), the density of states, entering. 

The functions V, a4, and P, depend roughly on » 
and v’ in terms of powers of k?= (2m*v/h?)+kr’, but 
not in terms of differences of vy and v’ as in the de- 
nominator of V®" [see Eq. (A15) ]. The relative change 
in k? in the region R, about the Fermi surface is of the 
order of magnitude of 10~*. Hence it seems quite justifi- 
able to drop the v, »’ dependence of .V, a4, and P, in 
View in Eq. (5b), retaining only the angular de- 
pendencies of these quantities. This approximation is 
examined in more detail in Appendix B. 

To the extent that the sum in Eq. (A16) is negligible, 
we have for the Bardeen-Pines interaction 


V (vj; »)=V(—»,j; —v,y/) in Ri, (9) 


and consequently, the solution u(»,j) of (5b) is an even 
function of ». From Eq. (5c), it is seen that the surface 
v=(, if not identical with the Fermi surface &=£o a 


10 G. Rickayzen, Phys. Rev. 111, 817 (1958). 
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constant, must at least intertwine with it so that 


feof N(0,j)dv=0, 
0 


where vo=v(&o,j). Of course in the case of spherical 
symmetry, v=0 is identical to the Fermi surface. Equa- 
tion (5a) shows that to first approximation y= —) and 
thus the two surfaces are identical to this approxima- 
tion. Using this result, one can now calculate the effect 
of the last two terms in (5a) for v=0: 


1 0 
fa 5) f dv’ V1(0,j; ’,j’)(1+v'/E’) 


—a 


-{ dv’ V,(0,j; »’,j/) 1—v'/E’) | =0 


0 


by Eq. (9). Here a(j) is the boundary of Rj. 

Thus the surface y=0 and the Fermi surface are 
identical and the constant A equals £) to second approxi- 
mation. This would be true to all orders of approxima- 
tion if Eq. (9) were rigorously true, regardless of the 
potential used. 


III. THE ISOTOPE EFFECT 


The Bardeen-Pines interaction V(v,j; v’,j/), Eq. 
(A13), depends on the ionic mass M through P, and 
@q with® 5 

@xM-, PyxM-. (10) 
If the numerator and denominator of V?", Eqs. (A13) 
and (A15), are multiplied by M, then Vx is seen to be 


a function of M only in terms of (see Eq. (A16)) 


1 
M: | y—y'— foo” ¥(04") f de" (VAG i' vy”) 
4 


—Vi(v,j; 0,7) JA —v"/E”) } 
We now make the transformation to the set of variables 
x=M'y, y=M'u, z=M'4(é-)), (11) 


so that in terms of x, V(x,Jj; x’,j’) is independent of M 
if y(x,j) is. 

The system of Eqs. (5) becomes in terms of the 
variables (11) 


1 
2(x,j)=x—- fax N(0,y’) 
2 


x f dx’ V1(x,j; x’,j/)(1+2'/w’) 


1 
+ few veo, f dx’ 
2 TO 


XV i(x,j; x’,)')(1—2’/w’), (12a) 
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1 
y(x,j) = —; few (05) f a 


x V2(x,j; xj) y(x’,7')/w’, 


fa wog)| [ dv(t+2/a)— f adx(t—s/) 


=0, 
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(12b) 


(12c) 


w(x,j)= + [a+ | y(x,j) |?) (13) 


Instead of the constant A, we now have the function 
xo(j), the value of x at the Fermi surface, which must 
satisfy Eq. (12c) and also the condition that z9=2(x»,j) 
be independent of j since the Fermi surface is a sphere 
in € space. As we discussed in the last section, x»~0, 
but we do not restrict ourselves to this. Once xo(j) and 
z(x,j) are determined from Eqs. (12), \ can be found by 


A= £o— Mz, 


where 


since &, the energy of the Fermi surface, is known from 
the supposed solution of the normal state problem. Thus 
Eqs. (12) are equivalent to Eqs. (5). 

The system (12) is completely independent of ionic 
mass if V(x,j; x’,j’) is. The latter is true for the Bar- 
deen-Pines interaction as shown below Eq. (11). Hence 
the solutions y(x,j), 2(x,j), and 2 are then also inde- 
pendent of M, and according to Eq. (11) 


u(x,j)«M-, (14) 


for fixed x. 

The excitations induced in the superconductor by 
absorption of infrared radiation or high-frequency 
phonons are produced by an interaction 


Hr=DLiewe Burd'e* dre, (15) 
which has matrix elements that connect the ground 
state, Eq. (2), only with excited states with two excited 
electrons. Thus the energy gap, observed by means of 
these experiments, is the minimum difference in energy 
between the ground state and the collection of excited 
states with two excited electrons. The reason the single- 
electron excitations are not considered is due to the 
nature of the interaction (15) rather than to the re- 
quirement that the number of electrons be conserved 
as suggested by Yosida.” In fact, it is possible to excite 
a single electron [but not by (15) ] and conserve the 
total number by having that electron be on the Fermi 
surface. 

If the two excited electrons are in Bloch states ko 


The equation of Valatin® corresponding to (5a) has part of 
the sum incorporated in £, so that the latter is defined differently 
than in (6a). However we have split up the two parts as in (5a) 
not only because £_ of Eq. (6a) then has a physical significance 
for the normal state, as we have discussed, but also because the 
sums in (5a) then contribute only in R;. It is necessary to make 
use of the latter property in using NW (0,j’) in (12a). 

"K. Yosida, Phys. Rev. 111, 1255 (1958). 


SWIHART 


and k’o’, the energy difference is" 
Ex, +£x,= (2+ |e, |*)8+ (meg? + |x, |?)#; (16) 


so the energy gap in any direction j is 2|u4(v=0, j)|. It 
follows from Eq. (14) that the isotope effect holds for 


the energy gap: y 
2|u(0,j)| « M4. (17) 


The critical field at T=0, Ho, is determined by the 
energy difference between the ground state W, and the 
normal state W,, where® 


W,= Dx 3(1 =e vx/Ex) [eet (vu-+A) | 
— yx } | x |?/ Ex. (18) 


From the difference of Eqs. (8) and (18), with the use 
of Eqs. (Sa) and (6a), 


H@/(8m) 


=<fao voi] f av+9/E)0-+6-0)] 


~ f aa—r/ + (e-W}+ farluiye}. a9 


It is permissible to use NV (0,j) since the integrals give 
contributions only in R;. Equation (19) can be expressed 
entirely in terms of the quantities x, y, z, and w of Eqs. 
(11) and (13) to give 


1 z0 
MH¢/(8n) => f ao vo, f dx(1+2/w)(x+2) 


— fax(1—1/)(x+2)+ aly]. (20) 


70 
The right side of (20) is independent of ionic mass; so 
Hox M-}, (21) 


which is the isotope effect for the critical field at 0°K. 

The considerations up to now have been only for 
T=0. For T 0, it is the free energy that must be 
minimized. One is led® to a series of equations similar 
to (5): 


Ve=€x-A— Dex’ V;(k,k’) 
XC (1d) fier te (1 fer) J, 


w= —3 De Ve(k,k’) (ue-/Ex) (1-2 fe’), 
n=2 Dal (1—hen) fe tlu(1— fx), 


'8Tt has been shown® that the excitation energy for a single 
excited electron in state k,o; is Zy,. For the double excitation k,o, 
and koe, in addition to Ey,+£., there are contributions from 
the third term of Valatin’s Eq. (8c) for the energy.* However 
these contributions are minimized by vy%,=v7,,=0 and are zero 
there except for one contribution for o;=02 of W=4V_xik. 
XC (1+ ¥1,/E x) (1— 0 ¢9/ Ex.) +e” Hey / (Ex E xs) plus another 
term with k; and ky interchanged. For vy~,=»_%.=0, the value of 
this term is about V_4%~N (0) V/N (0)~10™ erg while |u_p| 
~kT .~10~'§ erg. Thus this term is truly negligible. 


(22a) 
(22b) 
(22c) 
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where 
Su=(1+exp(BEx)}', 
hy=}(1—x/Ex), 
Ex=+ (e+ | ok | 4, 
BS (kT). 
Of course, wx and yy are now functions of the parameter 
T as well as of k. 

Again it is convenient to consider v, j=k/|k| as the 
independent variables. To the extent that Eq. (A16) 
holds, Vix is once again independent of M when ex- 
pressed in terms of the variables 


x= My, 


(23) 


y= Mig, n=M 8, (24) 


and Eq. (22b) is also. The critical temperature corre- 
sponds to the lowest value of the parameter 7, n- say, 
for which a solution y(x,j) exists for (22b). This 1, is 
independent of M, and hence by (24) 


T,.« M-}, (25) 


which is the isotope effect for the critical temperature. 

The isotope effect for 7., Ho, and the energy gap at 
T=0 has been proved for the Bardeen-Pines interaction 
in the BCS theory, neglecting the Coulomb interaction. 
One sees that it is the form of the interaction for non- 
zero values of é—é, that is important, both for the 
proof given here and that in the BCS paper. Since the 
series of which the Bardeen-Pines interaction is the 
first term*® does not converge for (haq)*— (€,— &,-)? too 
small, there may be some doubt about the validity of 
using this interaction. Pines’ has derived the same 
interaction by means of the dielectric formulation of the 
electron-ion problem. His results show that the de- 
nominator has additional small terms so that the former 
does not vanish. He also finds that the energy difference 
in the denominator is (€x—e ’) rather than (&—é-). 
The isotope effect holds for this case if we again make 
an approximation as in Eq. (A16). 

The quantitative results of the BCS paper, except for 
the isotope effect, do not depend on the form of the 
interaction Vy, since everything is worked out in terms 
of an average V. Hence it is possible that the theory is 
essentially correct but that the potential is something 
other than the Bardeen-Pines interaction. In order for 
another potential to be able to give the isotope effect, 
it is necessary that when it is expressed in terms of «x, j 
and x’, j’ it be independent of M so that the Eqs. (12) 
will be independent of M. This puts a restriction on the 
possible forms Vx» can have in the BCS theory. 

Although the Bogoliubov theory® starts from a dif- 
ferent H than (1), mathematically the results are very 
similar to the Valatin formulation® of the BCS theory. 
In fact if we define 


2| Pa(k’—k) |? 
(hug t Ext] 
14). Pines (to be published). 


(26) 


= 


THEORIES OF 


SUPERCONDUCTIVITY 49 


and a 2 
‘n= ee—-4 Veet dD 


|k’|<kpr |k’|>kr 


(27) 


V ex’, 


then the Bogoliubov integral equations® are precisely 
those of Valatin,® Eqs. (5). Since the interaction (26) 
is independent of M when expressed in terms of the 
variables (11) and when the approximation in the para- 
graph preceding Eq. (9) is applied, the solution u(0,j) 
is proportional to M~!. The energy gap is again® 2u(0,j) ; 
so the isotope effect holds for this quantity. 

The energy of the superconducting and normal states 
at T=0 is different in terms of &, vx, and Vy, for the 
Bogoliubov case from Eqs. (8) and (18). Rather it is® 


W.= LD tat LD 2b (28) 


| k| <kr |k|<kP |k’|>kr 


W.=) x €x(1— 4 / Ex) 
+f Doce’ View (1+ n/ Ex) (1— ve/Ex:) 
=F Doce View (un/ Ex) (ue / Ew). 


Since for the normal case Fy is different from in the 
superconducting case (in the former px=0), Vix of 
(26) is slightly different in W, and W,; however we 
shall ignore this difference. We then find after a short 
calculation by using V «x= Vx» and Eqs. (5a) and (27) 
that the energy difference is precisely the same expres- 
sion as (19). The isotope effect for Ho then follows in 
the same way by Eqs. (20) and (21). 

Rickayzen” has shown how to handle nonzero tem- 
peratures by the Bogoliubov method of compensating 
dangerous graphs. He finds an integral equation that 
can be treated in precisely the same way as (22b) to 
find that the mass dependence of 7, is (25). 

So far we have neglected the effect of the Coulomb 
interaction. When this is included, the integrand of 
(Sb) no longer goes to zero fast enough to ensure that 
there are contributions only near the Fermi surface. 
This can be seen most easily by considering the integral 
equation with v and v’ as the independent variables. 
For v and y’ small compared to the Fermi energy, the 
Coulomb interaction is independent of v and v’, being 
a function only of the angles. Taking into account the 
Fk’ factor in the integrand, one would find a loga- 
rithmic contribution to (5b) which would be important 
for large v’ unless u(v’) would go to zero. Consider v 
large enough that the phonon part of V does not give a 
contribution to (5b), but » small compared to the Fermi 
energy. This is possible since the phonon part of (Sb) 
goes to zero as 1/y for large v even if u(v’) would be a 
constant. Thus if u(v) would go to zero for » small 
compared to the Fermi energy, the Coulomb contribu- 
tion to (Sb) would necessarily vanish for all vy near the 
Fermi surface since it is independent of v. This would 
not only be fortuitous, but it could not be true in every 
case; otherwise all metals would be superconductors if 
the Coulomb interaction is the agent that prevents 
superconductivity. 


V xx’ 


(29) 
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These observations are borne out by an approximate 
solution found by Bogoliubov® in which the effect of 
the Coulomb interaction is to introduce contributions to 
(Sb) a distance of a Fermi energy away from the Fermi 
surface. This prevents us from carrying out the trans- 
formation (11) to obtain a completely mass invariant 
system of equations. 

However if we do carry out the transformation (11) 
and separate the phonon and Coulomb parts, we can 
apply the approximation above Eq. (9) to the former 
since we still have contributions from it only in R; even 
though yu(v’) does not go to zero in R;. The Coulomb 
part will have mass contributions in NV (x’M-1,j’) and 
similarly in the Coulomb interaction itself. The criterion 
for the existence of superconductivity, whether the 
strong criterion of Pines'!® or the weaker one of 
Bogoliubov,® ensures that for y near the Fermi surface 
the phonon part of the integral equation will dominate 
the Coulomb part. This is caused in part by the fact 
that u(v’) changes sign at a distance of approximately 
k@p from the Fermi surface, and thus the contribution 
from the Coulomb part for small v’ tends to cancel that 
for large v’. To the extent that the phonon part is 
dominant, y(x) is the same for different masses for x 
near zero, and the isotope effect for the energy gap 
follows. However this is true only to a first approxima- 
tion. There will be deviations from the —} exponent 
due to the Coulomb term and these deviations will 
depend on the relative size of the Coulomb interaction 
and the functional form of .V. That is, the magnitude 
will be different for different elements. 

We can best estimate the size of the deviations from 
the approximate solution of Bogoliubov.* There it is 
found that u(0)=yo must satisfy 


kOp 2Er 2Er 
In-—|o( 1+. In )-r.|=1+46, In—, (30) 
Mo kOp Op 


where Ey is the Fermi energy, p=—4rNV?"">0 in 
the notation of Appendix B, and p-=4rVV°"'>0. We 
find from Eq. (30) 


bpo p.* 


|24p 
(31) 


Mo | 


[o(1tp. In2kp/kOp)—p-}) Op 


The first term on the right side gives the ordinary —} 
for the exponent. Due to the second term the exponent 
will be —$(1—¢) with ¢>0 and given by the second 
term in the brackets. 

Using the experimental values of @p, uo, and Er; a 
calculated estimate’ of p.; and then Eq. (30) to deter- 
mine p, we find ¢=+0.05 for Pb and +0.30 for Ti as 
two examples with widely different 7,’s and @p’s. These 
values are just at the edge of experimental accuracy.' 


‘TD. Pines, Phys. Rev. 109, 280 (1958); P. Morel, J. Phys. 
Chem. Solids (to be published). 
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Note added in proof.—The value of ¢=+0.10 for Sn 
from Eq. (31) agrees in sign and roughly in magnitude 
with the value ¢=+0.08 found experimentally. 
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APPENDIX A. THE BARDEEN-PINES INTERACTION 


We derive here the Bardeen-Pines interaction® be- 
tween electrons taking into consideration the re- 
normalized energies from the beginning. We start from 
the electron-phonon system of BP after separation of 
the plasmon variables. Our Hamiltonian is 


(Al) 
(A2) 
(A3) 
(A4) 
(AS) 


H=Ho+H,+ 482+ A+ He, 

Ho= Dike ExAko* cot dq AWgbg*ha, 

Hi=Duv'e Py(k’—k) (bg +b_4*) auc * Ako, 
Ho= ZV reo(€x— Ex) Oke" Ao Dg h(wq— Bq)bq*bg, 
H3= —Lowe(Py— Pa) (bg tb-q*)ax'e* axe, 
z.-3 3 


| k’—k|> ke 


M(k'— k)?ay76*ak1 —k’o'* dk) —ko'Uko, (A6) 


which is the BP Eq. (4.5) with the neglect of the 
plasmon variables. Here x and wq are the unrenormal- 
ized Bloch energy of the electron and frequency of the 
phonon respectively, while é and @, are the corre- 
sponding renormalized quantities; our w,” corresponds 
to BP’s Q,? for g>k, and to Q,’—u,” for g<k,. The 
unrenormalized electron-phonon interaction P,(k’—k) 
= P_,(k—k’)* corresponds to 14(4/2a,4) of BP, while 
P, is the renormalized function. Here q=k’—k+K 
where K is a reciprocal lattice vector such that q is in 
the first zone. The last term in H is the screened Cou- 
lomb interaction. 
We carry out the canonical transformation 


H'=e"'SHe'S=H+i(H;S]—3[((H;S];SJ+---, (A7) 
where 
S=DawoLh(k’ k)bg+h(k,k’)*b_9* Jausc* ke, 
and h(k’,k) is chosen so that the electron-phonon inter- 
action is eliminated to first order: 
iL Ho; S]+M=0. 

Similarly to BP, this gives 

—iP,(k’—k) 

h(k’,k) = - - 


hhidg— (Exr— x) 
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Then from 
—$(CHo; S$); S)+iLA; SJ=4iThh; S], 

one finds (a) terms diagonal in the electron and phonon 
number representation which vanish for the phonon 
vacuum, (b) diagonal terms which do not vanish for the 
phonon vacuum, (c) an electron-electron interaction, 
(d) nondiagonal terms involving phonon variables, and 
(e) terms without phonon variables giving interband 
transitions (for one electron). The expressions electron 
and phonon now mean the particles after the unitary 
transformation, so that the electron has a virtual pho- 
non cloud associated with it and the phonon has a 
screening electron cloud. Terms (a) are combined with 
the phonon part of H2 with the requirement that the 
result vanish. This determines the renormalized phonon 
frequency , and was carried out in BP. Terms (d) are 
neglected in the random-phase approximation, while 
terms (e) give no contribution to the expectation value 
of H for any of the states we consider. We are interested 
in terms (b) and (c). 

Combining terms (b) with the electron part of H, 
and the diagonal part of H/,. (theiexchange interaction) 
and requiring that this vanish, determines the renor- 
malized energy éx: 


éx= ex’ —3 Dx I 
P,(k’— k)? 


€, =€x— 4 
k’ hire + (&— &) 


"1(k,k’) ny, (A9) 
where 

(A10) 
(A11) 


— » * a *. 
N= (Cut Cut) = (Cut Cut), 


and V,( is defined in terms of Vxy by Eq. (6b), 


while 
V cx = Vig?" +M (k’—k)? for 


V x= View? for 


k,k’) 


k—k’| >., 
i|k—k’| <k,, 


(A12) 


with 
2hw, 
ph — 


P,(k’— 


k) ? 


V xx’ Bap Si 2 
(ha,)*— (&,:— €, )° 
where 


q=k’—k+K. 
The terms of type (c) and the nondiagonal part of 
H,. that together give the electron-electron interaction 
are then 


Ha-ea=} by 


kok’o’k’’K’ 


, * 
V ck’K’Ok's 


XK ge 4 Ko Ayko 'Aye ~=—(A14) 
2ha,P,(k’—k— K’)*P,(k’—k) 
— for K’+0 


9 


(Nag)? — (€xe — Ex)? 
= Vi... for K’=0 


and where the prime on the sum means the diagonal 
terms (k’=k, and k’=k”—k for o=o’, both for K’=0) 
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are omitted. The terms with K’+0, where K’ is a 
reciprocal lattice vector, corresponds to transitions in 
which the one electron changes a different number of 
bands than the other. These terms give no contribution 
to the expectation value of H for any of the states we 
consider and are dropped as were the terms (e) below 
Eq. (A8). 

The renormalized interaction P, is determined by re- 
quiring that the coefficients in the sum of H; and the 
commutator of H,. with S vanish, and has been worked 
out by BP. One should also include the appropriate 
terms from ($!)[[[Ho; S]; 5S]; S]and —3[[M1; S]; S]. 
This procedure, as pointed out by BP, does not include 
the effect of exchange terms on the renormalized 
interaction. 

The resulting Hamiltonian has the form of Eq. (1) 
if one uses ex’ of Eq. (A10) instead of €, for the electron 
energy and if one combines the remaining terms of 
Eq. (A9) with (A14) so that the sum in the interaction 
is no longer restricted. 

In the superconducting state, at 
X (1—x./£x), and, by Eq. (5a), 


T=0, 


n=} 


ce &= Vyi— Ve 
+43 Yee [Vi (kk) — Vi( kk’) Jy. 


For k”’ below the region R, (the region near the Fermi 
surface), 2%-=1, while n,--=0 for k” above. For k and 
k’ in Ri, most of the contribution to the sum in (A15) 
is from k” in R,. In fact, neglecting anisotropies, the 
contribution from k”’ below R; is very nearly zero. Thus 


(A15) 


(Na@,)* éy)°= (hag) 


_ ™ CV i(k’, k”)—V i(k, k’ ) ny 2 ie , 
k’’CR, 
(A16) 
for k, k’CRi. 


In the superconducting state for 70, 
[ (1—Ay) firth ( 1— fy) 1, 


where /, and fy are given by Eq. (23). Then by Eq. 
(22a), we again find Eq. (A16) but with m,- replaced 
by (x) and with vy now being a function of the 
temperature by Eqs. (22). 


(Ny) w= 


APPENDIX B. THE EFFECT OF THE DENSITY OF 
STATES ON THE ISOTOPE SHIFT 


We shall examine more critically the effect of the 
energy dependence of .V, a, and P, on the proof of the 
isotope effect when the Coulomb interaction is neg- 
lected. If we retain this dependence, then Eqs. (12) 
would not be independent of mass, since M now enters 
in the arguments of V, a, and P, in the form of 
M~-‘x. On the other hand, by taking the proper average 
of NV, aq, and PF, over the energy region of the integra- 
tion of Eqs. (12), the energy dependence of these 
quantities is eliminated without any approximation. 
However, this region in energy is also proportional to 
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M~‘ as is evidenced by the transformation (11) to give 
Eqs. (12). Hence N, &,, and P, are averaged over a 
different energy region for a different mass. This change 
in the average values of NV, &,, and P, with mass will 
produce a variation in Ho, T., and the energy gap in 
addition to that of Eqs. (17), (21), and (25). 

We now give an estimate of this correction due only 
to the change in the density of states N(v,j). For this 
we assume that .V is the function for a free electron gas, 
independent of direction j; 


N(v)=C(v+ ev), (B1) 


where C is a constant independent of » and j. 

We alse assume that the average value of N that is 
used in Eqs. (12) is the arithmetic average over the 
region R, rather than N (0,j): 


N=(N(v))w=3LN (a) +N (—a) ], 


where |v|=a is the boundary of R;. With the trans- 
formation (11), we have found that the boundary a is 
proportional to M~!. Thus if it is |y| =a for mass M,, 
the boundary becomes a(M,/M,)* for mass Me. The 
corresponding change in N is 


a*N(¥)| M,\! 
PS me [1-(—) }e 
dy* | nea M, 


An approximate solution to (12b) has been given by 
BCS: 


(B2) 


(B3) 


y= 2a exp[— (4eNV)*] (B4) 


where V=—(V xx’). Thus the change in the energy 
gap due to 6N is 


5N 


5(2u) by 1 


(2) y (4eNV) N’ 
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or with (B3) and (B1) 
5(2u)/ (24) =4 (4eN V)(a/er)?[1— (Mi/M:2)*]. (BS) 


When this variation due to the change of NV is com- 
bined with that found in Eq. (17), the result is 


5(2u)/(2u)= — (1—$)[1— (M1/M2)4), 
or 
Qu« M-3- (B6) 
where 


f=4(4aNV)"(a/er)’. (B7) 


If the same correction is carried out for Ho and T,, 
one easily finds that Eqs. (21) and (25) are replaced by 
equations analogous to (B6). Thus the effect of the 
energy dependence of the density of states is merely 
to change the exponent slightly from 4. Using 


(4aNV)"~10, (a/er)~(kOp/er)~2X10-, 


we find 


¢~10~. (B8) 


This is completely negligible. However these considera- 
tions are not altogether trivial since the difference 
between using V(0) and N(k@p) for the average of V 
in (12) leads to a change in uw of the same order of 
magnitude as the isotope shift. Also the calculation 
leading to (B7) assumed that JN is for a free-electron 
gas and thus the second derivative in (B3) is quite 
small. This is probably not the case for the transition 
elements such as vanadium and tantalum. In fact, 
Olsen and Rohrer’s results'® on the change of the elec- 
tronic specific heat with volume indicate that for 
tantalum the density of states changes drastically at the 
Fermi surface, giving the possibility of a large second 
derivative. 


16 J. L. Olsen and H. Rohrer, Helv. Phys. Acta 30, 49 (1957). 





PHYSICAL REVIEW VOLUME 


116, 


NUMBER 1 OCTOBER 1, 1959 


Dendritic Growth of Germanium Crystals 


A. I. BENNETT AND R. L. Lonorni 
Westinghouse Research Laboratories, Pittsburgh, Pennsylvania 


(Received January 26, 1959; revised manuscript received August 13, 1959) 


Controlled dendritic growth of germanium from the melt yields long thin strips whose principal surfaces 
are optically flat {111} crystallographic planes except for the occasional presence of small steps. The crystals 
grow rapidly in the (211) direction, have twin planes parallel to the flat surfaces, and can withstand an 
elastic strain exceeding 10-*. The distribution coefficients of impurities are close to unity compared to 


quasi-equilibrium values. 


A mechanism for dendritic growth is proposed, in which the presence of at least one properly oriented 
twin plane is fundamental and necessary. This mechanism explains most of the observed growth features in 
germanium dendrites, and is expected to apply generally to materials with the zincblende structure. 

The presence of the twin plane makes growth in opposite directions in the twin plane dissimilar, not only 
in the zincblende lattice but generally. The effect of this asymmetrization on the growth of a-SiC is con- 
sidered. A crystal growth mechanism based on this asymmetrization is proposed, which should be of general 


validity. 





I. INTRODUCTION 


HEN the usual methods of single crystal growth 

are employed the maximum growth rate possible 

is usually determined by the onset of dendritic growth 

in an uncontrolled manner. The mechanism has been 

described by Chalmers' and involves growth into a 

supercooled region of the melt. By utilizing supercooled 

melts initially we believe we have synthesized this 

process in a controlled way. The resultant crystals are 

unique in structure and in their anisotropic growth 
features. 

A theory is presented which explains these growth 
features and was able to predict the observed ani- 
sotropy. The theory has certain very general aspects 
which aré applicable in explaining some features of 
crystals grown from supersaturated vapors. 


II. DENDRITIC GROWTH 


In this section we will describe a technique for con- 
trolled dendritic growth of germanium. Although con- 
trolled dendritic growth in itself is not new, having been 
described by Billig? in germanium, we shall present a 
manner of growth, and a theory of the growth process, 
which have not been previously reported. The process 
has the following characteristics: 


(a) The linear growth rate is high, typically 15 
centimeters per minute. 

(b) The melt from which the crystal grows is super- 
cooled. 

(c) The grown specimen is in the form of a thin sheet, 
typically 0.025 centimeter thick, with {111} crystal- 
lographic faces. The growth direction is (211). No other 
growth direction or crystal orientation occurs. 


1B. Chalmers, Trans. Am. Inst. Mining Met. Engrs. 200, 519 
(1954). 

2 E. Billig, Proc. Roy. Soc. (London) A229, 346 (1955). 

3E. Billig and P. J. Holmes, Acta Cryst. 8, 353 (1955). 

‘FE. Billig and P. J. Holmes, Acta Met. 5, 53 (1957) and follow- 
ing Letter by E. Billig, Acta Met. 5, 54 (1957). 


(d) The seed and the grown specimen are not single 
crystals but bicrystals, containing a single twin plane 
(or sometimes, as later described, several) parallel to 
the faces. 


A. Description of Experimental 
Growth Technique 


For reasons which will become clear, it is generally 
desirable to use as a seed a section of a previously grown 
dendrite, although other seeds have occasionally been 
successfully used. Our seeds have typically been 25 mm 
long, 0.25 mm thick, and 1.5 mm wide. This seed is held 
with long dimension vertical in a suitable chuck and is 
lowered, just as in the Czochralski method, until its tip 
makes contact with a pool of molten germanium whose 
temperature is everywhere above the melting point. 
The melt temperature adjacent to the seed should be 


Fic. 1. Typical pair of grown 
dendrites. 
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Fic. 2. Anchor-shaped growth. 


high enough to wet and melt a small portion of the seed 
tip; about 2°C above the melting point is suitable. 
After wetting, the power input to the crucible is 
suddenly reduced, in an amount corresponding to a 
temperature reduction of about 10°C, thus supercooling 
the melt about 8°C. Crystallization then commences on 
the seed, but not elsewhere, since no other nucleation 
centers are available. After a short time, of the order 
of 15 seconds, upward pull of the seed at a rate of about 
10 to 15 cm per minute is begun. As the seed is raised, 
a pair of dendrites grows downward. Such a pair of 
grown dendrites is shown in Fig. 1, still attached to the 
seed. The occasional presence, in earlier poorly-con- 
trolled work, of anchor-shaped growths such as sketched 
in Fig. 2 shows that the actual growth takes place at 
least a distance D below the melt surface; this distance 
has been observed as roughly 6 mm. 


B. Description of Grown Crystals 


The grown crystals, as exemplified in Fig. 1, are thin 
flat strips or sheets. Thicknesses between 0.08 and 
0.5 mm have been obtained, and the width of those so 
far grown has usually been two or three millimeters. 

















‘1G. 3. Crystallography of dendrite. 
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Length has been limited by our pulling apparatus to 
12 cm. 

The wide faces of these crystals are (111) crystal- 
lographic planes; a twin plane occurs midway between 
them, extending the entire length of the dendrite. The 
growth appears to take place by extension of (111) 
layers in the [211] direction, growth in other directions 
either in the (111) plane or inclined thereto not being 
preferred. The growth direction and long dimension of 
the dendrite is accordingly a [211] direction, and the 
crystallographic geometry is as indicated in Fig. 3. The 
edges of the dendrites are not straight but are serrated ; 
the serrations themselves are straight, except at the 
corners, and are inclined 30° to either side of the [211] 
growth direction, as shown in Fig. 4. The length of the 
individual serrations is variable; infrequently the serra- 
tions on opposite edges of a face are correlated, but no 
correlation has been observed between serrations on 
opposite faces of a dendrite. 


Fic. 4. Dendrite surface as grown. 


C. Surface of Dendrites 


The wide faces of the dendrites appear to the eye to 
be very shiny and absolutely mirror-smooth, except for 
the presence of a series of more or less pronounced 
curved lines, which can be seen in Fig. 4. These lines 
are always concave downwards, i.e., in the growth 
direction, and furnish a convenient permanent indica- 
tion of this direction. The shape of these lines appears 
identical with the shape of the intersection of the melt 
surface with the dendrite face as the crystal emerges 
during growth; surface tension raises the liquid more 
in the middle than at the ends. It is observed that as 
the growing dendrite is pulled upward, this intersection 
does not remain stationary but’moves upward a fraction 
of a millimeter with the dendrite, then drops suddenly 
back, repeating this action irregularly as the dendrite 
grows. It appears reasonable that the formation of the 
lines is correlated with this stick-slip process. 

Interference microscopy shows these lines to be the 
edges of steps. Figure 5 is an interference photo- 
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micrograph of a dendrite surface exactly as grown; the 
entire width of the picture corresponds to about one 
millimeter. The surface is seen to be composed of areas 
of extreme flatness, separated by steps whose height is 
measured by the displacement of fringes on crossing 
the step. A displacement equal to the fringe spacing 
would correspond to a step height of half a wavelength ; 
these photographs were taken in monochromatic green 
light of \=5350 A. The large step in the figure is thus 
about 600 A high, all others being considerably smaller. 
Much better surfaces, showing no discernible steps 
whatever, have also been grown. 

Small hills are occasionally found along the center of 
the dendrite surfaces ; those shown in Fig. 6 range from 
five to twenty thousand angstroms in height. Some of 
these hills show faults which may have been caused by 
slip on {111} planes during cooling after growth. Three 


Fic. 5. Dendrite surface showing several steps. 


very small steps are also visible. It may be remarked in 
passing that although these monochromatic photo- 
graphs do not rule out the possibility of fringe displace- 
ments exceeding by an integral number of fringe 
spacings the specified values, white light photographs, 
in which individual fringes are identified by different 
colors, show that such large displacements do not occur. 

Figures 7 and 8 show two views of dendrite surfaces 
which have been given a WAg ° etch. This etch reveals 
{111} planes. The presence of a characteristic narrow 
band of etch pits along the center of the dendrite face 
is evident; this appears to correspond to a well-defined 
region of high dislocation density. Such rows of pits are 
also infrequently found near the edges of the faces. The 
etch pits are seen to be triangular, the sides of the 


5R. H. Wynne and C. Goldberg, Trans. Am. Inst. Mining 
Met. Engrs. 197, 436 (1953). 


Fic. 6. Dendrite surface showing hills. 


triangles lying in (110) directions, parallel to the edge 
serrations. 

It will be observed, by comparing the pits to the 
curved steps, that for the faces shown the etch pits 
point opposite to the growth direction. This is charac- 
teristic of both faces of properly grown dendrites; this 
important point will be fully discussed later in this 
paper. 

Figure 9 shows a cluster of etch pits which suggest 
the presence of a central inclusion of foreign matter. 
Each of the six radiating arrays of pits can be seen to 
comprise two adjacent parallel rows. It seems reasonable 
that differential expansion of dendrite and inclusion, 


Fic. 7. Dendrite surface, etched. 
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Fic. 8. Dendrite surface, etched. 


during the cooling following growth, may have caused 
the material between the rows to slip. 


D. Cross Sections of Dendrites 


It is apparent from symmetry considerations that, 
if a dendrite were a single crystal, etch pits on opposite 
faces would point in opposite directions. The observa- 
tion of dendrites on both faces of which the etch pits 
point in the same direction implies the presence of a 
twin plane (or, in general, any odd number of twins) 
between the faces. Several of our dendrites were accord- 
ingly sectioned and etched. All dendrites thus observed 
have been found to contain at least one twin; occasion- 
ally more have been present, in one instance eight. The 
total number may be odd, in which case, as stated, etch 
pits on opposite faces will point in the same direction, 
or it may be even, in which case the pits point in 
opposite directions. The method of growth as earlier 
described, using a properly oriented seed with a single 
twin plane, has invariably resulted in dendrites con- 
taining one twin, situated essentially midway between 
the faces. 


E. Mechanical Properties 


Although germanium is normally considered a brittle 
material, dendrites grown as described are remarkably 
flexible. A dendrite held by hand was bent into a circle 
of roughly three inches radius before breaking. From 
the thickness and curvature a surface strain, at fracture, 
of about 1.5X10-* was calculated. A somewhat more 
refined experiment in which couples were applied to the 
ends of the dendrite yielded similar results, but the 
breakage occurred at the points of constraint where it 
seemed reasonable that unknown stress concentrations 
might have existed, making the estimated strain too 
low. Accordingly, a sample was broken by applying 
axial compressive forces to both ends, thus bowing the 
dendrite. In this case maximum bending occurs at the 
center, far from the constraints, so that fracture occurs 
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in a region where the stress is well known. An analysis 
of the experimental results yields a maximum surface 
strain of 1.5X10-*, in excellent agreement with the 
first results. It was noted that the sample broke within 
one-sixteenth inch of the center. The effect of any 
variations in cross section, or stress concentrations at 
the bottoms of the serrations along the sides of the 
faces, would only serve to make the actual strain still 
greater than the computed strain. It should be added 
that these experiments were performed at room tem- 
perature, and that the strains appeared completely 
elastic, the samples recovering their original shape if 
the stress were removed before breakage. 

This strain is considerably higher than is commonly 
observed in germanium samples whose faces have been 
cut or otherwise worked. It seems likely that the high 
strength of these samples results from the freedom of 
the surface from minute cracks, which would inevitably 
be present in worked surfaces; stress concentrations at 
the bottoms of these cracks would presumably cause 
crack propagation and fracture at relatively low over-all 
stresses. Results in support of this hypothesis have been 
obtained by Dr. R. W. Keyes of this laboratory, who 
pulled dendrites apart under a known tensile load. 
From the observed tensile stress and cross section and 
known elastic constants he calculated the fracture 
strain as 1.5X10-* in agreement with the results of 
bending. He then lightly lapped one surface of the 
specimen, enough to cause surface working but insuffi- 
cient to cause an appreciable change in cross section, 
and on breaking the lapped specimen in tension ob- 
served a reduction in breaking stress of about a factor 
of five as compared to the unlapped specimen. It must, 
however, be added that other samples used in repeti- 
tions of this experiment failed to show the same high 
initial tensile strength. 

Both the dendrites fractured in tension and those 
broken by bending broke along {111} planes, leaving a 
wedge- or groove-shaped end, with the central twin 


Fic. 9. Etch pit array suggesting inclusion. 
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plane clearly visible. Figure 10 is a sketch of the 
geometry of this fracture. 


F. Behavior of Impurities 


Dendrites were grown from melts containing Al, As, 
In, or Sb, each at two different concentration levels. 
In view of the rapid growth it was expected that the 
effective segregation coefficient, defined as the ratio of 
the impurity concentration in the solid to that in the 
liquid, would be unity, and the melt impurity concen- 
trations were chosen to yield dendrites of resistivity of 
either 2.5 or 20 ohm-cm. The resistivity of the grown 
crystals was measured at room temperature by passing 
a known current through the dendrite, parallel to the 
growth direction, and measuring with a potentiometer 
the variation of voltage along the sample. 

The results are summarized in Table I. It will be 
noted that the measured resistivities were not at all 
the expected values, but were greater or less by factors 
of five or more. Interpretation of these resistivities as a 
measure of the impurity content suggests effective 
segregation coefficients exceeding unity in those cases 
where the measured resistivity is less than the expected 
value. In view of the known segregation coefficients of 
these impurities at low growth rates, such an interpreta- 
tion does not seem reasonable, especially since it is not 
consistent for a given impurity at the two concentration 
levels given. It seems apparent that further research on 
this matter is necessary. 

It does seem likely, however, that the effective segre- 
gation coefficients do not differ from unity by a factor 
exceeding ten. In view of the known segregation coeffi- 
cients for In and Sb of the order of 10-* for normal 
crystal growth, it thus appears that these crystals 
contain over one hundred times the amount of impurity 
which would result in a crystal grown by conventional 
methods from the same melt. 


III. THEORY OF DENDRITIC GROWTH 


A. Comments on Early Theory of 
Dendritic Growth 


In an attempt to account for dendritic growth in 
germanium, Billig? has proposed a mechanism for ex- 


TABLE I. Resistivities of dendrites with different 
impurities in ohm-cm. 


Quasi- 
equilibrium 
distribution distribution 


Expected 
resistivity 
for no 
segregation 


Apparent 
Observed 


Impurity 
resistivity 


type coefficient coefficient 


0.001 
0.001 
0.1 
0.1 
0.005 
0.005 
0.06 
0.06 


Impurity 
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Fic. 10. Geometry of broken end. 
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tension of {111} atomic layers on an existing substrate, 
which predicts three “good” (211) directions lying in 
the layer plane 120° apart, and opposite “‘bad’’ direc- 
tions. Clearly such a process cannot be the rate- 
determining factor, for two reasons: (a) dendrites can 
readily be grown in which both surfaces, only one 
surface, or neither surface grows in a “good”’ direction, 
and (b) such a mechanism cannot describe the growth 
of those layers which extend to the tip of the growing 
dendrite, as such layers must grow in the absence of 
any pre-existent surface on which they could be de- 
posited. Perhaps Billig realized this situation as he later 
suggested‘ that a dendrite core might be extended by 
means of a double screw mechanism. Once the dendrite 
core has extended into the melt, outer layers can readily 
be added. 


B. Propagation of Dendrite Core 


In the following it is shown that if the two central 
layers are twinned with respect to each other, the core 
can be propagated more easily in one direction, and less 
easily in the opposite direction, than in the case where 
no twin plane exists. In accord with these ideas, the 
observed dendrites all have twin planes, and have 
highly anisotropic growth characteristics. 

In Fig. 11 we show four adjacent (111) atomic planes 
of the diamond lattice, except that the lower two planes, 
B and D, are twinned with respect to the upper two, 
A and C; the twin plane is the perpendicular bisecting 
plane of all the AB bonds shown in the figure. Consider 
now the propagation of this structure from left to 
right, assuming that only the leftmost rows of A and B 
atoms are initially present. The leftmost row of C atoms 
can now be added, one at a time, to the 4 row, each C 
atom making on addition two bonds to A atoms. 
Symmetrically, the leftmost D row can be added to 
the B row. The next step would be the addition of, say, 
an A atom, making one bond to the corresponding C 
atom; as soon as this occurs, a single B atom can 
evidently be added, bonding to the new A atom as 
well as to a previously-added D atom. It makes no 
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Fic. 11. Twinned dendritic core. 


difference to our discussion whether the latter two 
additions occur simultaneously or successively, and we 
shall consider the former to occur, speaking of the 
addition of an AB dumbbell, or atomic chain two atoms 
long. The remainder of the central A and B rows can 
be filled by further additions of such dumbbells, the 
order in which these are added being immaterial. This 
entire process is now repeated, continuing this atomic 
sandwich to the right. There is no need to complete the 
AB rows before beginning the subsequent CD rows. 
We next discuss the growth of this structure in the 
opposite direction, assuming that only the rightmost 
A, B, C, and D rows are present and that the structure 
is to grow toward the left. The smallest atomic structure 
which can be added to the lattice, making at least two 
bonds, is a chain of three atoms, C-A-C or D-B-D 
(herein we assume that no structure consisting of more 
than one atom is to be considered part of the lattice 
unless bonded at least twice). After the addition of one 
such chain, it is then possible to complete the central 
rows of A, B, C, and D by the addition only of dumb- 
bells, each bonding twice, only if the filling proceeds 
sequentially along the rows in either direction from the 
initial triatomic chain. If the filling is not sequential, 
triatomic chains are required instead of dumbbells. 


Repetition of this process would propagate the entire 
structure to the left. If no further triatomic chains 
after the first are added in any row, it is clear that the 
propagation of growth is essentially normal to the 


nominal growth direction. 
It is thus evident that growth to the right in the 
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structure of Fig. 11 is easier than growth to the left. 
The threefold symmetry of Fig. 11 results in three 
easy directions, separated by 120°, and three opposite 
difficult directions. 

Examination of the case of a monocrystalline struc- 
ture, similar to that of Fig. 11 but without a twin plane, 
shows that growth in each of the six (211) directions is 
of equal difficulty, intermediate between the easy and 
difficult directions for the twinned structure. Specifi- 
cally, this growth can proceed by the addition of a 
mixture of doubly-bonding single atoms and doubly- 
bonding triatomic chains. 

The presence of the twin plane thus has the effect of 
creating an easy direction of propagation for the central 
core of the dendrite, a direction in which growth is 
easier than for any direction of growth in an untwinned 
structure. We have also seen that opposite to this 
direction there is a direction in which growth is more 
difficult than for any growth direction in an untwinned 
structure. The effect of the twin plane can thus be 
considered one of asymmetrizing the growth process in 
opposite directions in the twin plane, a point to which 
we shall later return. 

The fundamental reason for the presence of a twin 
plane in a dendrite thus appears to be that it furnishes 
an easy direction for growth of the central dendritic 
core. We thus conclude that a single, properly-oriented 
twin plane is an essential feature of the fundamental 
mode of dendritic growth. The desirability of using 
dendrites as seeds for further dendritic growth is clearly 
due to the need for a twin plane. Experimentally it is 
found that occasionally single crystal seeds can be 
successfully used, but dendritic growth will proceed 
only after a twin has been nucleated. 

The layer-propagation process of Billig was proposed? 
to apply to the extension of surface layers in germanium 
dendrites. The “good” directions are distinguished 
therein from the opposite “bad” directions in that 
propagation of a layer in a “good” direction can occur 
through the addition of atoms each of which, on addi- 
tion, bonds twice to the lattice, while in the ‘‘bad” 
direction propagation requires the addition of equal 
numbers of singly-bonding and triply-bonding atoms. 
We shall refer to the foregoing theoretically-defined 
“good” directions as G-directions. Billig states?* that 
each of his dendrites had one “good” and one ‘“‘bad” 
face, with x-ray reflection photographs showing greater 
asterism for the “‘bad” face than for the ‘‘good”’ face. 
However, he identified his “good” face as that face on 
which etch pits point in the growth direction, while 
consideration will readily show that his G-directions of 
layer propagation are opposite to the directions in which 
the etch pits point. If indeed this asterism is evidence 
of preferred growth directions, these preferred directions 
must be opposite to Billig’s G-directions; the asterism, 
however, may be the result of dislocations produced 
after solidification by thermal stresses due to aniso- 
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tropic cooling. The asymmetric cross section of Billig’s 
dendrites makes it probable that such stresses can arise. 

In Fig. 6 the largest hill appears to sit on a triangular 
base, which is shown interferometrically to be an 
elevation rather than a depression. If Billig’s mechanism 
had been effective in propagation of this layer, the 
preferred directions of propagation would necessarily 
again be opposite to his G-directions. It seems possible, 
however, that this elevation may have been formed 
after solidification by thermal stresses resulting in slip 
on the three {111} planes whose intersections with the 
surface bound the base. 

We see no experimental evidence that Billig’s mecha- 
nism is operative. We point out that in a properly- 
grown dendrite, with one twin plane, the layers on both 
sides of the core propagate in a G-direction, i.e., the 
etch pits on both faces point opposite the growth 
direction. 

C. Reversal of Seed 

If a dendrite were a single crystal, the lattice sym- 
metry would require that either end of the dendrite 
would be the same if used as a seed. We have seen, 
however, that for a dendrite containing a single twin 
plane, one direction along its length is the easy direction 


Fic, 12, Growth from opposite ends of dendritic seed, 
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for propagation of the dendrite core, while the opposite 
direction is the difficult growth direction. We therefore 
expect that growth from opposite ends of such a dendrite 
seed would differ, there being three good growth direc- 
tions 120° apart. 

The growth shown in Fig. 12 provides striking con- 
firmation of the foregoing ideas. The same dendrite was 
used as a seed for both specimens. The left-hand speci- 
men was grown first, from end 1 of the seed; the seed 
was then removed, turned upside down in its holder, 
and the right-hand specimen grown from end 2, to 
which it is still attached. In the first specimen, growth 
was stopped at 4; after a few seconds, pulling was 
resumed, resulting in a characteristic pair of vertical 
stems. Growth was similarly interrupted at B and C 
and the resulting four dendrites were then allowed to 
grow to a total length of about four inches. Note that 
in every case growth has proceeded vertically down- 
ward. In the right-hand specimen, growth refuses to 
propagate downward; instead, it proceeds along the 
two sloping good directions 60° away from the vertical. 
At E the edge of the crucible is reached; growth is now 
initiated in the other good direction, and finally down- 
ward propagation commences. Growth was again inter- 
rupted at /, and resumed a few seconds later, resulting 
in both vertical and diagonal growth at G. 

Several sections of these specimens were detached and 
etched. The four left-hand dendrites all showed etch 
pits pointing upward on both sides, just as expected; 
cross sections of these samples showed a single twin. 
In both diagonal growths from D, etch pits on both 
sides again point opposite the growth direction. Both 
vertical dendrites at F, however, show that etch pits 
on one side point upward and on the other side point 
downward, necessitating the existence of an even number 
of internal twin planes. Examination of the etched 
cross section of these dendrites indeed shows the 
presence of two twin planes, the second twin having 
been initiated just below £. Consideration will show 
that in such a dendrite the good directions for the 
growth of the structure of Fig. 11, centered on one of 
these twins, are opposite the good directions for growth 
centered on the other twin. Thus although the down- 
ward direction is difficult for the original twin, it is the 
easy direction for the second twin. This second twin 
plane then becomes the core of a downward-growing 
dendrite, and propagates ahead of the rest of the struc- 
ture; planes are added to both sides of this core. No 
difficulty now occurs in the downward propagation of 
the original twin, because it need not be propagated 
alone; layers deposited on the advancing second twin 
furnish a substrate on which the original twin can be 
laid down without requiring polyatomic chains.* 


* Note added in proof.—Improved observational techniques de 
veloped by H. F. John and J. W. Faust of these laboratories (work 


to be published) have shown that an odd number of very closely 
pd yee appears as a single twin by techniques used in this 
paper. An odd number of closely spaced twins results in threefold 
growth preference symmetry, 
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Fic. 13. Another growth 
from an inverted seed. 


By suitable alteration of the pulling program it is 
possible to carry out the inverted-seed experiment 
without initiating a second twin. Under these circum- 
stances the growth shown in Fig. 13 results. Beginning 
at the seed, growth proceeds in the two sloping good 
directions until the edges of the crucible are reached; 
in both cases, growth in the other good direction follows. 
Because of thermal asymmetry, one of these reaches 
the center first, and thereafter grows alone, alternating 
from side to side in the good directions. The branches 
are widest in the center, probably because the melt is 
coolest there. At H, the pull rate was fast enough that 
the dendrite was pulled free of the melt. Its tip was then 
reinserted as a seed, resulting in the two characteristic 
parallel stems shown. 

IV. APPLICATION TO OTHER GROWTH SYSTEMS 

A. Dendrites of Silicon and III-V Compounds 

It seems probable that the proposed growth process 
should be applicable to growth of dendrites of silicon, 
as well as of III-V or other compounds with the zinc- 
blende lattice. The III-V dendrites should have the 


interesting property that, regardless of the number of 
twins present, all surface atoms on one face will be 
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type III while all on the other face will be type V. 
There should thus be differences between wetting, 
etching, and other characteristics, of opposite faces. 
This property is not unique to the dendrite structure. 


B. General Mechanism of Crystal Growth 
from the Vapor 


Burton, Cabrera, and Frank® (BCF) have suggested 
a now generally accepted model of crystal growth by 
means of the termination of a screw dislocation at the 
crystal surface. Crystal growth should most readily 
occur through the propagation of steps on the crystal 
faces, for added atoms can more easily be bound there 
than elsewhere. In a perfect crystal these steps are 
eliminated as each atomic plane is completed, and the 
growth rate is limited by the difficulty of nucleating 
new steps. BCF show how the presence of a screw 
dislocation permits a step to be propagated indefinitely 
without ever being lost through completion of an 
atomic layer. By the BCF mechanism a crystal grows 
as a helical ramp, each turn around the central screw 
dislocation increasing the crystal thickness by the 
Burgers vector of the dislocation. 

We wish to point out that the foregoing process 
describes only the addition of layers to an already 
existing layer or substrate, and can operate only after 
this initial layer has been formed. As a growth theory, 
therefore, this description is incomplete in that it 
accounts only for growth in a direction parallel to the 
screw axis, and does not explain the lateral growth 
necessary for the formation of the initial layers of the 
crystal. When crystals grow in platelets, as e.g., in 
silicon carbide, the screw dislocation process is observed 
to act toward increasing the thickness of these platelets. 
Growth must actually be more rapid, however, in 
directions lying in the plane of these platelets than in 
the direction of the screw axis, normal to the platelet 
faces, otherwise platelet growth would not be observed. 
It seems reasonable to conclude that some growth 
mechanism other than the screw dislocation process is 
active in extending the initial crystal layer in directions 
lying in the layer plane. 

The a-silicon carbide structure can be described as a 
zincblende lattice with twins every two or three double 
layers. The planes of these twins are parallel to the 
platelet faces. It is thus clear that the boundaries of 
these twin planes are precisely the same as those 
encountered in germanium dendrites. We suggest that 
the twin propagation mechanism described in connec- 
tion with Fig. 11 is responsible for the lateral growth 
of platelets in silicon carbide. Since the easy growth 
directions are opposite for adjacent twins, all six (211) 
directions will be equally favored, resulting in hexagonal 
platelets. The magnitude of the Burgers vector is 
presumably such as to repeat the entire twin complex 


6 Burton, Cabrera, and Frank, Nature 163, 398 (1949); Phil. 
Trans. Roy. Soc. (London) A243, 299 (1951). 
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on each turn around the dislocation. Each resulting 
twin can act as a growth center so that the edges of the 
platelet can grow uniformly. 

This mechanism should be applicable to many other 
structures besides that of silicon carbide. It seems clear 
that, in all cases in which the screw dislocation process 
is presumed to account for growth through addition of 
layers, the problem of lateral propagation of the sub- 
strate or initial layers will arise. In many structures, 
although not all, it will be found that, just as in the 
discussion of Fig. 11, the presence of a twin plane will 
make propagation in some specific direction, or set of 
directions, easier than for any possible direction in the 
untwinned structure. The growth system would then 
combine lateral extension of an initial layer array con- 
taining one or more twins, with the addition of further 
layers by the screw mechanism. 
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It has been pointed out to us by Hamilton that 
Frank’ and Amelinckx® have explained interlacing spiral 
patterns observed on SiC as being due to directional 
dependence of growth velocity. The detailed bonding 
mechanism proposed by Billig? for adding layers in the 
diamond structure may be operative in a-SiC; the 
directions of best growth would rotate 60° with each 
twin, resulting in the observed interlacing. It is thus 
apparent that all mechanisms proposed for dendritic 
growth may be operative in the vapor growth of a-SiC 
as well. 

Some effects of twinning on enhanced crystal growth 
have been reported by Frank’, and by Dawson.” 


7F. C. Frank, Phil. Mag. 41, 200 (1951). 

8S. Amelinckx, Nature 168, 431 (1951). 

°F. C. Frank, Discussions Faraday Soc. 5, 186 (1949). 

1 T. M. Dawson, Proc. Roy. Soc. (London) A214, 72 (1952). 
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Switching Mechanism in Triglycine Sulfate and Other Ferroelectrics 
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The reversal of the spontaneous polarization in a ferroelectric crystal is governed by two mechanisms: the 
nucleation of new domains and the growth of these domains by domain wall motion. We have investigated 
the switching properties of triglycine sulfate (TGS) as a function of applied electric field, temperature, and 
thickness of the samples. 

It is proposed that at low fields nucleation is the slower mechanism and hence dominates the switching 
process while at high fields domain wall motion determines the rate of switching. The former process leads 
to an exponential dependence of switching time on applied electric field and the latter to a linear dependence. 

A model for the nucleation and domain wall motion is treated mathematically and is compared with 
experimental observations. The shape of the switching current pulse was found to yield much information. 
The shape depends strongly on the applied electric field and is correlated with the nucleation time as well as 
the domain wall motion time. The asymmetry of the pulse increases with decreasing field and can be as- 
sociated with the interaction between domains and domain nuclei. This interaction in various ferroelectrics 


is discussed and its relation to the switching is considered. 


1. INTRODUCTION 


NUMBER of investigators have dealt with the 

problem of determining the mechanism by which 
the spontaneous polarization in a ferroelectric material 
is reversed. Merz,! Little,? Wieder,‘ Landauer-Young- 
Drougard,®* Chynoweth,’ Miller,* and Burfoot® have 
examined this process in BaTiO; while similar studies 
have been conducted on Rochelle salt (RS) by Wieder” 


1W. J. Merz, Phys. Rev. 95, 690 (1954). 

2 W. J. Merz, J. Appl. Phys. 27, 938 (1956). 

3 E. A. Little, Phys. Rev. 98, 978 (1955). 

4H. H. Wieder, Phys. Rev. 99, 1161 (1955). 

5 Landauer, Young, and Drougard, J. Appl. Phys. 27, 752 
(1956). 

6 R, Landauer, J. Appl. Phys. 28, 227 (1957). 

74. G. Chynoweth, Phys. Rev. 110, 1316 (1958). 

§R.C. Miller, Phys. Rev. 111, 736 (1958). 

9 J. C. Burfoot, Proc. Phys. Soc. (London) 73, 641 (1959). 

1H. H. Wieder, Phys. Rev. 110, 29 (1958). 


on guanidine aluminum sulfate hexahydrate (GASH) 
by Prutton" and Wieder” and on triglycine sulfate 
(TGS) by Pulvari and Kuebler." From these studies it 
is generally concluded that two steps are involved in 
the switching process: nucleation of ferroelectric 
domains at the surface of the sample followed by 
growth of these domains through the crystal by domain 
wall motion. 

It is assumed, on the basis of phenomenological 
arguments, that nucleation of domains is a statistical 
process while the domain wall motion is assumed to be 
controlled by a kind of viscous drag. 

In this paper we shall discuss the switching properties 
of triglycine sulfate (TGS), a ferroelectric discovered 


1M. Prutton, Proc. Phys. Soc. (London) B70, 1064 (1957). 
12H. H. Wieder, Proc. Inst. Radio Engrs. 45, 1094 (1957). 
18 C, F, Pulvari and W. Kuebler, J. Appl. Phys. 29, 1742 (1958). 
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Fic. 1. Observed switching current i, versus time ¢ in a ferro- 
electric crystal. Symmetry m is arbitrarily defined as ¢’/t’”. 


by Matthias, Miller, and Remeika" and whose dielectric 
properties were investigated by Hoshino, Mitsui, Jona, 
Pepinsky,’® and by Pulvari and Kuebler.* TGS 
possesses a low coercive field and a relatively large 
spontaneous polarization which makes it highly 
suitable for these investigations. 


2. EXPERIMENTS 


The switching in TGS was studied by the con- 
ventional technique in which one measures the current 
i, which flows through a series resistor to the crystal 
electrodes as a function of time ¢. First, an electrical 
square pulse is used to align all the dipoles in one 
direction, then a second pulse of opposite polarity is 
used to measure the switching current as function of 
time. The behavior of current with time is shown in 
Fig. 1. 

The quantities of interest are: imax, the maximum 
switching current; /,, the switching time; /’, the rise 
time; ¢”, the decay time; and m=1'/t"’, the symmetry 
of the pulse, as indicated in the figure. Three of these 
parameters, imax, fs, and m, are sufficient to define all 
five quantities. All five variables are functions of the 
applied field, the temperature, the geometry and the 
history of the sample. For a given temperature the 
switching time ¢, decreases and the maximum switching 
current tmax increases with increasing applied electric 
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' Matthias, Miller, and Remeika, Phys. Rev. 104, 849 (1956). 
1® Hoshino, Mitsui, Jona, and Pepinsky, Phys. Rev. 107, 1255 
(1957). 
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field, while the switched charge remains constant. This 
charge is equal to: 


O.=2P .0=lsimax), (1) 


where P, is the spontaneous polarization, o is the 
electrode area and f is a factor of the order of 0.5 to 
1.0, which allows for the shape of the 7,—/ curve. If f 
remains constant, tmax and 1/t, show exactly the same 
dependence on the magnitude of the field. 


2.1. Field Dependence of the Switching Time in 
Triglycine Sulfate (TGS) 


In Fig. 2, 1//, is plotted as a function of applied 
field E. The curve can be subdivided into 3 parts: a 
first part (I), which is curved, a second part (II), which 
is less curved and a third part (III) which is linear and 
whose extrapolation passes through the origin or very 
close to it. Between parts II and III there occurs an 
inflection point (see Prutton'® on the polarization 
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Fic. 3. Symmetry m of the switching pulse versus 
electric field E in TGS. 


reversal process in ferroelectrics). In region III there 
is apparently a linear dependence of 1/t, on E: 


1/t,=RE. (2) 


Unfortunately the available voltage range in part III is 
too small to permit establishing this relation un- 
ambiguously. 

Part I, on the other hand, can be fitted over 4 
decades by an exponential law (see Merz! in BaTiO;) 
of the form: 

(1/t,) = (1/to) exp(—a/E), (3) 


where to and a are constants. 


2.2. Shape of the Switching Pulse in TGS 


An investigation of the shape of the switching 
current as a function of applied field shows that the 
symmetry m=1('/t'’ depends strongly on the applied 
field as shown in Fig. 3. At a field strength of 104 


‘© H. Prutton, J. Brit. Inst. Radio Engrs. 19, 93 (1959); Fig. 3. 
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v/cm, m is of the order of 0.5. With decreasing field 
the symmetry is reduced and for very low fields m 
reaches a value mo which is low but not zero. The 
dependence of the “rise time” ¢’ on the field E in the 
low-field region is shown in Fig. 4. It depends quad- 
radically on E except at extremely low fields where an 
exponential behavior can be observed. An exponential 
behavior is expected for very low fields since mp is then 
constant and /, depends exponentially on the field. 


2.3. Thickness Dependence of the 
Switching Time 


For field strengths larger than 10* v/cm a quadratic 
dependence of the switching time on thickness of the 
sample is observed, (Fig. 5). In this experiment a 
voltage pulse of 500 v was applied to samples of thick- 
nesses between 0.005 cm and 0.05 cm corresponding to 
fields of 10‘ to 105 v/cm. For field strengths smaller than 
10‘ v/cm no simple relation between switching time 
and thickness could be found. 


2.4. Switching in Steps at Low Fields 


If a pulse of duration greater than the switching 
time is applied to a ferroelectric crystal, it is switched 


Fic. 4. Rise time ?’ of 
switching pulse versus applied field 
E in TGS. 


completely and a normal current pulse is observed 
[ Fig. 6(a) ]. On the other hand, if voltage pulses much 
shorter than /, are applied there is no net reversal of 
polarization even upon successive unidirectional switch- 
ing. The switching transient appears as shown in Fig. 
6(b). There is a critical pulse length ¢* at which the 
crystal begins to switch and if a series of pulses each 
longer than /* is applied, the polarization can com- 
pletely be reversed [ Fig. 6(c) ]. It is interesting to note 
that in this case the shape of the individual small 
current pulses fit together and add up to the normal 
pulse except for the initial peaks A, B, C, D, E, F. The 
critical time /* depends on the amplitude of the applied 
pulse: it is a very small fraction of /, at very low fields 
and almost equal to /, for fields of about 20 kv/cm 
(see also Zen’iti ef al.'). 


2.5. Heating Experiments 


In order to distinguish between processes which take 
place at the crystal surface and those occurring in the 


1’ Zen’iti, Husimi, and Kataoka, J. Phys. Soc. Japan 13, 661 
(1958) ; Fig. 3. 
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Fic. 5. Switching time ¢, versus thickness d of the 
sample. Applied voltage = 500 v. 


bulk, the influence of inhomogeneous heating of the 
sample was investigated. A small heater was placed in 
front of the electrode of a TGS sample for a time short 
enough to influence the temperature of the surface 
only. It is anticipated that the surface temperature 
primarily determines the nucleation rate, whereas the 
temperature of the bulk affects primarily the domain 
wall motion. 

At low switching fields (<~10* v/cm) surface 
heating has a large influence on the length of the 
switching pulse, but less on its rise time. With high 
switching fields the surface heating has a strong effect 
on the rise time of the switching transient but not on 
the decay time (and hence the change in pulse length 
is not so pronounced as in the former case). 

At low fields with heating times of the order of a 
few seconds during which only the surface is warmed, 
the pulse becomes narrower and higher. Upon cooling 


Fic. 6. Full and partial switching 
current i, versus time ¢#in TGS. The 
length of the individual pulse is ¢. 
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the pulse returns to its original shape passing through 
the same intermediate stages as appeared during 
warming. If, on the other hand, the crystal is warmed 
for a period of the order of 30 minutes a pronounced 
difference is observed between the heating pulse shape 
and that occurring during cooling. During heating the 
pulse initially becomes narrower and higher as pre- 
viously and upon continued heating, the pulse becomes 
so narrow as to be nearly unobservable. Upon cooling 
the decay time rapidly returns to its initial value while 
the rise time remains unobservable. After about 15 
minutes of cooling the pulse is once more back to its 
original shape. This asymmetry between heating and 
cooling is interpreted to be a consequence of nonuniform 
heating in which the bulk remains cool while the surface 
warms quickly, and nonuniform cooling during which 
the bulk remains warm while the surface cools quickly. 
Further discussion of these phenomena will be found 
below. 


3. DISCUSSION OF FIELD AND THICKNESS 
DEPENDENCE OF THE SWITCHING TIME 


In the introduction a two-step process was proposed 
for the switching in ferroelectrics : nucleation of domains 
and domain wall motion. The experimental results just 
discussed will be interpreted on the basis of this model. 
Let us define the “nucleation time /,” as the time 
necessary to form all nuclei, from the first to the last, 
and the “domain wall motion time, ¢,’”’ the time neces- 
sary for one domain to grow through the sample. The 
total switching time can then be approximated by 


LS=tatla. (4) 


We assume that the domain wall motion can be 

described by 
v=d/ta=pE=uV /d, (5) 

where d is the distance the wall travels and yu is the 
mobility of the domain wall. In Eq. (5) the coercive 
field strength for domain wall motion is neglected. This 
assumption agrees with the experimental results. 

From Eq. (5) it follows that 


1/ta=pE/d=KE=pV /a?, 


with K=y/d. 

On the other hand, we assume in our model that the 
nucleation of new domains is governed by a statistical 
law, in which at low fields, the probability of forming 
new domains depends exponentially on the applied 
field in the following! way: 


pn= po exp(—a/E), 
and hence 
(1/tn) = (1/to) exp(—a/E). (7) 


This particular dependence of nucleation time on 
electric field fits our experimental results on TGS as 
will be shown, and further this form is the same as that 
found for BaTiO;.' By proper choice of the parameters 
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K, to, and @ of Eqs. (6) and (7), one can fit the low-field 
range of the experimental curve with Eq. (7) and the 
high-field range with Eq. (6), as is shown in Fig. 7. 
Since 1/t,=1/(tn+t,), one can conclude that the 
switching time /, is determined principally by the 
slower of the two mechanisms (nucleation or domain 
wall motion). At low fields (region I of Figs. 2 and 7) 
the rate of nucleation is low so that the switching is 
primarily governed by the nucleation (¢,>>t2) which 
then leads to an exponential law for the switching time 
[Eqs. (4) and (7)]. On the other hand, we have to 
assume that at high fields (region III of Figs. 2 and 7) 
the rate of nucleation is extremely large so that the 
switching time is primarily determined by the velocity 
of the domain walls (t4>¢,). This then leads to the 
linear dependence of 1//, on EZ, Eqs. (4) and (6), as 
observed experimentally. Since it appears that at high 
fields 12>>t,, then ¢, must deviate from the behavior 
described in Eq. (7) at fields higher than 15 kv/cm and 
must decrease much faster than described by this 
equation. With this assumption, the fit with the experi- 
mental results is very good (Fig. 7). 
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Also the quadratic thickness dependence of the 
switching time at high fields (E> 10‘ v/cm) as shown 
in Fig. 5 fits our model [see Eq. (6) ]. 

At this point, however, it is important to distinguish 
between domain wall motion in the forward and sidewise 
directions. The fact that we do observe a quadratic 
dependence on crystal thickness indicates that in TGS 
the forward motion is very much faster than any 
sidewise motion, under the assumption that the 
mobility uw is not field dependent. 

Before we can discuss other experimental results we 
have to develop our model further, which will be done 
now. 


4. FURTHER DEVELOPMENT OF THE 
PROPOSED MODEL 


Some of the properties of the nucleation time /,, 
domain wall motion time ¢a, rise time ¢’ and decay time 
t’’ are summarized in Tables I and II. It can be con- 
cluded from the relationships described in Tables I and 





SWITCHING MECHANISM 
II that it is not unreasonable to attempt to correlate the 
shape of the switching pulse with the two switching 
mechanisms by identifying /’’ with /, and ?¢’ with ta. 
It is difficult, however, to understand why the rise 
time, which precedes the decay time, should be due to 
domain wall motion, which must follow nucleation. 

For the reversal of polarization we consider three 
states for each nucleus: 


AF B-+C 


(A) latent nucleus, not formed yet; number=; (B) 
nucleus formed; number=m.; (C) nucleus grown 
through the sample; number= 3. 


4.1. Transition (B)—(C) 


For the transition (B)—(C) we assume that (a) all 
the nuclei start growing as soon as they are formed; (b) 
they grow primarily in the forward direction; (c) they 
all take the same time, fa, to grow through the crystal 
and (d) the contribution of each growing domain to 
the observed current is not constant during its growing 
process. The contribution to the observed current can 
vary with the position of the growing domain because 
first, the velocity can be a function of position and 


TABLE I. Relationship between ¢, and ¢,,. 





Intermediate 
elds High fields 
lath ta>d>tn 
t,=ta= (KE) 


Low fields 


taKtn 
tty = to exp(a/E) 


second the rate of change of the neutralizing charge on 
the electrode area (which is the measured current) can 
also depend on position. The latter point is a conse- 
quence for example of a conical shaped domain growing 
with uniform velocity through the crystal. Although 
alternative models can be employed to describe these 
experiments, the one suggested above is the simplest 
one which fits the experimental evidence. 

If we denote the total number of nuclei, latent, 
formed and growing, and already grown, by 


N=m+neo+n3, 


and the fraction already formed by 


(8) 


Notn; N-—ny, 


y= —-, 


N N 


(9) 


we can write for the number dz of domains created 
between the time 7 and r+dr 
dn= N (dv/dt),,dr. (10) 
Their contribution to the current at the time / is 
di,= N (dv/dt),—rndr, (11) 


where the time / is the time at which an observation 


IN TRIGLYCINE SULFATE 


TABLE IT. Properties of ¢’ and ¢’’, 








Intermediate 
fields 


eS" 


Low fields 
v<t”’ 
t,t’ = to exp (a/E) 


High fields 








could not be measured 


is made (the pulse is applied at /=0) and represents the 
time at which a particular domain is formed. The 
quantity » is a function of the interval (t—7r) and 
represents the contributions to the total current due to 
the growth of a single domain. The total current is then 


t “dv 
id= f (~) ndr. 
0 \dt/ w+ 


We assume, like Landauer, Young, and Drougard® 
that » first increases and then decreases. One can explain 
the decreasing part of », because when the apex of 
the conical domain reaches the opposite electrode its 
contribution to the current will fall rapidly as the angle 
between the domain wall and the plane of the electrode 
approaches 90° (Fig. 8). If it is assumed that the 
decreasing tail of the switching pulse of a single domain 
carries most of the charge (which would correspond to 
the observed shape of the Barkhausen pulse’), then it 
suffices to consider only that part of 7 corresponding to 
this tail. Since a rapidly decreasing function of any 
arbitrary form lead to essentially the same conclusion 
we have taken, for simplicity, the following rela- 
tionship: 

(13) 


where mo and 72 are constants and (¢—7) is equal to zero 
at the time when the nucleus is formed. 

By integration of Eq. (13) it is seen that the charge 
collected on the electrode due to the growth of a single 
domain increases during growth according to an ex- 
ponential law. Hence it is necessary to make an arbi- 
trary definition of ¢¢ which for our purposes is chosen as 


(14) 


(12) 


n=no expl — (t—1)/r2], 


la= 2.372. 


Combining Eqs. (12) and (13), we have 


t “dv l—r 
is()=Now f (=) exp(- )ar. (15) 
dt t=r T2 


From this we can calculate the shape of the switching 
current once we know the rate of the creation of new 
nuclei. By differentiation of Eq. (9) we obtain 


Ndv/dt= —dn,/dt, (16) 





I'ic. 8. Figure demon- 
strating the growth of 
domains through the 
sample. 
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which with Eq. (15) leads to 


’ dn, l—r 
id= —mof (—") exp( -— ar. (17) 
dt ter T2 


4.2. Transition (A)—(B) 


To evaluate Eq. (17) it is necessary to calculate 
dn,/dt from the transition (A)—(B). We have assumed 
that this transition is governed by a statistical law. The 
statistical law implies that infinite time is necessary 
to form all the nuclei. We therefore redefine the nuclea- 
tion time /, as the time necessary to form 90% of the 
nuclei. In the case that p:=const= 1/7; (see below) 


t,= 2.371. (18) 


The probability p, of the transition (A) to (B) is in 
general a function of 1, m2, m3, and ¢, where only two of 
the n’s are independent (Eq. 8). It is furthermore 
assumed that p; is independent of time. 

The fact that p, is a function of m, and n; can be 
interpreted as an interaction between domains and 
nuclei; the number of growing and already grown 
domains influences the probability of the formation of 
new nuclei. As a first approximation it can be assumed 
that this interaction is nearly the same whether the 
existing domain is small or has already grown through 
the sample. That is, we express p; in the form 


pi=f(ne+ns), (19) 


and since #2+n3=.N —m, we can write pi as a function 
of n; alone, i.e., 


dn,/ni= — pi(m)dt, (20) 


with the boundary condition 
n;(0)=.V. 


As demonstrated below, the simplifying assumption 
that p; is constant results fortunately in an expression 
which accounts for a major fraction of the experimental 
results. This assumption implies that there is no 
nucleus-domain interaction. 

Assume ~;=1/7; to be constant, then Eq. (20) can 
easily be integrated yielding 


(21) 


n= N exp(—t/n), 
which leads to 


— (dny/dl) tor = (N/11) exp(—7/71). (22) 


Substituting Eq. (22) into Eq. (17) gives 


i,(t) = tol exp(—t/r2) —exp(—t/71) J, (23) 
with 
noV 


io= = — ° 
7(1/71:—1/72) 


This expression is shown in Fig. 9 and will be discussed 
in the next section. The maximum of the current 
occurs at a time equal to the “rise time” ¢’ that can be 
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obtained by differentiating Eq. (23) and equating it 
to zero. With Eqs. (14) and (18) we obtain 


1 In(ta/tn) 


{= —, (24) 
2.3 1/tn—1/ta 


5. DISCUSSION 
5.1. Shape of the Switching Pulse 


Equation (23) which describes the switching time 
under the condition of p; being constant is shown in 
Fig. 9. The switching pulse is approximated by the 
difference of two exponentials with the time constants 
r; and re. The shorter of the two time constants 
appears as the rise time and the larger as the total 
switching time regardless of which happens first. (The 
rise time is here defined as the time required to obtain 
90% of the maximum current.) Thus we can write 
[see Eqs. (4), (14), and (18) ]: (a) at low fields (t¢«t,), 
the rise time (/ta, the decay time ¢’’#,; (b) at higher 
fields (t¢&t,), the rise time ’t¢t,, the decay time 
t""=t¢&tn; which explains the results listed in Tables I 
and IT. Introducing Eqs. (6) and (7) into Eq. (24), we 
obtain for the rise time at low fields (E small, ¢,>>1,) 


ad 
fa —, (25) 
2.3uF? 


which shows the inverse square dependence of ¢’ on 
field E as observed experimentally (Fig. 4). 

On approaching very small electric fields the point 
is reached where the switching is determined by the 
rate of nucleation alone. If no interaction between 
domains and nuclei occurs, the current then becomes 


i,= const (dv/dt) = const exp(—t/71), (26) 
which means that ¢’=0 and hence the pulse symmetry 
m=t'/t'' should also be zero. Experimentally, however, 
one observes that m approaches a finite value mo which 
is different from zero. 

It is then apparent that one cannot neglect entirely 
the interaction between domains and nuclei. Nucleus 
formation could be either hindered or enhanced by the 
depolarizing effects of the adjacent domains. Further, 
the presence of a favorably oriented domain could 
enhance the probability of forming a nucleus (if the 
shape allows it), since fewer domain walls would be 
required. From the present model and experiments it 
appears that enhancement is predominant. This 
ti, /ie 


A ae Fic. 9. Calculated 
switching current i, 


versus time ¢t in TGS. 
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SWITCHING MECHANISM 
enhancement of nucleation adjacent to an already 
formed domain gives the appearance of a sidewise 
domain wall motion. This is to be distinguished from a 
true sidewise motion in which the walls move in steps 
of a single row of dipoles at a time. The present experi- 
ments do not decide between these two phenomena 
and only the former is under consideration. 

If the nucleations are aided by existing domains, then 
pf. increases with v and from Eq. (9) p; decreases with 
increasing ,. Taking Eq. (9) into account, one can 
write Eq. (20) as 

N (dv/dt)=nyp,(m1), (27) 


where #;(m) is an increasing function with decreasing 
n,;. Thus, the rate of nucleation shows a maximum 
because, at ‘=0, dv/di starts increasing since fp; (#1) 
is increasing. However, at a time fo’ when the number 
of latent domains 2; becomes small dv/dt must decrease. 
We define é)’’ as the time it takes for dv/dt to decrease 
from its maximum value to 10% of it. The ratio to’ /t0’” 
can therefore be taken as a measure of interaction 
between nuclei and domains because if the interac- 
tion is large then fo’ becomes large and to” small. 
At low electric fields where the current is proportional 
to the rate of nucleation [Eq. (26) ] the ratio fo’/to”’ is 
identical with mo so that mo is not only a measure of 
the symmetry of the switching pulse but also a measure 
of the interaction between the nuclei and existing 
domains. The smaller mo, the smaller the interaction. 
For TGS the presence of nucleus-domain interaction 
was revealed by the finite experimental value for 
mo=0.05. 


5.2. Partial Switching Phenomena 


In Sec. 2.4 a series of experiments were described in 
which pulses shorter than the switching time were 
applied to the crystals and the corresponding switching 
transients observed. In the case where t<¢* [Fig. 6(b) ] 
the net charge switched with each input pulse is zero, 
though the charge transferred in each direction is much 
greater than that associated with the stray capacitance 
in the system. Further, the switching transient does not 
have a simple exponential shape. This is interpreted to 
indicate that during the ‘‘on” time of the pulse domains 
nucleate and start to grow across the crystal. When the 
field is removed, however, these domains return to their 
initial state of polarization and no permanent switching 
results. It can be concluded, therefore, that the critical 
time /* (2.4) is identified with domain wall motion 
time and under the condition of this experiment no 
permanent switching can take place even if very many 
successive pulses are applied. 

In cases where (*<i<?, the switching transients 
appear as shown in Fig. 6(c). In each successive pulse, 
some of the domains grow across the crystal and remain 
so polarized while others collapse back as shown by the 
negative portion of the pulse, until, after several pulses 
have been applied, the entire sample is switched. Since 
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Fic. 10. Figure 
demonstrating the shape 
of the current pulses at 
incomplete switching. 
The rate of nucleation 
dv/dt is plotted versus 
time. 








tig 


the charge switched with each successive pulse increases 
initially and then decreases just as in the total switching 
pulse [Fig. 6(a) ], the domains which have remained 
polarized increase the probability of forming new nuclei 
as is assumed in the present model. Further, the initial 
peak on each transient becomes progressively larger 
(these peaks, A, B, C, D, E, F, are very much larger 
than those caused by stray capacitance). This is 
interpreted in the following manner. The domains 
progress through the crystal in the form of cones until 
the apices reach the opposite electrode. At this point 
the walls become perpendicular to the electrode surfaces 
and the domains assume a more cylindrical shape. If 
the field is switched off before all the domains have 
attained this cylindrical configuration, those in which 
the angle between the wall and the surface is appreciably 
less than 90°, even if the apices of the cones have 
reached the opposite electrode, will collapse. At the 
low fields used in these experiments the switching 
current is determined by the rate of nucleation only and 
if we denote with /; the time it takes for the domains to 
reach the other surface and with ¢. the time it takes 
them to open up, it follows from Fig. 10 that the second 
shaded area represents nearly the current which flows 
when the corresponding pulse is applied whereas the 
first shaded area represents the peak which is due to the 
collapsed domains of the previous pulse. At the later 
stages [ Fig. 10(a) | the first shaded area is much larger 
than in the earlier stages [Fig. 10(b) ], which explains 
why the peaks £ and F are larger than peaks B and C. 


5.3. Heating Experiments 


We have assumed in 2.5 that the heating of the 
surface accelerates the nucleation of new domains 
whereas the heating of the bulk accelerates the domain 
wall motion. Furthermore, we concluded that the rise 
time of the switching pulse at low fields is determined 
by the domain wall motion time and at high fields by 
the nucleation time. The contrary is true for the decay 
time. Thus heating the surface should affect the decay 
time of the pulse when low fields are applied and the rise 
time of it when high fields are applied. 
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TABLE III. Values of my and P, for different materials. 


Material 


GASH © 


P, (g coul/cm*) 
<1/50 0.35 
TGS 1/20 2.2 
RS 1/10 0.24 
Thiourea } estimated by Goldsmith* 3.2 
LiH;(SeO;)e 15.0 


BaTiO; 1 from Merz” 26.0 


*G. J. Goldsmith (private communication). 
» See reference 1. 


If the whole crystal is heated and then the heater is 
removed, one expects that the surface cools considerably 
while the bulk retains the heat, so that the domain wall 
motion is faster than at room temperature, while the 
nucleation rate is the same. Hence during cooling the 
rise time of the pulse remains much shorter than at 
room temperature. These observations are consistent 
with the proposed model. 


6. COMPARISON WITH OTHER FERROELECTRIC 
MATERIALS 


} 


In BaTiO; one finds an exponential law [Eq. (3) ] 
up to 50 kv/cm.! At low fields this material switches in 
steps like TGS when many pulses are applied. Using 
our model we thus conclude that in BaTiO; the switch- 
ing is very strongly dominated by nucleation, even 
more so than in TGS. Furthermore, one finds in BaTiO; 
a very symmetrical switching pulse which is practically 
independent of applied field, that is m=m)=1. This 
behavior is explained by our model by assuming a very 
strong nucleus-domain interaction. 

Some recent experiments by Miller*!® using the 
etching technique” show that the domains in BaTiO; 
do grow sidewise. He found that the sidewise wall 
velocity varies exponentially with field, according to 
Eq. (3). It is rather difficult to interpret this result in 
terms of a normal sidewise motion, whose velocity 
should be expected to be linear with field. It can, 
however, be interpreted according to our model by 
assuming a continuous formation of new nuclei along 
the edges of a switched region. This, however, indicates 
the presence of a strong nucleus-domain interaction in 

18R.C. Miller and A. Savage, Phys. Rev. 112, 755 (1958). 
19 J. A. Hooton and W. J. Merz, Phys. Rev. 98, 409 (1955). 
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agreement with our observations of a large mo. The 
quantity mo for a number of ferroelectric materials is 
shown in Table III. If one compares the values of mo 
with the values of the spontaneous polarization P, one 
finds that mo and thus the interaction between domains 
and nuclei increases with P, although, of course 
domain-nucleus interaction cannot depend on P, alone. 
The only exception in this table seems to be Rochelle 
salt. 

Experiments of Husimi and Kataoka” on BaTiO; 
can be interpreted on the basis of our “switching in 
parts” results with TGS. Applying pulses of 2 kv/cm 
they observed a switching time of the order of 10 usec. 
With pulses of 1 usec duration the polarization could 
be reversed; however, with pulses of 0.5 usec duration 
it was not possible to do so with a reasonable number of 
pulses. These results can be explained by assuming that 
the domain wall motion times at fields of 2 kv/cm is 
of the order of 0.5 usec. If pulses shorter than 0.5 usec 
are applied the growing domains collapse upon removal 
of the field. With the value for the thickness given 
by the authors one can deduce a forward mobility 
of 14 cm?/v sec. This value is much higher than the one 
formerly estimated' by calculating the mobility from 
the slope of the linear part of the 1//, versus E curves. 
Because up to fields of 20 kv/cm the switching in 
BaTiO; is controlled by the nucleation, the linear part 
in the 1/t, versus E curve is not due to domain wall 
motion as was assumed before. The linear part due to 
domain wall motion would appear at much higher fields. 

Recent experiments by Stadler” demonstrate that at 
very high fields BaTiO; shows the following field 
strength dependence of the switching time: 


1/t,=RE!. 
This behavior cannot be explained by our model 
without making additional assumptions. 
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Measurements have been made on seven Ag-aAgCd diffusion couples of the diffusion of a layer of radio- 
active tracer atoms (either Ag! or Cd!) located originally at the Ag-AgCd interface. It was found that the 
center of gravity of the layer of tracer atoms shifted from its original position, marked by tungsten wires. The 
shapes of the tracer profiles for Ag! were quite different from those for Cd!. However, for both silver and 
cadmium tracer, the center of gravity moved toward the cadmium-rich region. 

A theoretically predicted shift in center of gravity is obtained, taking into consideration the fact that the 
diffusion coefficient, correlation factor, and chemical potential are functions of chemical composition. The 
predicted shift in center of gravity arising from the flow of imperfections and the lattice distortion associated 
with the Kirkendall shift also are considered. Good agreement is found between theory and experiment. 

Chemical interdiffusion and Kirkendall shift measurements were consistent, within errors, with those 


predicted by Darken. 


INTRODUCTION 


HERE are two main types of diffusion experi- 
ments in metals: (1) tracer diffusion experiments, 
in which a very thin layer of radioactive atoms originally 
at the surface of a homogeneous crystal diffuses into the 
crystal, and (2) chemical interdiffusion experiments, in 
which two crystals of different chemical composition are 
joined together to form a diffusion couple and the atoms 
from each crystal diffuse into the other. In general, the 
results from the tracer diffusion experiments are more 
accurate and reproducible than those from chemical 
interdiffusion experiments. 

The physical situation treated by the two methods is 
not the same, the situation being more complicated for 
chemical interdiffusion than for tracer diffusion. The 
main complications in chemical interdiffusion experi- 
ments are: (1) measurable diffusion flow occurs in both 
directions across the interface, and (2) a chemical con- 
centration gradient is present near the interface. Com- 
plication (1) gives rise to a Kirkendall effect if the flow 
is not the same in the two directions. 

In the present investigation, the diffusion of a layer of 
radioactive atoms originally at the interface in a diffu- 
sion couple has been studied. This type of experiment 
allows the study of complication (2) above, using the 
greater precision of the tracer techniques. 

Alpha-phase silver-cadmium was chosen as the ma- 
terial for this investigation. The lattice is face-centered 
cubic, and the lattice parameter and density of the alloy 
vary only 1% and 3%, respectively, in the composition 
range 0 to 27% cadmium. Moreover, accurate measure- 
ments of tracer diffusion in homogeneous crystals of this 
alloy have been made by Schoen! while Herasymenko? 


* Supported in part by the U. S. Atomic Energy Commission. 

+ Based on a thesis submitted to the University of Illinois in 
partial fulfillment of requirements for the degree of Doctor of 
Philosophy in physics. 

t Present address: Metal Physics Section, National Bureau of 
Standards, Washington, D. C. 

‘A, H. Schoen, Ph.D. thesis, University of Illinois, 1958 
(unpublished). 

* P. Herasymenko, Acta Met. 4, 1 (1956). 


has made vapor pressure measurements from which 
activity coefficients can be calculated. 


EXPERIMENTAL 


Ingots of silver-cadmium alloy and pure silver were 
prepared from 99.99% pure silver and 99.95% pure 
cadmium* using procedures described earlier.° The 
alloy ingots contained three or four large grains, while 
the silver ingots were single crystals. A thin water- 
cooled abrasive wheel was used to section the ingots into 
cylindrical wafers 16 mm in diameter and 3 to 7 mm in 
length. The wafers were ground to flatness using graded 
emergy paper, the worked layers being removed by 
etching in dilute nitric acid. Finally, the flat surfaces 
were made plane parallel by polishing on a lead lap 
using SiC 600 abrasive. After annealing to check possible 
recrystallization, a very light polish was given on the 
lead lap to create perfectly flat surfaces. 

A layer of radioactive tracer atoms (either Ag"® or 
Cd'™)® about 30 A thick was deposited on each specimen 
by electroplating from solutions of high specific activity. 
The specimens were then put together to form diffusion 
couples, a silver-cadmium specimen and a silver speci- 
men forming the couple with a second silver specimen 
added to form a reference interface. Tungsten wires, one 
mil in diameter, were placed at each interface to act as 
markers. A hydraulic press was used to pre-press the 
tungsten wires into the specimens, 1500 psi being applied 
for one minute. The specimens were welded together by 
placing them in a furnace at 600°C for one hour under 
moderate pressure. Flat surfaces were polished on the 
sides of the welded couples, perpendicular to the 
interfaces, so they could be examined and measured. All 
couples showing imperfect welding were rejected. The 


3 Silver obtained from Handy and Harmon; cadmium from New 
Jersey Zinc Company. 

4D. Lazarus and C. T. Tomizuka, Phys. Rev. 103, 1155 (1956). 

5 Sonder, Slifkin, and Tomizuka, Phys. Rev. 93, 970 (1954). 

6 Ag obtained from Isotopes Division, Oak Ridge National 
Laboratory ; Cd! obtained by irradiation of silver with deuterons 
in the University of Illinois cyclotron. 
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TABLE I, Experimental parameters and shift in center of 
gravity of tracer. 


Cd concentra- 
tion of AgCd 
specimens 
(atomic %) (microns) 


27.3 —20 
27.2 —22 
27.0 24 
15.7 — 30 
26.9 —8 
27.0 —21 
26.4 —63 


Diffu- 
sion 
couple 


Diffusion 
time (sec) 


1.75 104 
3.62 X 104 
9.98 10 
25.88 X 104 
2.65 X 10' 
32.98 X 104 
17.42 104 


Diffusion 
temp (°C) 
780 
780 
727 
780 
727 
627 
780 


Xexp* 
Tracer 


Ag 
Ag 
Ag 
Ag 
Cd 
Cd 
Cd 


“SUS OD whe 


® Xexp =experimental shift of center of gravity of tracer away from marker 
wires. 


thickness of the middle specimen, as defined by the wire 
markers, was measured with a traveling microscope. 

The welded specimens were then sealed in evacuated 
Vycor tubing and placed in diffusion furnaces. The 
temperatures of these furnaces were controlled to within 
+1°C.’? Temperatures of the specimens were measured 
with a calibrated chromel-alumel thermocouple and are 
estimated to be accurate to +1°C. Correction to the 
total diffusion time was made for the initial warmup 
period. After diffusion the couples were again examined 
and measured. A small amount of porosity (~3% of the 
volume) was noted on the cadmium-rich side of the 
diffusion zone. 

After removing material from the sides of the speci- 
mens to eliminate edge effects, the specimens were 
sectioned on a precision lathe. Since the specimens were 
plane parallel, setting the surface of the first specimen 
perpendicular to the lathe axis also set the interfaces 
perpendicular to the lathe axis. The chips from each 
section near the interface were collected and weighed, 
and distance through the interface was calculated from 
knowledge of the weights, densities, and diameter of the 
sections. The radioactivity in each section was de- 
termined by using thallium-activated Nal scintillation 
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crystals with a single-channel pulse height analyzer to 
count the Ag"® 660-kev y ray and the Cd! 22-kev x-ray. 
The chemical composition of each section was de- 
termined by using the Volhard method of volumetric 
analysis. 


RESULTS 


Measurements were made on seven different Ag-AgCd 
diffusion couples. Parameters that were varied from one 
run to another were (1) tracer, (2) diffusion tempera- 
ture, (3) diffusion time, and (4) cadmium concentration 
of the AgCd specimen. These parameters for each couple 
are listed in Table I. 

Typical plots of specific activity and chemical compo- 
sition vs position are shown in Figs. 1, 2, and 3. The 
curves in these figures were determined by first plotting 
the tracer data as log(specific activity) vs (distance from 
wire markers)? and the chemical data on probability 
paper as relative atomic percent cadmium vs position. 


— a 


a 


T*Center of Gravity of 
Tracer Profile 

W=Position of Wires 

M=Matono interface 





© Cd Tracer Profile 
(Vertical Scale Arbitrary) 
@ Chemical Concentration 


ATOMIC PER CENT CADMIUM 





Twe 
— roe rs 
200. 100 +O 
DISTANCE (microns) 


‘1G. 2. Tracer and chemical concentration profiles in Ag-AgCd 


diffusion couple No. 5. 





From the plots of log(specific activity) vs (distance from 
wire markers)”, it appeared that there was pure volume 
diffusion and that no appreciable amount of grain 
boundary diffusion occurred. Typical plots are shown in 
Fig. 4. However, the straight-line sections cannot be 
used to obtain tracer diffusion coefficients corresponding 
to those in the homogeneous alloy because, even in the 
straight-line region, the chemical composition is not 
constant. 

From the tracer profile, the position of the center of 
gravity of the tracer after diffusion was determined, and, 
from the chemical profile, chemical interdiffusion coeffi- 
cients were determined. The values of the shift of the 
center of gravity of the tracer relative to the wire 
markers are listed in Table I. Figure 5 shows the ex- 
perimental chemical interdiffusion coefficients, deter- 
mined from a Matano analysis.® 

Since the tracer measurements are quite precise, the 


§C. Matano, Japan. J. Phys. 8, 109 (1933). 
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only large error in determining the shift in center of 
gravity of the tracer comes from the error in the de- 
termination of the position of the markers. Except 
possibly for Diffusion Couple No. 4, where smooth cuts 
were not obtained in the region near the wires, this error 
should be no larger than +4 microns. The chemical 
measurements were not as precise as the tracer measure- 
ments. Errors of 20 microns in the position of the 
Matano interface and of 15% in values of the chemical 
interdiffusion coefficient are quite possible. Traveling 
microscope measurements of the Kirkendall shift were 
subject to errors from edge effects, and, in cases where 
measurements were made at several places on the same 
diffusion couple, the results differed by as much as 25 
microns. The measured shifts were rather small, in most 
cases being from 15 to 30 microns. However, in all cases 
the wires shifted toward the Cd-rich region. 
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diffusion couple No. 6. 


DISCUSSION 
Shift in Center of Gravity of Tracer Profile 


It may be noted from Figs. 1, 2, and 3 that the layer 
of tracer atoms did not spread out in a symmetric 
fashion. Moreover, the center of gravity of the tracer 
has shifted away from its original position at the plane 
defined by the tungsten wires. For both silver and 
cadmium tracer, the center of gravity moved toward the 
cadmium-rich side of the diffusion zone. 

There are several ways in which the chemical concen- 
tration gradient present at the diffusion interface could 
cause a shift in center of gravity of the tracer away from 
the marker interface. First, the diffusion coefficient of 
both tracers increases with increasing Cd concentration, 
and there is a tendency for the atoms to move in the 
direction of increasing diffusion coefficient. Secondly, 
the chemical potential gradient in the nonideal AgCd 
solid solution causes Ag atoms to move preferentially 
toward the Cd-rich side of the interface and Cd atoms 
toward the Ag-rich region. The Kirkendall effect ob- 
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Fic. 4. Typical curves of log (specific activity) vs 2°. 


served in these diffusion couples leads to the assumption 
that there is a current of imperfections (either vacancies 
or interstitials) across the interface. This means that an 
imperfection is more likely to approach a given atom 
from one side than from the other, thus adding a third 
term to the expression for the shift in center of gravity. 
This term is positive for both vacancy and interstitialcy 
mechanisms and zero for a pure interstitial mechanism. 
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Fic. 6. Schematic representation of effect of chemical concentra- 
tion gradient on diffusion. 


The Kirkendall flow also distorts the crystal lattice in 
which the tracer atoms are diffusing. This distortion 
causes the center of gravity of the tracer to be shifted 
toward the Ag-rich side. 


Shift in Center of Gravity from a 
Random-Walk Viewpoint 


The diffusion coefficient and chemical potential terms 
mentioned above have been treated by Le Claire’ as part 
of a general random-walk treatment of chemical inter- 
diffusion. We shall depart in some respects from this 
treatment and, in addition, shall consider the effect of 
correlation and the Kirkendall flow. 

A shift in center of gravity will occur if the activation 
energy, F:,, for an atom jump to the left is less than the 
activation energy, Er, for an atom jump to the right. 
Three terms that could cause a difference in activation 
energy are: 


1. Chemical potential term, 6£: The barrier height 
for an atom jump is effectively increased by 3 of the 
increase in chemical potential that results from that 
jump. (This assumes that the form of the barrier near 
its peak is not changed and that the peak is midway 
between the two lattice sites.) 

2. Diffusion coefficient term, AE: Two adjacent bar- 
riers have different heights since the diffusion coefficient 
is a function of composition. (Both the energy of motion 
and the energy of formation vary.) 

3. Current term, AF: The flow of imperfections effec- 
tively changes the energy of formation for an atom jump 
either with or against the flow. 


In Fig. 6, 5, AE, and AF are shown schematically. In 
this figure a change in the energy of formation for a 
vacancy at a neighboring lattice site is treated as 
equivalent to a change in barrier height, and the height 
of the barrier represents the total activation energy, 
including both energy of motion and energy of formation. 
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It is convenient to let the concentration gradient be 
in the x direction and adopt the sign convention that if 
the effect of 6E, AE, or AF is to make the barrier in 
Fig. 6 higher in the positive x direction, then 6, AE, or 
AF is positive. 


Chemical Potential Term 


The change in chemical potential, 5£;, due to a jump 
by an atom of the ith species in the x direction is given 
by 

6 = (du,’/dx)d, (1) 


where A is the atom jump distance and y,’ is the chemical 
potential per atom minus that part due the entropy of 
random mixing. The full chemical potential should not 
be used since the movement of individual atoms, and 
not their statistical mixing, is being discussed. 

Then, 


dy i’ =kT(d(Ina;)—d(InN ;) ]=kTd(Iny,), 
6E;=kThd (Iny;)/dx, 


where & is Boltzmann’s constant, 7 is the absolute tem- 
perature, a; is the activity of ith species, N; is the 
concentration of ith species, and y; is the activity 
coefficient of ith species with y;=a,/N;. 

If a vacancy mechanism is assumed, a vacancy jumps 
whenever an atom jumps, but in the opposite direction. 
Thus, if one lets the subscript v refer to vacancies, 


6h, = — (du,’/dx)X. (3) 


(2) 


If vacancies are in equilibrium, 
dy,’ dx= —kTd(\nN,) dx. (4) 


The effective height of the barrier in the +X direction 
will be increased by $(6£;+6E,), and that in the —X 
direction will be decreased by this amount, so 


6E=6F,+64,, 
d(Iny,) d(\n.V,) 
psy 
dx dx 


sp=ern| 


The term arising from supersaturation of vacancies 
will be neglected since it is unlikely that the supersatu- 
ration becomes larger than 1%)" and, as pointed out 
by LeClaire,® the effect on the shift in center of gravity 
should be negligible. 


Diffusion Coefficient Term 


The diffusion coefficient gradient gives rise to varia- 
tions in both the energy of formation, Ey, and the energy 
of motion, E,,. The E,, of interest are those at the 
barriers while in the case of a vacancy mechanism the 
FE; of interest are those at neighboring lattice sites. It is 
convenient to call the difference between the energies of 


R. Baluffi, Acta Met. 2, 194 (1954). 
" R.S. Barnes and D. J. Mazey, Acta Met. 6, 1 (1958). 





TRACER DIFFUSION IN 


motion at the barriers adjacent to a given lattice site 
AE,, and the difference between the energies of forma- 
tion at the lattice sites on either side of the given site 
2AE;. (These lattice sites are separated by two inter- 
atomic spacings.) Thus, AE=AE,,+2AEy,. 

For the purpose of calculating AZ, it is reasonable to 
assume that £,, and Ey depend only on local composi- 
tion. Let D,)= A; exp(—F.,/kT) be the relation between 
D,, the diffusion coefficient; Ai, the frequency factor ; 
and /, the activation energy for tracer diffusion in a 
homogeneous alloy having the same composition as that 
associated with the position of the barrier to the right 
of the given site. Let D,=A2exp(—E:2/kT) be the 
corresponding expression for the composition at the 
barrier to the left. Then 

AEmt+AEs= E,\— E2= —kT In(DiA2/D2A). (7) 
To a first approximation, if the positive x direction is to 


the right, 
D,= D2.+ddD;*/dx, (8) 


A\=Ax+M A {/dx, ) 


where D,* and A ; are the tracer diffusion coefficient and 
frequency factor for the ith species at the original lattice 
plane, and X is the interatomic spacing. 

Now A ;=vA?fi, where vo is a vibrational frequency 
and f; is a correlation factor. The correlation factor’ 
arises from the fact that after an atom has exchanged 
places with a vacancy, it has a greater than random 
probability of making a jump in the reverse direction. 

Assuming that vp does not vary appreciably with 
composition, it follows that 


dA ;/dx= vod f ,/dx, (10) 


and to first order from Eqs. (7), (8), (9), and (10), 


1 dD;* 1 df; 
AEm+AE;= ara]. _-—_—— | (11) 
D* dx fi dx 

If N,1 is the atomic fraction of vacancies that would be 

in equilibrium at the plane of the barrier to the right 

and Ey, is the energy of formation for vacancies at this 

plane, and likewise for V,2 and Ey. at the barrier to the 
left, then 

Niu=C exp(—Ep/kT), 


where C is a constant, and likewise for V,2. Then, 
1 dN, 


AEs=Ep— Es2= —kTA— —. 
N, dx 


(12) 


Thus, 
dlnD;* dinf; d\nN, 
ap=—en|— ——- +—— | (13) 
dx dx dx 


12 J. Bardeen and C. Herring, in /mperfections in Nearly Perfect 
Crystals (John Wiley & Sons, Inc., New York, 1952). 

i8K. Compaan and Y. Haven, Trans. Faraday Soc. 52, 786 
(1956). 

4K, Compaan and Y. Haven, Discussions Faraday Soc. 23, 105 
(1957). 
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It may be noted that the last term in Eq. (13) exactly 
cancels the term due to the chemical potential gradient 
for vacancies. Hence, neither of these terms will appear 
in our final expression. 


Current Term 


A flow of vacancies will cause vacancies to come up to 
an atom more frequently than usual from one side and 
less frequently than usual from the other. This will make 
a larger number of vacancies available for an atom jump 
toward one side and a smaller number available for a 
jump toward the other. If vi, is the frequency with 
which vacancies jump into a given site and Wout is the 
frequency with which a vacancy already at the site will 
jump from this site, then V,, the fraction of the time 
that a vacancy is at that site, is given by 

N,=vinX (average time of stay)=vin/Wout. (14) 

The sites on which the values of JN, are of interest are 
those lying to the left and right of the tracer atom. For 
example, in the case of a simple cubic lattice with the 
concentration gradient along a (100) direction, there 
will be one site to the right of the tracer (site A) and one 
to the left (site B) that need to be considered. There are 
six possible positions from which a vacancy can jump 
into either of these sites, so vin/Wout must be summed 
over these six possibilities. 

The effect that motion of the tracer atom has on the 
local vacancy population is taken into account when 
correlation effects are considered. These effects are con- 
sidered separately in the next section, so in the present 
section the effect of jumps of the tracer itself will not be 
included. This corresponds essentially to considering 
only those vacancies that have not previously exchanged 
places with the tracer. These new vacancies will be 
supplied from the stream of vacancies that flows from 
one side of the diffusion zone to the other. 

If the plane perpendicular to the concentration gradi- 
ent and containing the tracer is called plane 1; that 
containing site A, plane 2; and the next plane to the 
right, plane 3; one finds that there are four positions on 
plane 2 from which a vacancy could jump to site A and 
one such position on plane 3. The corresponding position 
on plane 1 is occupied by the tracer atom and, hence, 
will not be considered to provide or take away vacancies. 

Let N;‘ be the mole fraction of type 7 atoms on plane 
j, W;,%' be the frequency of jump for a type 7 atom 
jumping from plane j to plane k when a vacancy is 
already present, and W; be the average jump frequency 
of a vacancy jumping from one site to another on plane 
j, equal to (N;©4w,;, 4+ N Aew,;, ;A8). 

For any of the four positions on plane 2 from which a 
vacancy could jump into site A, one has 

Vin WNve 
—=— — oe SS) 
Wout 4Wo+ ( N3°4ws, 2° 4+ N3A8ws, 98) 
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where \V,, is the equilibrium mole fraction of vacancies. 
For the one such position on plane 3, one has 


Vin 


(No@4wWe 3°4-+- NoASwe 348) Noe 
Wout 4Wot(N2°4ws, °4+ NoASws, 248) 


: (16) 


where the fact that the atom that originally was on site 
A becomes a nearest neighbor of site A after exchanging 
places with the vacancy has been taken into account. 
The one position on plane 1 neighboring on site A is 
occupied by the tracer atom and, hence, will not be 
considered here. 

To first order, 


dN; 
{= Niy-'+aA ; 
dx 


dw; d \|ny; 
Fw, ; 
dx 


(17) 


. =wit3r (18) 


dx 


where w;=w, ;'; NV; is the mole fraction of type 7 atoms; 
vy; is the activity coefficient for type 7 atoms; and X is 
the interatomic spacing, equal to the lattice parameter. 
The + sign is positive if kR=j+1 and negative if 
-= j—1, while the + sign is negative if k= j+1 and 
positive if k= j—1. 

Then, for site A, summing over all five neighboring 
positions treated, to first order, one has 
(19) 


V./Nve= 1+ 


1 (xx | 4° diny; Fe ™ 


5 W 5 dinV;3 dx 
where all quantities on the right are evaluated at the 
plane containing the tracer atom. The quantities weg 
and wag are the jump frequencies for a cadmium or 
silver atom when a vacancy is present at a neighboring 
site, and W is an average of these values weighted 
according to the mole fractions of cadmium and silver 
present. The quantity W also equals the average jump 
frequency for a vacancy. 

Except for a minus sign replacing the first plus sign, 
Eq. (19) also holds for site B, and 


N./N,- (for site B) 
exp(AF kT)= : 
N./ Nove (for site A) 

2 (Wca—t Ag) 4 d \ny; dN ag 
AF=—)kT +-— , (28) 
5 W 5 dlinN,J dx 


For a face-centered cubic lattice, the analogous ex- 
pression is 


(22) 


2 (wea—Wag)f 10 dIny:i]dNag 
AF=—dkT F 


11 W 11 dinV,J dx 


where J is the interatomic spacing but is not equal to the 
lattice parameter. 
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If vacancies are in equilibrium, the chemical potential 
gradient for vacancies vanishes. Thus, as long as the 
vacancies are in local equilibrium, the concentration 
gradient of vacancies that appears when the energy of 
formation is a function of chemical composition will not 
give rise to a flow of vacancies. Hence, the same V,, may 
be used in Eqs. (15), (16), (19), and (20). 


Theoretical Shift in Center of Gravity 


The effective activation energies, Ez and FE, for atom 
jumps to the right and left are given by 


Er=E;+}(6E+AE+AP), 
E,=E,;—}(6E+AE+AP), 


(23) 
(24) 


where £; is the activation energy for tracer diffusion at 
the plane of the equilibrium lattice site. Jump fre- 
quencies to the right and left, vz and v;, can be defined 
in terms of these effective activation energies so that 
vr=voexp(—Er/kT) and vip=voexp(—E,/kT). It 
should be noted that, because of correlation, vz and vz, 
in general will not be the actual jump frequencies to the 
right and left. In fact, they will be equal to the actual 
jump frequencies only if vg equals v;. 

If n is the average net number of jumps to the right 
per unit time per atom, then 


n=verfr—vif 1, (25) 


where fr and f; are the correlation factors associated 
with jumps to the right and left, respectively. The first 
term on the right side of Eq. (25) gives the frequency of 
jumps to the right that are effective in causing diffusion, 
while the second term gives the frequency of effective 
jumps to the left. It can be shown in detail'® that the 
difference between these two terms will be the same as 
the difference between the actual jump frequencies to 
the right and left. 

The correlation factors, fr and f;, may be thought of 
as arising in the following way. If diffusion takes place 
by means of a vacancy mechanism, any atom jump will 
place a vacancy in the proper position to allow the atom 
to make a succeeding jump back to the lattice point it 
originally occupied. Thus, there will be a correlation 
between the directions of successive atom jumps, since 
an atom jump in the forward direction will tend to 
induce a succeeding atom jump in the reverse direction. 
These induced reverse jumps (which can be called 
correlated reverse jumps) will cancel the effect of the 
immediately preceding forward jumps. To find the 
number of jumps that are really effective in causing 
diffusion, the number of correlated reverse jumps plus 
the number of forward jumps that are followed by such 
correlated reverse jumps must be subtracted from the 
actual number of jumps. A more detailed consideration 
would take into account the probability of a jump being 
induced in any direction, and not just in the reverse 


15 J. R. Manning (to be published). 
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direction. Considering these other directions would give 
an additional probability of a jump being induced in the 
general backwards direction. However, even when these 
other jumps are considered, the problem in many cases 
can be reduced to a calculation of the effect of correlated 
reverse jumps alone. 

A correlated reverse jump and the forward jump 
preceding it will form a forward jump-correlated reverse 
jump pair. Neither jump in such a pair will contribute 
to diffusion since the two jumps merely cancel each 
other. It is convenient to divide the atom jumps into 
three classes. Class I contains those jumps that are 
effective in causing diffusion, i.e., those that are not 
part of a forward jump-correlated reverse jump pair. 
Class II contains those jumps that are the first jump in 
a forward jump-correlated reverse jump pair, while 
Class III contains those jumps that are the second jump 
in such a pair. The fact that Class I comprises only some 
fraction of the total number of jumps gives rise to the 
correlation factor. 

Let us consider a number of atom jumps from a posi- 
tion on a given plane (say plane 0) to a position on the 
next plane to the right (plane 1). The Class II jumps 
will be those jumps to the right, from plane 0 to plane 1, 
that are followed by correlated reverse jumps to the left, 
back to plane 0; while the Class III jumps will be those 
jumps to the right, from plane 0 to plane 1, that are 
induced by a previous atom jump to the left that ended 
on plane 0. The probability that a correlated reverse 
jump will follow a given forward jump will depend 
mainly on the position of the vacancy after the com- 
pletion of the forward jump. Thus, the probability that 
a given jump will be a Class II jump will be related to 
the position of the vacancy after the jump; while the 
probability that a given jump will be a Class III jump 
will be related to the position of the vacancy before the 
jump. The Class II and Class III jumps will occur in 
very nearly equal numbers, and both Class II and 
Class III jumps help determine the correlation factor. 
Hence, the correlation factor will depend equally on the 
position of the vacancy before and after the jump. 

Thus, to a good approximation, the compositions at 
the planes midway between the initial and final position 
of the vacancy will determine the values of fr and fz, 
and 


n=fi(ve—vr)+rvdf, dx. (26) 


Then, 

n= vof {exp(— Er/kT)—exp(—E1/kT) ] 
+rv.dfi/dx. 

Using the relations /E+AE+AFKRT and 

v;=vo exp(—F,/kT), 

one obtains 

A; exp( = bE+AE+AF dlnf; 

, ies ee Nee | 


n= 
r ART dx 
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Substituting values of 6, AF, and AF from Eqs. (6), 
(13), and (22), one finds 


D;* dN; 
K—, 


(29) 
r dx 


where 


an = 


dinD;* diny; 2 (wca—wa,)f 10 
- | 
aN; i1 W 


d\ny; 
+ | (30) 


dn, 11 din\, 


where the + sign is to be taken as plus for Cd tracer and 
minus for Ag. 

In deriving the expression above for K, a vacancy 
mechanism was assumed. Two other diffusion mecha- 
nisms of interest are the interstitial and interstitialcy 
mechanisms. In an interstitial mechanism, an interstitial 
atom jumps directly from one interstitial site to another. 
In an inierstitialcy mechanism, an interstitial atom 
pushes one of its neighbors from a lattice site into an 
interstitial site and moves into the vacated lattice site 
itself. With an interstitial mechanism, it is not necessary 
for an imperfection to arrive at a position neighboring 
on an atom in order for that atom to move. Thus, for an 
interstitial mechanism, the current term [last term in 
Eq. (30) ] will be zero. However, with an interstitialcy 
mechanism, as with a vacancy mechansim, an atom ina 
lattice site can jump only when there is a neighboring 
imperfection. Thus, for an interstitialcy mechanism, the 
current term will not be zero. However, because of the 
different geometry, this term will be about 30% smaller 
for the interstitialcy mechanism than for the vacancy 
mechanism. It is shown in the Appendix that one 
obtains the same expression for 6E+AE whether a 
vacancy, interstitial, or interstitialcey mechanism is 
assumed. Thus, the only difference in the expression for 
K will be in the current (AF) term. 

If Z is the average net displacement per atom, then 


x -{ And, 


0 


(31) 


where 7 is the total diffusion time. 

A plane where y=2/l!}=constant will be a plane of 
constant chemical composition. All quantities involved 
in m, except the concentration gradient term dV ;/dx, are 
independent of time when evaluated at such a plane. 
Also, dN ;/dx, at such a plane, will be proportioned to 
t-, so for atoms on such a plane, 


(32) 


Ss -af (dN ,/dx)dt=2ar(dN ;7/dx), 


0 


where a does not depend on time and dN ;"/dx is the 
value of the concentration gradient at the end of the 
diffusion run when f= r. 

We can now average over all tracer atoms, by 


integrating over all planes from y=—~* to +% with 
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Fic. 7. Thermodynamic factor in AgCd calculated from 
Herasymenko’s vapor pressure measurements.” 


t=r. The tracer atoms will spread out with the same 
x/t! dependence as the nontracer atoms, so c;*(x,/), the 
concentration of tracer atoms, will be proportional to 
t-4 for a plane of constant chemical composition, i.e., 
ci* (x,t) =t-4 f(x/t4). Thus, c;*(x,r)dx=c,*(y,7)dy. Then, 
with the integration over y replaced by the equivalent 
integration over x, one obtains, from Eqs. (29) to (32), 


— dN ,' = 
t= [ c,*D,*K ax/ f c;*dx. 
8 dx = 


x 


This expression can be evaluated from curves of c,*(x) 
and dN,/dx obtained at the end of the diffusion run 
(at t=7). 

Bardeen" has pointed out that this same expression, 
except for the current (AF) term contained in K, can be 
derived from the diffusion equation 

Oc;* OO Op 
=—M—, 


Ox Ox 


(34) 
al 


where c,* is the molar concentration of tracer atoms, M 
is a mobility, and yu is the chemical potential. Equation 
(33) follows after a partial integration, if it is assumed 
that ¢*=f-1 f(x/t*); M=D,*c*/kT ; and y=p'+hT Inc;* 
with y’, the nonideal term, depending on the concentra- 
tion of nonradioactive atoms. Since the assumption is 
made that the tracer atoms are diffusing in a stable 
lattice with no flow of vacancies, the AF term does not 
appear in this treatment. 


Calculation of the Theoretical Shift in Center of 
Gravity and Comparison with Experiment 


It is possible to do the integration required in Eq. (33) 
graphically. Schoen,’ using tracer techniques, made 
careful measurements of Da,* and Dca* in homogeneous 
a-phase AgCd alloy crystals. The values of D,* and 
d InD,*/dN, were taken directly from his data. Meas- 
urements by Schoen" indicate that the difference in 


16 J. Bardeen (private communication). 
17 A. H. Schoen, Phys. Rev. Letters 1, 128, 184(E) (1958). 
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mass between the Cd"® tracer used in reference 1 and 
the Cd’ tracer used in the present experiment should 
introduce very little error. Herasymenko* made meas- 
urements of cadmium vapor pressure in equilibrium 
with a-phase AgCd wires. Figure 7 shows values of 
1+d Iny,/d InN; calculated from these data. Since the 
values at the three temperatures used in this experiment 
differed by less than the possible error in these values 
(estimated as + 10%), an average value was used for all 
three temperatures. The values of dN ;/dx and c,* were 
determined from the experimental curves for each 
diffusion couple. 

Values of f; and w; can be estimated from Schoen’s 
data by using the Lidiard-Le Claire'*.’ expression for 
the correlation factor. If it is assumed that in the 
concentrated AgCd alloy a vacancy is not bound to any 
one atom, the Lidiard-Le Claire expression may be 
approximated by 

f:=9W/(2w:+9W), (35) 
where W=NeawcatNagwWag is the frequency with 
which a vacancy exchanges with an average neighboring 
atom and w, is the frequency with which it exchanges 
with a neighboring tracer atom. 

Assuming, as above, that for concentrated homogene- 
ous AgCd alloys the formation energy of vacancies is 
uniform throughout the crystal, one may write the 
equation 

Dea*/Dag* =Weafca/wWagf rg. (36) 

The values in Tables II and ITI have been calculated 
from Eqs. (35) and (36), with the assumption that the 
average jump frequency of the eleven nontracer atoms 
surrounding the vacancy is always equal to W, as defined 
above. The effect of fluctuations in local composition 
should largely average out. The correlation factor de- 
pends on both composition and temperature. For 
cadmium tracer, the effect of correlation is quite large. 

The values of Ztneor determined from Eq. (31) with an 
extra correction for the distortion of the lattice caused 
by the Kirkendall shift are compared in Table IV with 
the values of Zx,, where %.xp is the shift in center of 
gravity of the tracer profile relative to the wire markers. 


$00 
foxy f cstude / f 
—w 


om 


c;*dx, (37) 


where x is measured from the wire markers. 


TABLE IT. Ratios of diffusion coefficients and jump 
frequencies in AgCd. 


Cadmium 
concen- 
tration 


are 
727°C 
780°C 


Doa*/Dag* 
18% 


WCd/Wag 
18% 
$3 


4.4 
4.2 


9% 


3.65 3.56 
3.14 3.13 3.32 4.9 
2.88 2.96 3.19 4.2 


27% 0% 


3.55 


6.1 


18 A. B. Lidiard, Phil. Mag. 46, 815 (1955). 
A. D. Le Claire and A. B. Lidiard, Phil. Mag. 1, 518 (1956) 
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In calculating the values of %heor in Table IV, a 
vacancy mechanism was assumed. 

The diffusion coefficient and chemical potential terms, 
Laitt. coef. ANd ZTechem. pot., Were calculated exactly using 
Eq. (33), while the vacancy flow term, Zyac, f1,, WaS ap- 
proximated by taking the value of m, averaged over all 
atoms, to be that at the position of the wires. Calcula- 
tions of Zaitt. coef, ANd Echem. pot. using this approximation 
showed agreement within 10 to 15% with the exact 
calculation, so the approximation should introduce very 
little error. The Kirkendall distortion term was taken as 
: of the theoretical value of the Kirkendall shift pre- 
dicted by Darken’s” equations. The factor } appears 
because most of the tracer atoms stay near the middle of 
the diffusion zone. This is only a rough estimate and 
could be in error by +25%; however, the Kirkendall 
distortion term is quite small so the error should also be 
small. 

The term depending on the diffusion coefficient 
gradient is the largest in all cases. The fact that this 
term is larger than the chemical potential term makes it 
possible for the center of gravity to shift in the same 
direction for cadmium as for silver. In general, the 
theoretically predicted shifts in center of gravity agree 
very well with the measured shifts. Because of the 
difficulty of obtaining precise thermodynamic data, 
there is some uncertainty in Zchem. pot.. This may help 
explain why Ztheor is somewhat larger than Z,x, for 
cadmium tracer. 


Maximum in Tracer Profile 


It can be seen from Figs. 1 and 2 that the form of the 
cadmium tracer profile is quite different from that of 
silver tracer. This shows that cadmium is not affected by 
the chemical concentration gradient in the same way as 
is silver. 

The maximum in the plot of specific activity vs posi- 
tion for cadmium tracer has shifted from its original 
position at the plane defined by the wires. Qualitatively, 
this might be explained by the same factors used to 
explain the shift in center of gravity. Because of the 
diffusion coefficient gradient, atoms would diffuse away 
from the cadmium-rich side faster than from the silver- 
rich side and cause the position of the maximum to be 
shifted toward the silver-rich side. For cadmium tracer, 
the other terms, mainly the chemical potential term, 


TABLE ITT. Correlation factors in AgCd. 

Cadmium 
concen- 
tration C 18% 27% 

627°C 0.60 0.65 

Po ee 0.62 0.66 

0.63 0.67 


fea fAg 
18% 27% 
0.89 0.90 
0.88 0.90 
0.88 0.90 


2 LL. S. Darken, Trans. Am. Inst. Mining Met. Engrs. 175, 184 
(1948). 
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TABLE IV. Comparison of theoretical and experimental shifts in 
center of gravity of tracer. 


Diffu- _ ne ‘e 
SiON Xdiff.ecef.* Xchem. pot.” Xvae.f1.°  xKirk.4 Xtheor ® Xe 
couple (microns) (microns) (microns) (microns) (microns) (microns) 


—19 — 20 
—25 —22 
—29 —24 
—28 — 30 
—20 —8 
— 28 —21 
—70 —63 


- +1 +42 
_' +2 9-42 
—: +2 


+22 
+24 
+87 


—57 
—170 


SUE OWN = 


® xdiff. coef. =shift of center of gravity caused by diffusion coefficient 
gradient. 

b Xchem. pot. =shift of center of gravity caused by chemical potential 
gradient. 

© xvac. f1. =shift of center of gravity caused by flow of vacancies. 

4 xKirk. =shift of center of gravity caused by the lattice distortion from 
the Kirkendall effect. 

© xtheor =sum of the previous four terms. 

f xexp =experimental shift of center of gravity. 


will add to this effect by moving the whole tracer profile 
toward the silver-rich region. For silver tracer, the 
chemical potential term has the opposite sign, and 
hence, as is observed, the shift in the position of the 
maximum of the silver tracer profile should be smaller. 
Chemical Interdiffusion Coefficient 
and Kirkendall Shift 
Darken’s theoretical expression” relating the chemical 
diffusion coefficient to the tracer diffusion coefficients, 


d(\ny;) 
{ ). (38) 
d(InN ;) 


Denem = (N agDoa*¥ +N Dr) (1 


was evaluated using Schoen’s values for D;* and values 
of d(Iny,)/d(InN;) calculated from Herasymenko’s 
vapor pressure data. The theoretical values of Denem are 
shown by the solid lines in Fig. 5. The experimental 
values Of Denem are in general higher than the theoretical 
values. However, the Matano method of analysis, used 
to calculate the experimental Dehem, involves finding a 
graphical derivative and integral. In view of the un- 
certainty in the chemical analysis, errors of the order of 
15% should be expected from this method of analysis, 
the possible error becoming greater near the limiting 
concentrations in the diffusion couple. Hence, precise 
agreement between the theoretical and experimental 
values should not be expected. 

Since the thermodynamic factor, 1+d(Iny,)/d(InN,), 
varies from 1.0 to 2.7 in the composition range 0-27% 
Cd, it greatly affects the theoretical value of Dehem 
calculated from Eq. (38). If this term were not included, 
agreement between the theoretical and experimental 
values would be very poor. This indicates that in 
chemical interdiffusion experiments the deviation of the 
solid solution from ideality should not be neglected. A 
similar conclusion was reached by Reynolds, Averbach, 
and Cohen from their measurements in Au-Ni. 


#1 Reynolds, Averbach, and Cohen, Acta Met. 5, 29 (1957). 
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Darken™ also developed an expression for the magni- 
tude of the Kirkendall shift, x,,, 


d(Iny:) \dNea 


tn=2r(Doat—Dag)( 14 ); 
d(InN ;) 


(39) 
dx 


A typical value of x,, from this equation is 10 microns. 
In general, the experimental values were larger than 
this. However, in view of the relatively large experi- 
mental errors discussed earlier, quantitative comparison 
with theory probably is not justified. In all cases, the 
measured shift in position of the wires was toward the 
cadmium-rich region. Since cadmium diffuses faster 
than silver, this also is the theoretically predicted 
direction of the shift. 
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APPENDIX 


It is of interest to calculate the quantity, 6£+A#, 
assuming interstitial and interstitialcy mechanisms. 

In the case of an interstitial mechanism the imper- 
fection moves in the same direction as the diffusing 


atom, so 
d(\ny;) 1 dNin 
: —kT 
N int 


(40) 


dx dx 


where Nj, is the atom fraction of interstitial atoms and 
\ is the jump distance equal to an interatomic spacing. 
In analogy with Eq. (12), 
1(Iny;) 


dx 


( 
5E=kTX (41) 
The formation energy of the imperfection will not affect 
the direction of the atom jump, so 


AE=AE,,. (42) 


Thus, 


6E+AE=(AE,+AEs)+kTAd(Iny,)/dx, (43) 
1 dD;* d(\ny,) 

ietar=—en|- Rp scihsiierinsaind | 
D;* dx dx 


(44) 


This agrees with the expression obtained when a 
vacancy mechanism is assumed and correlation and 
vacancy flow terms are neglected. Since correlation and 
imperfection flow terms vanish for an interstitial mech- 
anism, the above expression (assuming a negligible 
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Kirkendall effect) would give the total shift in center of 
gravity. 

Two jumps of an interstitialcy are necessary to move 
an atom from one lattice site to the next, the first jump 
moving the atom from a lattice site to an interstitial 
site and the second moving the atom from the interstitial 
site to a lattice site. Energies 6£; and AEF, will be as- 
sociated with the first jump and 6£2 and AEF» with the 
second. In a face-centered cubic lattice the interstitial 
positions will be the cube centers and each interstitialcy 
jump will move two atoms a distance a, where 2a is the 
lattice parameter. 

Since two atoms are involved in each interstitialcy 
jump, the chemical potential of each must be considered. 
The probability of the second atom being of the same 
species as the first is V; and of a different (jth) species 
is N;. 

The first jump of the interstitialcy will move a tracer 
atom half a lattice parameter, but, assuming a collinear 
jump, the interstitialcy will move one full lattice 
parameter. 
d(Iny;) 

-(1+N,) 


dx 


6k,=kTa 


d(|ny ;) dN int 
ie IE a sen, 
dx N int dx 


(45) 


In a binary alloy, 


dN ,/dx= —dN;/dx, (46) 


and from the Gibbs-Duhem relation, 


N d(\ny,)/dN ;= N,d(Iny;)/dN;. (47) 
Hence, 
d(Iny;) 
6£,=kTa— 
dx 


+2AFy. (48) 


The direction of this first jump will depend on the 
formation energy of the imperfection, the interstitial 
atom being located half a lattice parameter away from 
the tracer atom and on the side opposite to the direction 
of jump. The energy of motion will be that at the lattice 
site. Thus, 


AFk,= —2AE,;. (49) 


The second jump of the interstitialcy will move the 
tracer atom from the interstitial site to a lattice site. 
The chemical potential term for this jump is the same 
as for the first jump. Hence, 


1 | 


C 
6E»=kTa— (50) 


NY i 
—+2AE;. 
dx 


The formation energy will not affect the direction of this 
second jump of the tracer atom since the tracer atom 
itself is the interstitial atom. The energies of motion 
will be those at the lattice sites each half a lattice 
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Now, for interstitialcy diffusion, D*=a?v, where v is the 
frequency of tracer jumps in a given direction when 
successive lattice-to-interstitial and interstitial-to-lattice 
jumps are counted as separate jumps. Hence the final 
expression for the shift in center of gravity is the same as 
for the vacancy or interstitial mechanisms if the terms 
due to correlation and flow of imperfections are neg- 
lected. Also, it can be shown that there will be no net 
effect from correlation on the shift in center of gravity, 
the situation being similar to that for a vacancy 
mechanism where the correlation term in Eq. (13) 
exactly cancelled that in Eq. (26). 


parameter away. Thus, 
AE2= 2AEy. (51) 
Taking the average 5E+AE per jump, we find 
6E+AE=}(6F£\+6E2+A4E,+AF)). 


S5E+ AE=AEm+AE;+hkTad(Iny;)/dx. 


(52) 
(53) 


Ignoring correlation, 


1 dD,;* dlny; 
Col ae 


6E+AE=— Hal : 
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Theory of Nuclear Spin Relaxation in Superconductors 


L. C. HEBEL 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received May 13, 1959) 


Using analytical methods, a new evaluation has been made of R;/R,, the ratio of nuclear spin-lattice 
relaxation rate in the superconducting phase to that in the normal phase, from expressions previously 
derived by Hebel and Slichter using the Bardeen-Cooper-Schrieffer theory of superconductivity. The 
results are given for several values of the effective breadth of the Bardeen-Cooper-Schrieffer energy levels. 


EVERAL measurements of nuclear spin-lattice 

relaxation in normal and superconducting alumi- 
num! have been reported recently. Hebel and Slichter? 
discuss the theory of the spin-lattice relaxation rates, 
R, and R,, in superconducting and normal phases, 
respectively, and they give curves of R,/R, versus 
temperature calculated using the Bardeef-Cooper- 
Schrieffer (BCS) theory’ of superconductiyity. This 
article presents an improved calculation of R,,’R,, based 
on the discussion of Hebel and Slichter.2. »”’ 

In thermal equilibrium the nuclear spin, level popu- 
lations are determined by a Boltzmann distribution 
characterized by the lattice temperature. The nuclear 
spin-lattice relaxation rate, R, is defined as the char- 
acteristic rate of approach to such a thermal equi- 
librium situation from a nonequilibrium one. In a metal 
the nuclear magnetic moments have a strong magnetic 
interaction with the moments of the conduction elec- 
trons, which are in very good contact with the lattice. 
Consequently, in a metal the scattering of nuclear spins 
by conduction electron spins determines R, since such 
scattering provides the fastest means of the nuclei 
achieving thermal equilibrium with the lattice. Hebel 
and Slichter calculate how superconductivity affects 


1L. C. Hebel and C. P. Slichter, Phys. Rev. 107, 901 (1957). 

2L. C. Hebel and C. P. Slichter, Phys. Rev. 113, 1504 (1959). 

3A. G. Anderson and A. G. Redfield, Bull. Am. Phys. Soc. 2, 
388 (1957); A. G. Redfield, Physica 24, 5150 (1958); A. G. 
Redfield, Phys. Rev. Letters 3, 85 (1959). 

4 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 


R using the BCS theory to treat the conduction 
electrons. 

The equation which they obtain for R,/R, is given 
in terms of the following quantities: the first is the 
normalized density of electron states in the super- 
conductor, p,(£,T), which from BCS theory has a 
temperature-dependent gap of half-width €o(7) centered 
about the Fermi energy, Er; the second is A, the 
effective energy breadth of the BCS states; the third 
quantity is the Fermi distribution function, f(£,7). 
In terms of x=(E—Ep)/kT, 6=A/RT, and no(T) 
= €9(T)/kT, Hebel and Slichter® show that 


R,/R,=2 [ p2(x,T) [1+ 9e?(T)/x ] 
x f(x,T)[1— f(x,T) Je. (1) 


The density of states, p,, is obtained by weighting the 
BCS density of states, ppcs, with the function which 
characterizes the breadth of the energy levels. If an 
energy level breadth function is used which is a rec- 
tangle of width 2A and height 1/24, then 


z+6 
p,(x,T)= (26) f pacs(y,7)dy, (2) 
z—$ 


where 


paos(y, 1) =0, y| <m, 


pacs(y,l) = Ly" (y?— no? ( T)) }}, ly > no. 
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TABLE I. R,/R, versus no for various values of r=«)(0)/A (the 
ratio of gap width to level breadth) using BCS theory to obtain 
T/T, and T/T versus no. 


R./Ra for 
r =200 


From BCS 
r =60 r=600 r=2000 T/Te 72/7 
2.03 
2.35 
2.59 
2.64 
2.58 
2.45 
2.26 
‘ 1.79 
1.03 1.33 9 
0.741 0.948 1.19 1.41 
0.350 0.442 0.559 0.667 
0.102 0.126 0.162 0.194 
9.00746 0.00878 0.0115 0.0139 


wn 


an 


0.973 
0.950 
0.9075 
0.858 
0.810 
0.760 
0.7125 
0.625 
0.547 
0.482 
0.382 
0,290 
0.1945 


1.027 
1.053 
1.102 
1.166 
1.235 
1.317 
1.403 
1.600 
1.828 
2.075 
2.615 
3.45 

5.14 
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Thus, 
|x| <no—64, (4a) 


(4b) 


p.=9, 
pP,.= (26) T (x+6)?— mo? }}, no—5< | a <mot5, 


p= (26) {[ (x+8)?— ne? }!—[(x—5)?— ne? }}}, 
|x| >not+é. 


The level breadth is expected to be much less than 
the gap width. Consequently, one may break up R,/R, 
into two integrals, J; and J», by introducing a parameter 
B such that 1>>8>>48/no. In J;, where |x| <8no, f(x)[1 
— f(x) ] may be taken outside the integral; in 72, where 

x| >Bno, p. may be set equal to ppcs. Using 


4f(x)[1— f(x) ]=sech?($x), (5) 


(4c) 


one obtains for /;, 


I= ino sech?(}mo) { 1+ (Bo, 6)P—- (Bno, 5)[(Bno/6)?— 1 |! 
+In((Bno/5)+( (Bno/6)?—1}')}. (6) 


For most cases of interest 


28no 2B €o(0) €o(T) 
——>>1 
6 A €o(Q) 

thus, an expansion of Eq. (6) may be used. 


1 ,:=}no sech?(4mo)[3 + } (6/2Bno)? 
+1n(28no/5—6/2Bmo) |. (7) 


Equation (7) was used to obtain the contribution of J; 
to the results for R,/R, tabulated in Table I and Fig. 1. 
The results are given in terms of €9(0)/A, the ratio of 
absolute zero gap width to energy level breadth. In 
Eq. (7), B=0.05 was used for €o(0)/A=60, 200, 600, 
2000; 8=0.2 was used for €o(0)/A=15. 

T, cannot be evaluated exactly. It may be written 


” x?+n,? ; 
=} —— sech?(4.x)dx. (8) 
n 


2 9 
0(1+8) X°— Hor 


For small no, J2 can be evaluated to lowest order in no, 


with the result, 


T14+ dof In (2/8)+1]—(1+8)}, mK. (9) 
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For large mo, another type of expansion may be used. 
Writing 
6 
n= f g(x)h(x)dx, 


a 


(10) 


if h(x), xh(x), and 2°h(x) are integrable, and if g(x) is 
slowly varying, then one may expand g(x) in a Taylor 
series and keep the lowest terms; in addition, suitable 
choice of expansion point eliminates the first order 
error term. By choosing 


b 


{= f xh(x)dx, 


a 


(11) 


then 


b dg! b 
I.= g(a) [ h(x)dx+3—| f (x—£)°2h(x)dx+---. 
a dx" t/q 


To have g(x) slowly varying, we choose 
2(a?-+ 0) 
(xt-no) ( 1 +e “ 


g(x)= and h(x) 


Then,® 


x 


b 
f wa)ar=e “f a le—*dx = e—™ Ei(Bno), 
2 B no 
b 
z= i] 


a 


en 
xh(x)dx= nf 14 — —|. (15) 
No Ei(@no) 


For large enough m0, the slowly varying character of 
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Fic. 1. R,/Rn versus T./T for various values of r= €9(0)/A. 
5E. Jahnke and F. Emde, Tables of Functions (Dover Publi- 
cations, New York, 1943). 
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g(x) causes the second order term in Eq. (12) to be 
small, so that for mo sufficiently large, 


Me 2(F?-+-n0?)e~ ® Ei(Bno) 


~ (€+n0)[1 +exp( _ )P 


(16) 


The values of J. versus no are needed for B=0.05 and 
B=0.2. A connecting function is needed for each value 
of 8 to connect the expression for J: in Eq. (9), valid 
for small mo, with that in Eq. (16), valid for sufficiently 
large no. The function 


(1+C)ei b) n0 
[,=—— — 
1+Ce-tom 

connects the points and slopes to within 1% using the 
following parameters: for B=0.05, C= 2.380, b=5.560, 
and @=4.305; for B=0.2, C=1.735, b=4.72, and 
a= 2.93. Investigation of the second order error term 
in Eq. (12) for 72 shows that /2 is represented by its 
asymptotic form, Eq. (16), to better than 2% for 
no> 1.50 for both values of £. 
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The relation between no= €o0(7)/kT and temperature, 
which was used in compiling Table I, was taken from 
BCS theory using their temperature dependence of 
e0(T) and e€(0)=3.5k7.. A change in either factor 
would change only the temperature scale of Table I 
and Fig. 1, since all calculations scale as no itself (i.e., 
—only the values of mo themselves appear in the 
equation). Thus, the results in Table I may easily be 
extended to the case of an experimental gap width by 
using the new relation between and temperature. 
One should note that the value of ¢9(0)/A assigned to 
the table might also be changed. The energy level 
breadth, A, was assumed to be independent of temper- 
ature. [Such an assumption allows A to be interpreted 
also as an anisotropy in ¢o(0) in k space. ] The effect 
of a temperature dependent A can be obtained by 
moving from one value of €9(0)/A to another in changing 
temperature. 
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Origin of the Characteristic Electron Energy Losses in Magnesium* 


C. J. POWELL AND J. B. Swan 
Department of Physics, University of Western Australia, Nedlands, Western Australia 


(Received May 12, 1959) 


The characteristic electron energy loss spectrum of magnesium has been measured by analyzing the 
energy distribution of 750-, 1000-, 1505-, and 2020-ev electrons scattered by an evaporated specimen 
through 90°. The spectra were similar in form to those previously obtained with aluminum targets, in that 
the observed loss peaks were composed entirely of combinations of two elementary energy losses. ‘These 
two losses, of magnitude 7.1 and 10.6 ev, were identified, respectively, with the lowered plasma loss proposed 
by Ritchie and the plasma loss proposed by Bohm and Pines. 


INTRODUCTION 


N a previous paper,' the origin of the characteristic 
electron energy losses in aluminum was discussed 
in some detail. It was shown there that the character- 
istic loss spectrum of aluminum is made up of combina- 
tions of elementary 10.3- and 15.3-ev losses, the former, 
the low-lying loss, being identified with the lowered 
plasma loss proposed by Ritchie,? and the latter with 
the plasma loss proposed by Bohm and Pines.’ 
The characteristic loss spectrum of magnesium has 


* Work supported by the Research Grants Committee of the 
University of Western Australia. 

1C, J. Powell and J. B. Swan, Phys. Rev. 115, 869 (1959). 

2R. H. Ritchie, Phys. Rev. 106, 874 (1957). 

3D. Pines and D. Bohm, Phys. Rev. 85, 338 (1952); D. Pines, 
Revs. Modern Phys. 28, 184 (1956); P. Noziéres and D. Pines, 
Phys. Rev. 109, 1062 (1958). 


been studied by a number of workers,*'' and the 


observed loss values are shown in Table I. The shape 
of the magnesium spectrum has been found to be similar 
to that of aluminum, in that a sharp energy loss is 
observed, together with one or more lines due to 
multiples of this elementary loss. This sharp line, 
occurring at ~10 ev in magnesium, has generally been 
regarded as arising from collective electron excitation’ 

*L. Marton and L. B. Leder, Phys. Rev. 94, 203 (1954). 

®L. B. Leder and L. Marton, Phys. Rev. 95, 1345 (1954). 

6H. Watanabe, J. Phys. Soc. Japan 9, 1035 (1954). 

7W. Kleinn, Optik 11, 226 (1954). 

’ Blackstock, Ritchie, and Birkhoff, Phys. Rev. 100, 1078 
(1955). 

9G. W. Jull, Proc. Phys. Soc. (London) B69, 1237 (1956). 

V. I. Milyutin and A. I. Kabanov, Uspekhi Fiz. Nauk. 61, 
673 (1957). 

1 N. B. Gornyi, Izvest. Akad. Nauk. S.S.S.R. Ser. Fiz. 22, 475 
(1958). 
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TABLE I. Observed values of the characteristic electron energy 
losses in magnesium (in ev). The column headings are reference 
numbers. 


10.3 Unknown 


20.7 
31.2 
41.5 


* See note added in proof. 


(the predicted plasma loss is 10.9 ev assuming two free 
electrons per atom) though Leder, Mendlowitz, and 
Marton” have suggested that the energy losses might 
be due to interband electronic transitions and find some 
degree of correlation between the energy losses and the 
displacements of the absorption maxima from the 
K x-ray absorption edge. It should be noted, however, 
that Townsend” reports anomalous x-ray absorption 
on the high-energy side of the Lo; edge in magnesium 
films that have been evaporated onto zapon backings, 
and attributes the effect to surface contamination of 
the magnesium film at the metal-backing interface. 
The only low-lying loss reported for magnesium,f that 
of 4.7 ev observed by Kleinn,’ could conceivably be a 
lowered plasma loss though the present authors con- 
sider that, from the shape of his published spectrum, 
this loss is probably due to the presence of a substantial 
quantity of magnesium oxide on the specimen surface.* "4 

The necessity for the specimen to be of high volume 
and surface purity was demonstrated in the previous 
investigations of the characteristic loss spectrum of 
aluminum. The work to be reported here was under- 
taken in order to make studies of the losses in mag- 
nesium in a reflection-type experiment, the advantages 
of which have been discussed.' It was considered that, 
under these conditions, a low-lying loss might be 
observed and that its properties could be compared 
with Ritchie’s theory. 


EXPERIMENTAL PROCEDURE 


The characteristic loss spectra were obtained by 
analyzing, with the 127° electrostatic electron spectrom- 
eter and auxiliary apparatus previously described,' the 
energy distribution of electrons scattered by the target 
through 90°. The target surfaces were prepared by 
evaporation of spectrographically pure magnesium from 
a multistrand tungsten conical basket onto a metallic 
substrate at room temperature. The evaporation time 
was made short in order to reduce agglomeration, a 
fresh film of estimated thickness 50 to 100A being 
deposited in a few seconds; such films were found to give 
spectra similar to those of thicker films. 

As in the aluminum work, several preliminary evapo- 


Leder, Mendlowitz, and Marton, Phys. Rev. 101, 1460 (1956). 
18 J. R. Townsend, Phys. Rev. 92, 556 (1953). 

t See note added in proof. 

4H. Watanabe, J. Phys. Soc. Japan 9, 920 (1954). 
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rations of magnesium were used to getter the target 
chamber. Target oxidation and carbonaceous contam- 
ination rates were again small enough to permit a spec- 
trum to be recorded and then repeated without any 
significant change taking place. 


RESULTS 


The characteristic electron energy loss spectrum of 
magnesium was measured for primary electron energies 
of 750, 1000, 1505, and 2020 ev. The normalized spectra 
are shown in Fig. 1 with the intensity scales adjusted so 
that the peak of elastically scattered electrons has an 
intensity of 25 units in each case. Mean energy loss 
values are shown in Table II together with the probable 
error and number of measurements associated with 
each mean. No significant difference was found in the 
energy loss values at the different primary energies 
and, with the exception of the peak of lowest energy 
loss at 2020-ev primary energy, no correction on account 
of the background has been applied to any of the 
measured peak positions. 

It is evident that the loss spectra are composed 
entirely of combinations of elementary 7.1- and 10.6-ev 
energy losses. The former is identified as the lowered 
plasma loss proposed by Ritchie and the latter with 
the ~10-ev loss observed by other workers. As was 
found for aluminum, the ratio of these energy losses is 
1.49, again slightly greater than the predicted ratio of 
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Fic. 1. Characteristic electron energy loss spectra of mag- 
nesium for primary electron energies of 750, 1000, 1505, and 
2020 ev. The intensity scales have been adjusted so that the peak 
of elastically scattered electrons (not shown) has an intensity of 
25 units in each case. 
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TABLE IT. Measured mean values of the characteristic electron 
energy losses in magnesium, together with the probable error and 
number of measurements associated with each mean. The energy 
losses and errors are expressed in ev, and m and n represent the 
number of multiples of 7.1- and 10.6-ev losses, respectively, that 
give rise to each observed energy loss. 


01 0.1 
124 142 


1.41.'° The discrepancy could well be due to partial 
agglomeration in the target film, though it is surprising 
and perhaps significant that this same ratio is observed 
for both aluminum and magnesium. It may also be 
seen that, apart from differences which are the con- 
sequence of the better resolution of the more widely 
separated aluminum peaks, the form of the loss spectra 
of magnesium is very similar to that of aluminum. 

If it is assumed that multiples of the 7.1- and 10.6-ev 
losses occur only in single quantum loss processes, and 
that the probabilities of excitation per unit distance 
traveled in the specimen are constant (for a given 
primary electron energy) over the total path in the 
specimen, then the relative total probability of any 
loss can be calculated in terms of \7, Ayo and d, where 
A7 and Ayo are the mean free paths for the 7.1- and 
10.6-ev losses, respectively, and d is the average 
distance traveled by an electron in the target.! As the 
area under each peak is proportional to the appropriate 
probability, measurement of these areas should in 
principle enable a number of independent determina- 
tions of the ratios d/A; and d/A,o to be made. It was 
found, however, that no background could be drawn 
which would give consistent values of both d/A7 andd/A1o. 
The simple assumptions made above must therefore 
be considered incorrect. The observations are consistent 
with Ritchie’s prediction that A7 and Ayo should vary 
with depth of penetration, in opposite directions, in the 
vicinity of the specimen surface. 

As the primary electron energy is increased, more 
peaks which are multiples of the 10.6-ev loss appear, 


and all multiples of the 10.6-ev loss increase in intensity 


‘5 The predicted ratio of 1.41 compares the energy losses in the 
forward direction only, whereas the observed ratio compares the 
mean energy losses resulting from the dispersion relation and the 
distribution of loss intensity over the small range of scattering 
angles.! 
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relative to the peak of elastically scattered electrons, so 
that on the average d/Aio must increase with primary 
energy. It is also seen that the ratio of the area under 
the 10.6-ev peak to that under the 7.1-ev peak increases 
with primary energy. This change is qualitatively in 
accordance with the predictions of Ritchie. It should be 
emphasized, however, that as the shapes of the electron 
paths in the target are not known in detail, it is not 
possible to measure the change of excitation prob- 
ability over these paths, and quantitative comparisons 
with the theory cannot be made. 

It is found that the width at half maximum intensity 
of the 10.6-ev line is 1.4+0.1 ev, taking into account 
the spectrometer resolution and the energy spread of 
the primary beam. It is interesting to note that this 
width is not significantly different from the width of 
the 15.3-ev aluminum loss peak previously reported,' 
and presumably arises from similar considerations. 


CONCLUSION 


The characteristic electron energy loss spectrum of 
magnesium has been measured in a reflection type 
experiment with primary electron energies of 750, 1000, 
1505, and 2020 ev. Each spectrum was found to be 
composed entirely of combinations of elementary 7.1- 
and 10.6-ev energy losses. The positions of these losses 
and observations of their relative intensities indicate 
that the 10.6-ev loss arises from plasma excitation and 
that the 7.1-ev loss is a lowered plasma loss of the type 
predicted by Ritchie. 
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t Note added in proof.—The energy losses observed by Gornyi!! 
in a reflection type experiment with primary electron energies 
between 30 and 100 ev are now known to be 4.5, 7.5, 10.5, 14-23, 
25.5, and 31.5 ev. All these losses were interpreted by him as 
being due to interband electronic transitions. The losses of 7.5 
and 10.5 ev agree well with the low-lying and plasma losses of 
7.1 and 10.6 ev, respectively, found in the present work. Gornyi’s 
spectra show the 7.5 ev loss more prominent than the 10.5 ev loss, 
as would be expected from the change in relative intensity of the 
fundamental losses with primary energy described above. The 
4.5 ev loss is considered to be due to the presence of oxide on the 
specimen surface; the origin of such a loss will be discussed in a 
future paper describing the effects of specimen oxidation. The 
other energy losses found by Gornyi are of much smaller intensity 
and might be due to interband transitions. 
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Depletion-Layer Photoeffects in Semiconductors 


WoLrcanc W. GARTNER 
United States Army Signal Research and Development Laboratory, Fort Monmouth, New Jersey 
(Received May 5, 1959) 


The theory of photoconduction through the reverse-biased p-n junction in semiconductors is developed 
without the customary assumption that carrier generation in the junction depletion layer is negligible. 
Different from previous theories, the more general treatment leads to a voltage dependence of the photo- 
current and its spectral distribution. When the incident light beam is modulated at frequencies comparable 
to the transit time through the depletion layer, a phase shift between the photon flux and photocurrent 


is noticed and transit-time rectification occurs. 


1, INTRODUCTION! 

T has been customary in theories of the photoeffect 

across semiconductor p-n junctions to neglect 
generation of carriers inside the junction depletion 
layer.2 This, however, does not seem justified for the 
surface barrier or surface junction photoeffect*"” (see 
Fig. 1) where the junction is illuminated through a very 
thin transparent metal or semiconductor contact. The 
direction of incident illumination is perpendicular to 
the plane of the barrier or junction. Depending on the 
wavelength of the incident light and the semiconductor 
used, a certain percentage or all the incident light is 
absorbed in the depletion layer of the barrier. This can 
be easily verified by considering, e.g., the optical 
absorption coefficients of germanium and silicon. The 
photocurrent through the barrier will, therefore, consist 
of two contributions; one due to the carriers generated 
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Fic. 1. On the derivation of the depletion layer photoeffect. 


' A preliminary account of this work has been given in a paper 
by a W. Gartner and H. Mette, Bull. Am. Phys. Soc. 3, 219 
(1958). 

? For an exception see H. Y. Fan, Bull. Am. Phys. Soc. 24, 14 
(1949). 

°S. Benzer, J. Appl. Phys. 20, 804 (1949). 

‘J. I. Pantchechnikoff, Rev. Sci. Instr. 23, 135 (1952). 

°F. Simon, Purdue University Report, July 1, 1953 (unpub 
lished). 

* Gossick, Mayer, and Kemmerly, Purdue University Report, 
November, 1955 (unpublished). 

7 E. Simon, Transitron Electronic Corporation Report, May 1, 
1956 (unpublished). 

° H. Mette and W. W. Gartner, Bull. Am. Phys. Soc. 3, 219 
(1958). 

*W. W. Gartner, Proc. Inst. Radio Engrs. 46, 1422 (1958). 

Ahlstrom, Mette, Loscoe, and Gartner, Institute for Radio 
Engineers—Professional Group for Electron Devices, Electron 
Devices Meeting, Washington, D. C., October 30, 1958 (unpub 
lished). 
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inside the depletion layer, and another due to carriers 
generated in the adjacent bulk material and diffusing 
into the junction. Since the thickness of the depletion 
layer, and thus the number of generated carriers which 
actually cross the junction, varies as a function of the 
voltage across the junction, deviations from the usual 
theory of the p-n junction photoeffect are observed, in 
particular, in the reverse biased condition. 


2. THEORY OF THE DEPLETION LAYER PHOTO- 
EFFECT UNDER STEADY-STATE CONDITIONS 


The total photocurrent density under monochromatic 
illumination and reverse bias has been derived in 
Appendix A and is given by 


Jror= —qe[1—e°*"/(14+aL,) ]—gpoD,/Ly. (1) 
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Fic. 2. Normalized photocurrent 
vs bias voltage for constant light 
intensity, homogeneous impurity 
distribution, and various relative 
values of absorption coefficient, a, 
minority carrier diffusion length, 
L, and width constant, Wo, of the 
depletion layer. 
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DEPLETION-LAYER PHOTOEFFECTS 


The meanings of the symbols are explained in Appendix 
A. The depletion layer thickness, W, is a function of 
the voltage and impurity distribution across the 
junction. For homogeneous impurity density, one 
obtains 


W=WoVV, (2) 


where Wp is the “width constant” of the depletion layer 
(equal to its width at a voltage of 1 volt), and V is the 
voltage across it. Figure 2 shows in normalized form 
how the photocurrent for a given light intensity varies 
with bias voltage. The curve parameters are the diffu- 
sion length, Z, the absorption coefficient, a, and the 
width constant, Wo. One notices that, depending on 
the wavelength of the incident radiation, the impurity 
content, and the lifetime in the semiconductor, the 
photocurrent may vary with applied voltage by more 
than a factor of 6. The effect which does not exist in 
previous theories is most pronounced for short lifetimes 
and deep optical penetration. 

Figure 3 shows how the photocurrent depends on 
diffusion length. Such curves could, e.g., be measured 
by varying the temperature of the photocell (thus 
changing lifetime and diffusion constant). One observes 
that the dependence is different for different bias 
voltages, which is not obtained with previous theories. 

Figure 4 illustrates the voltage dependence of the 
spectral distribution of the depletion layer photoeffect 
with the diffusion length, 2, and width constant, Wo, 
as the additional parameters. One notices that there 
may be as much as a factor of three difference in the 
response to a given wavelength, depending on the 
amount of reverse bias on the junction. 

The effects mentioned so far all occur under steady- 
state conditions. It is, however, also of interest to 
investigate the behavior of the depletion-layer photo- 
effect under rapid transient conditions, the simplest 
case of which is discussed in the following. 


3. TRANSIT TIME EFFECTS AT HIGH 
MODULATION FREQUENCIES 


Since the carriers require a finite time to traverse 
the depletion layer, a phase difference between the 
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Fic. 3. Normalized photocurrent vs normalized diffusion-length 
for minority carriers, aL, for constant light intensity, homogeneous 
impurity distribution and various relative values of absorption 
coefficient, a, width constant, Wo, and bias voltage, V. 


photon flux and the photovoltage and current will 
appear when the incident light intensity is modulated 
rapidly. To obtain a quantitative feeling for this 
phenomenon, we consider the simplest case of a p-i-n 
depletion layer as shown in Fig. 5(a). It consists of a 
layer of near-intrinsic semiconductor sandwiched be- 
tween two highly doped or even metallic regions. The 
applied voltage is assumed to be high enough to deplete 
the intrinsic region and to insure constant field- 
independent carrier velocity, «. If we further assume 
all series resistances and capacitances to be negligible, 
the derivation carried out in Appendix B shows that 
the short-circuit current density is given by 


Jec= GPL (1—e%*") / (justo) J. (3) 


The attenuation factor in the square brackets is plotted 
in Fig. 5(b). One notices that the amplitude of the ac 
photocurrent decreases rapidly with frequency when 
wy exceeds unity. The response time of the depletion 
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Fic. 4. Spectral distribution of the depletion layer photoeffect. Normalized photocurrent has been plotted vs normalized absorption 
coefficient, aWo, for various values of applied voltage, V, and normalized diffusion length, L/W. 
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(b) 


Fic. 5. Analysis of transit time effects in the transport of 
photocarriers through depletion layers at high frequencies. (a) 
Geometry assumed for the analysis. (b) Photoresponse (normal- 
ized current or voltage) vs normalized modulation frequency of 
incident photon flux. 


layer photoeffect is thus limited by the carrier transit 
time through the depletion layer. For frequencies 
w>1/t, phase shift and appreciable transit-time 
rectification occur. With wu of the order of 107 cm/sec 
and W of the order of 10~* cm, one may obtain 46107" 
sec in germanium or silicon. 
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APPENDIX A. PHOTOCURRENT THROUGH 
REVERSE-BIASED DEPLETION LAYER 


The total current density through the reverse-biased 
depletion layer is given by 


Jror=Jp.it+J pier, (A.1) 


where Jpz is the drift current density due to carriers 
generated inside the depletion layer, and Jpirr is the 
diffusion current density of minority carriers generated 
outside the depletion layer in the bulk of the semi- 
conductor and diffusing into the reverse-biased junction. 
Recombination and thermal generation of carriers 
inside the junction will be neglected, but may be 
noticeable in material with a high concentration of 
recombination centers, and then would cause additional 
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modifications of the theory. We consider monochro- 
matic radiation only, in which case the absorption and 
pair production characteristic is given by 


g(x) =ae~*”. (A.2) 


g(x) and other pertinent quantities are shown in Fig. 1. 
g(x) is the generation rate (density generated per unit 
time), ®is the total incident photon flux, (= /o*g(x)dx), 
and a is the monochromatic absorption coefficient. 
Jpx is thus found to be equal to 


Ww 


Jon=af g(x)dx=gb(e—*¥ —1). 
0 


(A.3) 


For definiteness let us consider an n-type semiconductor. 
In this case, the hole density in the bulk semiconductor 
region, x> W, is determined from the diffusion equation: 


Dp" — (p— po)/t+8(x) =0, (A.4) 
where D, is the diffusion coefficient for holes, p is the 
hole density, po is the equilibrium hole density, and + 
is the lifetime of excess carriers. The solution of Eq. 
(A.4) under the boundary conditions 


p=po for x=~a, (A.5) 


and 


p=0 for x=W (A.6) 


is given by 


P= po— (pot Ae *™ eM) /Ln+ Ae-9*, = (A.7) 


with L,=(D,7)' and 


eL; 
A= (#/D,)—————_. (A.8) 
a(1—a?L,’) 
The diffusion current density, Jp1rr=qD pp’, at x=W 
is thus obtained as 


| i. 
Jpirr= —ge- = — -g aw —gpo— : 
(1+aL,) ce. 


(A.9) 


The total current density through the depletion layer 
is then given by the sum of Eqs. (A.3) and (A.9), and 
is shown in Fig. 1. 


APPENDIX B. DERIVATION OF CURRENT-VOLTAGE 
RELATIONSHIP FOR SINUSOIDALLY VARYING 
INCIDENT LIGHT INTENSITY 


We assume (a) surface generation only [see Fig. 
5(a) ], (b) constant carrier velocity, u, (c) unit quantum 
efficiency (one electron generated per incident photon), 
(d) a photon flux density given by = e?** photons 
cm~? sec~!. The conduction current density, jconp, at 
point x is then found to be 


joonn(x) = gbye**!™, (B.1) 





DEPLETION-LAYER 


Since divjror=0, one may write 
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where the second term in the parentheses is the dis- 
placement current density. Substituting Eq. (B.1), we 


(B.2) 
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find 


Jror= jwetp/W+ybh(1—e #*")/( july), (B.3) 


where 40>=W/u is the transit time of carriers through 
the depletion region, and vp is the voltage across the 
depletion layer. From Eq. (B.3) the open-circuit 
voltage (jror=0) and the short-circuit current (vp =0) 
may be calculated. 


NUMBER 1 OCTOBER 1, 1959 


N"-N’° Hyperfine Anomaly* 


L. WILMER ANDERSON{ AND FRANCIS M. Pipkin, Lyman Laboratory, Harvard University, Cambridge, Massachusetts 


AND 


James C. Barrp, Jr., Mallinckrodt Laboratory, Harvard University, Cambridge, Massachusetts 
(Received April 20, 1959) 


The optical transmission of an optically oriented sodium vapor in spin-exchange equilibrium with atomic 
nitrogen has been used to measure the zero-field hyperfine splitting of N'* and N’. The ground state of atomic 


nitrogen is 4S3/2. For N'4, which has J =1, 


Av5/243/2= 26.12721+0.00018 Mc/sec, 
Av3/241/2= 15.67646+0.00012 Mc/sec. 


For N", which has J=}3, 


Av= 29.29136+0.00016 Mc/sec. 


The nuclear moments of N™ and N' have been remeasured by observing the effect of saturating the 
nitrogen resonance on the proton resonance in NH,*. The results were 


(14) /g(H") =0.072 236 950.000 000 08, 


and 


g(15)/g(H) = —0.101 330 93-+40.000 000 08. 


The N''— N® hyperfine anomaly obtained by combining these measurements is 


_A(15)/A (14) 


~~ g(15)/g(14) 


— 1=0.000 983+0.000 017. 


A short discussion of the mechanism of spin-exchange collisions is given. 


INTRODUCTION 
' | ‘HE atomic ground state of nitrogen is (1s)?(2s)?- 
( 


2p)’, 4S;. If there were no configuration mixing 
for this atom, there would be no nuclear hyperfine 
interaction or nuclear quadrupole interaction.'* This 
can easily be seen since the total orbital angular 
momentum is zero so that the wave function is spheri- 
cally symmetric and in the nonrelativistic approxi- 
mation a p electron does not contribute to the Fermi 
contact interaction. Heald and Beringer*® used the 
method of paramagnetic resonance absorption in a gas 
to make measurements on atomic N“ and found that 
the magnetic dipole hyperfine interaction constant was 
10.45+0.02 Mc/sec. They could detect no nuclear 


* This research was supported in part by Harvard University 
Funds, in part by a grant from the Research Corporation, and in 
part (J. C. B) by the Office of Naval Research. 

t National Science Foundation predoctoral fellow 1958-59. 

1S. Goudsmit, Phys. Rev. 37, 663 (1931). 

2R. E. Trees, Phys. Rev. 92, 308 (1953). 

3M. A. Heald and R. Beringer, Phys. Rev. 96, 645 (1954). 


quadrupole interaction. Their large line width of 250 
kc/sec, which was attributed to a combination of 
magnetic field inhomogeneity, Doppler broadening, and 
atom-atom interaction, made it difficult to determine 
the small magnetic dipole hyperfine interaction constant 
precisely. They showed that the g factor of the atomic 
ground state was the same as that of the free electron 
as would be expected for pure L-S coupling. 

The discovery’ that the hyperfine transitions of 
S-state atoms could be detected by using spin-exchange 
collisions with optically oriented sodium atoms has made 
it possible to measure the nitrogen hyperfine splitting 
more precisely. In this measurement the nitrogen reso- 
nance is observed by monitoring the transmission of 
circularly polarized resonance radiation through a bulb 

4H. G. Dehmelt, Phys. Rev. 109, 38 (1958). 

5 Franken, Sands, and Hobart, Phys. Rev. Letters 1, 52, 
118(E) (1958). 

6 R. Novick and H. E. Peters, Phys. Rev. Letters 1, 54 (1958). 

7 Anderson, Pipkin, and Baird, Phys. Rev. Letters 1, 229 
(1958). 
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containing sodium and nitrogen atoms in a_ buffer 
gas. When a radio-frequency field is applied so as to 
disorient the nitrogen, the spin-exchange collisions 
result in a change in the sodium polarization and 
consequently in the opacity of the bulb. The optical 
detection method makes it possible to measure the 
hyperfine splittings in a low magnetic field; the in- 
creased sensitivity of this method permits a reduction 
in the sample concentration, and the buffer gas reduces 
the Doppler broadening. Thus the hyperfine splittings 
of N“ and N"® can be measured with sufficient pre- 
cision to determine the hyperfine anomaly. During the 
course of our experiment Holloway and Novick* 
reported a measurement of the hyperfine splittings in 
N"™ using the optical orientation technique. We have 
previously given a preliminary report on the nitrogen 
measurements.® 

It turned out that the ratio of the hyperfine splittings 
could be measured more precisely than the ratio of the 
nuclear gyromagnetic ratios was known.'°-” Conse- 
quently the nuclear g factors were remeasured. This 
measurement was made by a double resonance tech- 
nique. The proton resonance in NH,4*t was monitored; 
the nitrogen resonance was then observed by noting 
the change in the proton resonance when a radio- 
frequency field was applied at the nitrogen resonant 
frequency. 

In the first part of this paper the method of spin- 
exchange orientation as a tool for observing para- 
magnetic resonance is discussed, and the measurement 
of the ‘N“ and N" hyperfine splittings is described. 
The second part of the paper describes the double 
resonance measurement of the N“ and N'* nuclear gyro- 
magnetic ratios. 


MEASUREMENT OF THE N*" AND N*® 
HYPERFINE SPLITTINGS 


A. The Method of Resonance Detection 


The method for the detection of paramagnetic 
resonance through spin-exchange collisions works in 
the following fashion. A spherical bulb, containing a 
mixture of sodium vapor, a rare gas, and gaseous 
nitrogen, is illuminated with circularly polarized 
sodium resonance radiation, and the transmitted light 
is monitored with a photocell. The arrangement of the 
apparatus is shown in Fig. 1. The absorption of the 
circularly polarized light and its subsequent emission 


8 W. W. Holloway and R. Novick, Phys. Rev. Letters 1, 367 
(1958). 

* Anderson, Pipkin, and Baird, Bull. Am. Phys. Soc. 4, 11 
(1959). At this meeting we reported a preliminary value of the 
hyperfine anomaly, and R. Novick informed us that he was also 
measuring the nitrogen hyperfine anomaly. On February 20, 
1959, Novick informed us he was submitting a preliminary value 
of the N'* hyperfine splitting to the Washington meeting of the 
American Physical Society. 

1 Kusch, Millman, and Rabi, Phys. Rev. 55, 666 (1939). 

4 J. R. Zacharias and J. M. B. Kellogg, Phys. Rev. 57, 570(A) 
(1940). 

2 W. G. Proctor and F. C. Yu, Phys. Rev. 81, 20 (1951). 
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in a different state of polarization results in a net 
transfer of angular momentum to the sodium vapor, 
which becomes polarized with respect to an axis of 
quantization along the direction of propagation of the 
incident light beam. As the sodium becomes polarized, 
the vapor becomes less absorbing and the light incident 
upon the photocell increases. Equilibrium is reached 
when the amount of angular momentum absorbed from 
the light is equal to that lost from the sodium vapor 
through collisions with the rare gas and the walls. An 
intense radio-frequency discharge is used to dissociate 
some of the nitrogen molecules into atoms. The para- 
magnetic nitrogen atoms then collide with the polarized 
sodium and become polarized. In the steady state there 
is a net polarization of the nitrogen. If a radio-frequency 
magnetic field is then applied at the nitrogen frequency 
it will change the nitrogen polarization. Through spin- 
exchange collisions the sodium polarization is reduced, 
and consequently the resonance radiation transmitted 
by the cell decreases. Hence the light transmission can 
be used to detect the nitrogen paramagnetic resonance. 


B. The Energy Levels of Atomic Nitrogen 


Atomic nitrogen has a 4S; ground state. The Hamil- 
tonian" for the nitrogen atom in a magnetic field is 


= AI-J—g suo -J—groHl-I 


B 
ee? ee a al 
21(27—1)J(2J—1) 


where A is the magnetic hyperfine interaction constant, 
gy is the atomic gyromagnetic ratio, g; is the nuclear 
gyromagnetic ratio, B is the quadrupole interaction 
constant, I is the nuclear spin and J is the atomic 
angular momentum. Other terms which have the same 
transformation properties as the quadrupole interaction 


HELMHOLTZ 


OE COILS ~~, 


RCULAR POLARIZING 
\ 


TER 





| | PHOTOCELL 


























0 0 


Fic. 1. A schematic representation of the 
optical pumping apparatus. 
18H. B. G. Casimir, Archives du Musee Teyler (III) 8, 201 
(1936). 
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can occur if there are certain types of configuration 
mixing in the atomic state.’ The quadrupole interaction 
is zero unless I and J are both one or greater. Thus the 
quadrupole interaction constant B is zero for N® 
(7=}4), but it is not necessarily zero for N“ (J=1). 

The ground state of N™“, which has a nuclear spin 
of one, contains three hyperfine states characterized in 
a low magnetic field by a total angular momentum 
F=I+J=3, 3, }. Each of these hyperfine states has 
its own characteristic g factor. The energy levels for N™ 
together with their g factors are shown in Fig. 2. 
Nitrogen-15 has a nuclear spin of } and consequently 
in zero magnetic field there are two hyperfine states of 
total angular momentum F=2, 1. The energy levels of 
the ground state of N' in a small external field are 
shown in Fig. 3. 


C. The Spin-Exchange Process 


In order to understand the factors which determine 
the amplitude of the signals and influence the observed 
line shape, it is necessary to investigate the systematics 
of the spin-exchange collisions. The spin-exchange cross 
sections are, also, of considerable interest themselves 
as they furnish another tool for the investigation of the 
forces between atoms. The large number of hyperfine 
states of the nitrogen and sodium atoms (8 for Na, 
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Fic. 2. The energy levels of the ground state of Nin a low 
magnetic field. E/A is plotted against //o. a=|gy|pollo/A; 
p=— (lga| —giuollo/A. 
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Fic. 3. The energy levels of the ground state of N' in a low 
magnetic field. E/|A| is plotted against Ho. a=|gy7|uollo/|A 
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12 for N', and 8 for N'*) make it desirable to obtain 
some kind of simplification so that the results can be 
readily understood. In this section we shall present a 
qualitative picture of these effects. 

To designate the state of an atom in a small external 
magnetic field the quantum numbers used are F, M rp, 
J, and J. Here F is the total angular momentum, Mr, 
is its projection on the magnetic field, J is the nuclear 
spin, and J is the total electronic angular momentum. 
Let the states of the nitrogen and sodium atoms before 
a collision be designated by the quantum numbers 
F,, Mry, 3, 11, and Fs, Mrs, 3, Iz. The cross section for a 
collisional transition into the state fy’, Mri’; Fo’, Mre’ 
will now be estimated. These transitions result 
principally from the dependence of the scattering 
cross section upon the relative orientations of the 
electronic angular momentum of the colliding sodium 
and nitrogen atoms. The interaction Hamiltonian for 
this system can be written as 


r= PV (r)+PiK (r), 


where P, and P,; are the projection operators for the 
states of total electronic spin angular momentum 2 
and 1, respectively. This Hamiltonian assumes that 
the scattering depends only upon whether the Na—N 
diatomic molecule enters a *2 or a *S state. The po- 
tentials K(r) for the 8S state and V(r) for the °Y state 
can be determined from measurements of the vibra- 
tional spectrum of the diatomic molecule Na—N. The 
sy potential K(r) is attractive, and the °Y potential V(r) 
is repulsive. In terms of the electronic spin operators 
S, and S, for the nitrogen and sodium atoms respectively 
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the projection operators are 


P,= (5+48,-S,)/8, 
and 


P= (3—4§,-S,), 8. 


To calculate the cross section a procedure similar to 
that used by Wittke and Dicke" and Purcell and Field'® 
will be employed. Take a set of relative coordinates in 
which the sodium atom is at rest and the nitrogen atom 
is incident upon it with an energy E and impact 
parameter S. The spin wave function will be a mixture 
of that corresponding to the * and °S states. During 
the collision the relative phase of these two parts of 
the wave function will change as they evolve with 
different energies. Thus after a collision the final wave 
function will be 


v= (Pote®*P, (FM Fi; F2,M Ps), 


where ¢ is the relative change in phase. This phase 
change will be assumed to be random and so ultimately 
an average over phases will be taken. In order to obtain 
the magnitude of the cross section, one must estimate 
the maximum impact parameter for which there will be 
a strong collision. It is reasonable to take this impact 
parameter as the one for which the particle will have 
zero velocity at the top of the centrifugal barrier for 
the * potential. If this impact parameter is called So 
then the spin-exchange cross section for the energy E 
will be 
o= mS0| (Fy,Mry’; F,!,M rz’ S| F,,Mr, > Fs,M Fs) | . 

where S= P2+ Pye" is a unitary matrix and where an 
average over the phase is performed. For estimating 
this cross section it is convenient to use the Rydberg 
potential for diatomic molecules.'* This potential is 


K=—D{1+)(r—r,) Je?-, 


where D, is the dissociation energy, 7, the equilibrium 
radius, 6 is given in terms of the force constant k, by 
b= (k,/D,)', and where r is the internuclear distance. 
The impact parameter Sp can be found by requiring 
that the energy 


E= (u/2)(7)?+ ES*/r’?+ K(r), 


be such that the turning point (u7=0) occurs at the top 
of the centrifugal barrier for S= So. Thus it follows that 


E=Es2/P+K(r), 
0=—2Es¢/r+dK/dr, 


from which one can find So by eliminating r. Using this 
method, the Purcell and Field'® calculations for the 
spin-exchange cross section, which were made using 


4 J. P. Wittke and R. H. Dicke, Phys. Rev. 103, 620 (1956). 
‘© E. M. Purcell and G. B. Field, Astrophys. J. 124, 542 (1956). 
16 Y. P. Varshni, Revs. Modern Phys. 29, 664 (1957). 
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the “best” hydrogen potential, can be reproduced for 
T=100°K and T=300°K to an accuracy of 10%. 

There are two spin-exchange cross sections which are 
of interest in this experiment. They are the sodium- 
nitrogen cross section which produces the nitrogen 
polarization and the nitrogen-nitrogen cross section 
which can increase the line width of the nitrogen 
resonance by shortening the lifetime of the states. To 
calculate the nitrogen-sodium cross section an estimate 
must be made of the equilibrium distance r,, the 
dissociation energy D,, and the force constant k,. The 
dissociation energy can be estimated from the chemical 
data on sodium and nitrogen bonds. This data suggests 
a value for D, of between 1 and 4 ev. Pauling’s rule for 
the sum of covalent radii gives a value for r, of 
2.28 A.!718 Badger’s rule, which is an empirical relation- 
ship between the force constants and the internuclear 
distance of diatomic molecules, can be used to estimate 
k...® For diatomic molecules consisting of an element 
from row 1 and an element from row 2 of the periodic 
table, such as N—Na, Badger’s rule is 


k.(r-—0.94)®= (0.535)°, 


where r, is in A and k, is in megadynes/cm. For r, 
=2.28A this gives k-=6.4X10' dynes/cm. For a 
particle with an average thermal energy of 400°K this 
gives the result that rSo?=1.5X10-" cm? for D,=1 ev 
and 2S°?=5.5X10-" cm? for D.=4 ev. 

A similar procedure can be used to estimate the 
nitrogen-nitrogen exchange cross section. In this case 
the situation is more complicated since when the two 
atoms collide they can form a 2, *, °2, or “2 state. 
Of these the '= and *2 states have strongly attractive 
potentials, the ®*S state has a slightly attractive po- 
tential, and the 72 state has a repulsive potential. For 
the estimate of So the potential for the '= state was 
used and the calculation of 5? was made in the same 
way as for the Na—N system. The empirical constants 
used were D.=9.756 ev, r-=1.094 A, and k,=2.293 
10° dynes/cm. For thermal atoms at 400°K it was 
found that wSo?=4.5X10- cm?. Although it seems 
improbable at a temperature as high as 400°K, it may 
be possible that the nitrogen-nitrogen spin exchange 
cross section may have been underestimated because 
the Van der Waals’ forces have not been treated 
correctly. 

In order to understand the exchange of populations 
in spin exchange, the case of nitrogen and sodium with 
no nuclear spins will be considered. It will be assumed 
that the relaxation times for the ground states of these 
two atoms is very long. If the populations of the various 
nitrogen states are denoted by aj, a;, a_;, and a_; and 


the sodium by 6; and b_; then the change in the 


'7L. Pauling, The Nature of the Chemical Bond (Cornell Uni 
versity Press, Ithaca, 1948), pp. 160-193. 

18M. L. Huggins, J. Am. Chem. Soc. 75, 4123 (1953). 

19 R. M. Badger, J. Chem. Phys. 2, 128 (1934) ; 3, 710 (1935). 
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populations due to spin-exchange collisions is given by 
da;/dt=}rS0?0[, — 3a3b_4+3a,), |, 
da;/dt= §S0*0[_3a4b_, — 3b; — 4a,b_,+4a_4b; ], 
da_;/dt=}mS0?0{_4a,b_; — 4a_b,— 3a_,b_,+3a_,b, ], 
da_;/dt=}mS?r[_ 3a_,b_;— 3a_4b, |, 
db; /dt=}rS0?0[, — (3a;+4a_,+3a_))b; 
+ (3a3+4a,+3a_;)b_, ], 
db_;/dt=}mS,70[, (3a,;+4a_,+3a_;)b; 
— (3a3+4a,+3a_,)b_; ], 
Ni=4;+a;+a_;+4_;, 
N2=b;+b-4, 
where mS,” is the area related to the cross section for 
the Na—N system, where J; is the total number of 
N atoms, and where N,2 is the total number of Na 


atoms. Direct substitution into these equations shows 
that in the steady state the solution is given by 


a al 
3-—a@ 


by:b6-y=a: 1. 


Q3:03,:0_3:a a :a.l, 


This solution suggests the general form of the steady- 
state solution for all spin-exchange problems. It is the 
most probable way in which two sets of particles can 
be arranged so that the number of particles in each set 
is a constant and so that the total z component of 
angular momentum is a constant. This implies that the 
density matrix for a system of Na and N in spin- 
exchange equilibrium is given by 


expl— (112+ 51.)8] expl— (22+ S2:)8 ] 


p= ; — ) 
Tr{expl— (/1.+$1.)8 ] exp[— (/2.+S2:)6 ]} 


where @ is such that the total z component of angular 
momentum of the system is given by Tr[(J1.+81. 
+Io:+S2:)p]. The parameter 8 might be called an 
angular momentum spin temperature. It has been 
shown by Hawkins” that for optical pumping by a 
sodium light source emitting equal amounts of D,; and 
D, radiation with no reorientation in the excited states, 
the population of the sodium hyperfine states can be 
closely approximated by a density matrix of this form. 
In the case of reorientation in the excited state, the 
situation is more complicated.?!? The application of 
this theory to the experimental situation encountered 
will be discussed in the section on the experimental re- 
sults. Figure 4 shows the relative populations of N", 
N", and Na” in spin-exchange equilibrium. 

2” W. B. Hawkins, Phys. Rev. 98, 478 (1955). See Table IT. 

*1W. E. Bell and A. L. Bloom, Phys. Rev. 107, 1559 (1957); 
H. G. Dehmelt, ibid. 105, 1487 (1957). 

* P, Bender, thesis (unpublished) Princeton University (1956). 
This thesis contains a calculation of the state populations for the 
case of reorientation in the excited state for the electron spin, but 


no reorientation of the nuclear spin. In this case the density matrix 
is almost that which we have found for spin-spin equilibrium. 
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Fic. 4. The relative populations for N'4, N'5, and Na® in spin- 
spin equilibrium. The parameter a must be determined from the 
total angular momentum of the ensemble. Note.—In lower column 
of Na*, top and bottom rows, the numbers 1 and —1 should be 
reversed, to now read ‘‘—1—a!, 0—a?, 1—a'.” 


D. The Optical Pumping Apparatus and 
Experimental Results 


The physical arrangement of the apparatus used for 
the optical pumping experiment is shown in Fig. 1. 
A General Electric Na—I sodium lamp mounted in an 
oven produced the sodium resonance radiation. This 
light was then passed through a circular polarizing 
filter made by the Polaroid Corporation. The light 
subsequently passed through the absorption cell, which 
was mounted in another oven and was finally focused 
on a 929 photocell. The output of the photocell was sent 
to a Tektronix type 122 preamplifier and then to a 
Tektronix type 512 oscilloscope. 

The absorption cell, which was a 500-cc spherical 
flask, contained a small amount of vacuum distilled 
sodium, 1 cm Hg of nitrogen, and 1 to 3 cm Hg of 
spectroscopically pure neon or argon. This bulb was 
provided with two uranium glass-covered tungsten 
leads. These leads were used to produce a 30-Mc/sec 
pulsed discharge in the bulb. 

The oven containing the absorption cell was mounted 
at the center of a set of 32-inch-diameter Helmholtz 
coils. These coils were used to produce a magnetic 
field along the direction of the light beam. The axis 
of the apparatus was oriented so that it coincided with 
the horizontal component of the earth’s field. Another 
set of coils was used to cancel the vertical component 
of the earth’s field. 

A ten-turn solenoid five inches in diameter was used 
to produce the radio-frequency field for inducing the 
transitions. The frequency source was a General Radio 
805B oscillator. Frequency measurements were made 
with a Hewlett-Packard 524B frequency counter. For 
the measurement of the frequency the laboratory 
100-kc/sec standard was used as a time base. This 


frequency is continuously checked with other standards 
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and with an Atomichron made by National Company, 
and is stable to 1 part in 10°. 

The dc magnetic field was modulated at a 20-cps rate. 
This 20-cps frequency was phase locked to the 60-cps 
voltage in the room. At one point in each cycle the 
oscillator, which produced the discharge, was gated 
on for 3 msec. This produced an intense discharge in the 
bulb and dissociated some of the nitrogen molecules 
into atoms. A short time constant was used in the 
preamplifier to shorten the recovery from the overload 
produced by the discharge. During observations the 
temperature of the oven was always adjusted so as to 
maximize the signals. This generally corresponded to 
50% absorption by the cell. The measurements were 
made by setting the signals at a fixed point on the 
oscilloscope and reading the frequency. Provisions were 
made so that the phase of the sweep could be changed 
by 180° to permit observation of the transitions with 
both increasing and decreasing magnetic fields. 

The largest source of error in this experiment is due 
to the dependence of the line frequency observed in this 
fashion upon the direction of the modulation sweep 
relative to the orientation of the static magnetic field. 
This shift apparently arises from the population 
dependence of the various sublevels upon whether left 
or right circularly polarized light is used and upon the 
extra delay time in the observation produced by the 
spin exchange collision time. This type of asymmetry 
is frequently found in double resonance experiments.” 
Extensive investigations were made to arrive at a 
procedure which would yield results free from any 
systematic error. It was found that, if the measure- 
ments were made by averaging the two readings 
obtained with the modulation field both increasing and 
decreasing, the g-factors of the Zeeman transitions of 
atomic nitrogen could be measured consistently and 
agreed with the values calculated using Heald and 
Beringer’s value for the g-factor of atomic nitrogen, 


—gs/g(proton) = 658.163+0.010. 


Consequently, this method was adopted for making the 
measurements. In addition measurements were made 
with the static field both parallel and antiparallel to 
the direction of propagation of the light beam. 

The source of line width in this experiment is not well 
understood. The apparent width of the signal as dis- 
played on the oscilloscope is a combination of the true 
line width and the time necessary for the nitrogen to 
depolarize the sodium. Consequently it is difficult to 
determine the line width directly from the observed sig- 
nals. The line width can, however, be estimated from the 
distribution of successive measurements. This gives a 
line width for the nitrogen signals of 2 kc/sec. This 
width is the same for all the observed transitions. If the 
populations of the nitrogen magnetic substates are 
assumed to be those expected for the most probable dis- 


% J. Eisinger and G. Feher, Phys. Rev. 109, 1172 (1958). 
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TaBLE I, The observed and predicted relative amplitudes for 
the AM = +1 transitions in N'*, The calculations labeled A were 
made assuming that the line width in frequency was the same for 
all lines. The calculations labeled B were made assuming that 
the line width was produced by an inhomogeneous magnetic field. 


Calculated 


Observed amplitude 


Transition amplitude 
(2,2) — (2,1) 
(2,1) — (2,0) 
(2,0) > (2, —1) 

2,-b—-@ —% 
(1,1) + (1,0) 
(1,0) > (1, —1) 
(2,0) — (1, —1) 
(2,1) — (1,0) 
(2,2) — (1,1) 

(2, —2) > (1, —1) 

(2, —1) — (1,0) 
(2,0) — (1,1) 
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tribution for a system containing a given amount of 
angular momentum and if the line widths of the 
nitrogen are assumed to be the same for all transitions, 
then the relative amplitudes of the signals as displayed 
on the oscilloscope can be understood. In Table I the 
amplitudes of the transitions in N' are listed together 
with the amplitudes calculated on the basis of this 
simple model. It is clear that the relative amplitudes 
of the pairs of hyperfine transitions with the same 
dependence on magnetic field (i.e., F, M— F+1, 
M+1, and F, M—F+1, M-—1) are given by this 
analysis. However, the relative amplitudes for any pair 
of lines are not given with precision by this model. 

The sodium line width measured using the oscilloscope 
signal was 600 cycles/sec. It has been pointed out by 
Bloom* that a signal observed in this ‘fast passage’’ 
fashion cannot be easily interpreted in terms of the 
true line width. The sodium line width was not in- 
creased by more than 200 cycles/sec when the atomic 
nitrogen was present. From this and the exchange cross 
section an upper limit can be placed on the concen- 
tration of atomic nitrogen present. This is V=2rév/10 
= 1.310" atoms/cc. 

The line width of the nitrogen hyperfine transitions 
is approximately 2 kc/sec. If it is assumed that the 
nitrogen concentration is V=1.3X10" atoms/cc and 
that the spin-exchange cross section is indeed o=4.5 
X 10~"* cm? then the nitrogen line width due to collisions 
between two nitrogen atoms is only 6v=30 cycles/sec. 
Thus some other mechanism must be responsible for 
broadening the line. It is felt that broadening due to 
magnetic field inhomogeneity is not the cause because 
if this were the case the lines which have the smallest 
dependence on magnetic field would be the narrowest, 
which is certainly not so. The most probable mechanism 
for explaining this line width is the collision of a 
nitrogen atom with a nitrogen molecule during which 
the atom is exchanged with one of the atoms making 


* A, Bloom, J. phys. radium 19, 881 (1958). 
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up the molecule. This is an important mechanism for 
the para- to ortho-hydrogen conversion. Using the 
observed line width, a value for this cross section can 
be obtained : 


2x(dv) (6.28) (2000) 
a= = =3.6X10-® cm’. 
Nv (0.33 10!8) (10°) 
If it is assumed that the collision diameter of Ne is 2 A, 
then this cross section can be used to calculate 
the potential barrier preventing this reaction. Thus 
a= (/4)(2 A)*f where f is the fraction of the time a 
particle has a velocity large enough to overcome the 
potential barrier. This is assumed to be the same as the 
fraction of particles, in a Maxwell-Boltzmann distri- 
bution, having a velocity large enough to overcome this 
potential barrier. This value is f=1.2X 10-*. This leads 
to the conclusion that the critical velocity for the 
reaction is 1¢= 2.50, where 0 is the average velocity of a 
thermal atom at T=400°K. This means that the 
potential barrier opposing the collision is 


V~ dmv? = 0.35 ev. 


The component along the axis of the apparatus of 
the 60-cycle/sec stray magnetic field is 1 milligauss. 
This is } the amplitude of the 20-cycle/sec modulation 
field. The stray field has high-frequency components 
which could broaden the line slightly, but its principal 
effect is to distort the observed line shape. 

The following procedure was used in making the 
measurements of the hyperfine splittings. All of the 
observations were made in a field of approximately 0.07 
gauss. Only the AF=+1, AM=+1 nitrogen z-transi- 
tions were observed. The measurements were made in 
sets of four, two with one phase of the modulation field 
and two with the modulation shifted by 180°. The so- 
dium line was measured first as a calibration, then each 
of the hyperfine transitions in a given F > F+1 multi- 
plet were measured and then finally the sodium was 
measured again. In any given F— F341 set of lines 


(c) (d) 


Fic. 5. The hyperfine transitions in atomic nitrogen. (a) The 
Zeeman pattern in atomic sodium at a field of about 0.07 gauss. (b) 
The hyperfine transition F=2, Mr=0— F=1, Mr=—1 in N*. 
(c) The hyperfine transition F=§, Mrp=—}4— F=}, Mrp=—} 
in N¥,‘(d) The hyperfine transition F=}3, Mr=—}— F=}, 
M r=} in N™. 
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Fic. 6. The Zeeman transitions in atomic N'. (a) The Zeeman 
transitions in atomic sodium at a field of 0.07 gauss, without the 
radio-frequency discharge on. (b) The Zeeman transitions in the 
F =2 state of N' at a field of 0.07 gauss. (c) The Zeeman transi- 
tions in the F=1 state of N™ at a field of 0.07 gauss. (d) The 
Zeeman transition F=2, Mr=2— F=2, Mr=1 in N" at a 
field of about 3 gauss. 


there always occur pairs such that when their sum is 
taken there is only a quadratic dependence upon the 
external magnetic field. The data was analyzed by 
combining the lines in this manner. The second-order 
corrections were then computed from the measured 
value of the magnetic field and the value of the zero- 
field hyperfine splitting derived. A typical set of 
observed signals are shown in Figs. 5 and 6. 
For N!* there are three such pairs of transitions 


(2 ) 
(2 


0) — (1,1) 
0) > (1, —1))’ 
) 


(2,1) — (1,0) 
(2, —1) — (1,0) 
(2,2) — (1,1) | 
(2, —2) > (1, —1)}" 


\ 


For nitrogen N™ there are four such pairs in the 
= $ —» 3 multiplet and two in the F=} — $ multiplet. 

The results of the measurements on the various lines 
in N“ are shown in Table II and those of N'® are shown 
in Table III. The errors quoted in these measurements 
are the standard deviations. 

To see if there was any dependence of the transition 
frequency upon the pressure of the buffer gas, bulbs 
were prepared with neon pressures of 1 to 3 cm Hg and 
with the neon replaced by argon. The pressure shift 
was less than 10 cycles/mm Hg neon and there was no 
observable shift when the neon was replaced by argon. 
This result is reasonable. It has been shown that the 
Stark shift of the hyperfine transition in hydrogen, A(&), 
is proportional to the hyperfine separation,”® i.e., 
A(&)= &fAv, where f depends on the structure of the 
hydrogen atom. If it is assumed that the pressure shift 
is essentially a Stark type effect and that 


A(&)= & fAy, 
where f is characteristic of a particular atom, holds 


26 R. D. Haun and J. R. Zacharias, Phys. Rev. 107, 107 (1957). 
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TaBLe II. The values found for the zero-field hyperfine splittings 
in N" using the different pairs of transitions. Only one set of 
transitions were measured for the } — 4 multiplet. The quoted 
errors are standard deviations. 





F =3/2 —5/2 2 (Av) 5/2 + 32 Mc/sec 


52.254499+0.000079 
52.254454+0.000101 
52.254327+0.000154 
52.254395+0.000145 


2( Av) a/2 ~ 1/2 Mc/sec 


~ 31.352927 +0.00085 


F=1/2 ~3/2 


Mr=(}— —$)+(-3— 9) 


generally, then it would be expected that the pressure 
shift in nitrogen (Av=30 Mc/sec) would be much less 
than for Cs (Av=9000 Mc/sec). The observed shift in 
neon for Cs is about 600 cycles/mm Hg.”*.*? On this 
basis the nitrogen shift would only be approximately 2 
cycles/mm Hg of neon. 

To determine the sign of the hyperfine interaction 
constant, the nitrogen Zeeman patterns were studied 
in a high magnetic field. This experiment utilized the 
fact that if the circular polarization of the light is 
known then it is also known whether the states of 
positive m values are more populated than those of 
negative m values. To see this consider the case of N'°. 
If right circularly polarized light is incident upon the 
sample, so that only AM=-—1 transitions are induced, 
then the state with F=1, M=—1 will have a greater 
population than those with F=1, M=0 and F=1, 
M=-+1. Hence the transition (F=+1,M=-—1)—- 
(F=1, M=0) will be more intense than the transition 
(F=1, M=0) — (F=1, M=1). If A>0 then the most 
intense transition will occur at a lower frequency than 
the weaker one and if A <0 the most intense transition 
will occur at a higher frequency than the weaker one. 
By examining the intensity of the various Zeeman 
patterns in a high field it was found that A (15)<0 and 
A(14)>0. This agrees with the signs expected for 
normal hydrogen-type hyperfine splitting with negative 
and positive nuclear magnetic moments in N' and 
N", respectively. 

The final values obtained for N“ are 

Av(14)s-,= 26.12721+0.00018 Mc/sec, 
Av(14);-4=15.67646+0.00012 Mc/sec. 
The quoted error is six probable errors. These two 
results can be used to determine the magnetic dipole 


and electric quadrupole interaction constants. The 
intervals are given by 


Av(14),-3=$A+5/4B, 
3 
24 


Av(14);-;=3A —9/4B. 


When solved these equations give the following values 


26M. Arditi and T. R. Carver, Phys. Rev. 112, 449 (1958). 
*7 Beaty, Bender, and Chi, Phys. Rev. 112, 450 (1958). 
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for A and B: 
A=+10.45091+0.00007 Mc/sec, 
B=—0.00005+0.00008 Mc/sec. 


There is no statistically significant deviation from the 
interval rule. This value differs from the earlier reported 
value of Holloway and Novick.* 

The value obtained for the N'* hyperfine splitting is 


Av(15) = 29.29136+0.00016 Mc/sec, 


and the corresponding value of the magnetic dipole 
hyperfine constant is 


A (15) = — 14.64568+0.00008 Mc/sec. 


NUCLEAR MOMENTS OF N" AND N® 
A. Theory of the Experiment 


Previous to this experiment, the nuclear magnetic 
moments of N“ and N'® were measured both by the 
molecular beam method." and by nuclear magnetic 
resonance.” The ratio of the two gyromagnetic ratios, 
g(14)/g(15), was only known to one part in 10*, how- 
ever. For the remeasurement in this experiment it was 
decided to use a double resonance method. A complex, 
(NH,)*, was selected in which the N'™ quadrupole 


TaBLE III. The values found for the zero-field hyperfine 
splitting of N'* using the different pairs of transitions. The quoted 
errors are standard deviations. 


2(Av) Mc/sec 
58.583171+0.000162 
58.582455+0.000146 
58.582557+0.000131 


palniaet i © 
( 0—-1)+( O0--1) 
( 1—-2)+(-1- -2) 


interaction was small and in which the proton resonance 
satellites produced by the interaction with the nitrogen 
magnetic moment could be easily observed.**.* The 
nitrogen resonance was then detected by applying a 
radio-frequency field at the nitrogen frequency and 
observing the change in the structure of the proton 
resonance. = 

For a species such as the (N“H,)t ion which contains 
two types of nuclei, whose gyromagnetic ratios are 
different, the nuclear magnetic resonance signal of one 
nucleus is split into a multiplet of lines by an interaction 
of the form Q@I,-I, with the other nucleus.” This 
interaction is produced by the coupling of one nucleus 
to the other through the electron cloud.*' The Hamil- 
tonian for the NH,* system is 


4 4 
c= — ze gwnH-li;—gou,H-1,+ > @hi;-I,, (1) 
i=l i=l 
28 R. A. Ogg, Jr., and J. D. Ray, J. Chem. Phys. 26, 1339 (1957). 
2 Schmidt, Brown, and Williams, J. Mol. Spectroscopy 2, 539 
(1958). 
% Gutowsky, McCall, and Slichter, J. Chem. Phys. 21, 279 
(1953). ‘ 
3’ N. F. Ramsey and E. M. Purcell, Phys. Rev. 85, 143 (1952). 
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where wa is the nuclear magneton, 1 refers to the 
proton, 2 to the nitrogen nucleus, and the summation 
is over the four equivalent protons. In a static magnetic 
field H=Hok the energy levels of this Hamiltonian are 
E(M,,M2) = — gibntToM — gon y)M2+ QM Ms», (2) 
where 
4 
M,= > Mi. 
i=l 
Throughout the discussion it will be convenient to use 
the effective total proton spin I;=>).-:‘Ii. These 
energy levels are shown in Fig. 7. The allowed proton 
transitions (AM,=+1,AM.=0) occur at_ the 


frequencies 
hv, (M2) = — gin o+ aM», 
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Fic. 7. The energy levels of N'4H,*+. M, refers to the total z 


component of angular momentum of the protons and M;¢ to the z 
component of spin of the nitrogen. The statistical weights of the 
levels are shown beside the levels. 


and the allowed nitrogen transitions (AM,=0, 


AM.= +1) occur at 
hvs(M),) = — gounllo+ QM. 
For (N“H,)+, M,=2, 1,0, —1, —2, and M.=1, 0, —1. 


Thus the proton resonance is split into three equally 
spaced components and the nitrogen resonance into 
five equally spaced components. The pattern of lines 
which would be observed if resonance experiments were 
performed on the nitrogen and hydrogen separately 
are shown in Fig. 8. 

To obtain the relative effect upon the proton reso- 
nances of a second radio-frequency field applied at the 
various nitrogen frequencies assume that »:(1), 71(0), 
and »;(—1) are being observed simultaneously. If 
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(b) 
Fic. 8. The calculated positions of the resonance lines for N'“H,*. 
(a) The proton resonances. (b) The nitrogen resonances. 


v,(M;) is now applied to the sample, the populations 
in the states (M,,M2=1), (Mi, M2=0), and (M,, 
M,=—1) will be altered so that all three of the proton 
resonances are affected. The relative intensity of the 
effect of driving v2(M,) on the proton signals is given by 
the number of states with the quantum number M, 
multiplied by the number of transitions going to a given 
sublevel (M1,M2). The results of this calculation are 
shown in Table IV. In Fig. 7 the situation corre- 
sponding to the observation of the transition v;(0) and 
the saturation of v2(2) and v2(0) is shown graphically. 

To properly interpret the double resonance experi- 
ment it is necessary to find the energy levels for the 
case where the applied magnetic field has a large 
oscillating component. If the ineffective rotating 
component of the oscillating field is neglected, then the 
magnetic field is 


H= Hok+ (A, coswit+H2 coswel)t 
+ (A, sinw;/+H» Sinwet)7. (3) 


For this experiment H2>H, and this problem is similar 


to one treated by Bloom and Schoolery.” The 


Schrédinger equation for this case is 
ihdy/dt=T3yy= EY, 


where the state of the system is assumed to be an 
energy eigenstate and where the Hamilton, 3, is given 
by Eq. (1) with the magnetic field given by Eq. (3). 


TABLE IV. Calculated relative intensity of the effect upon the 
three equal proton resonance lines of applying a radio-frequency 
field at the nitrogen frequencies. v2(M/,) designates the nitrogen 
transition for which the total z components of the proton spin 
is M. 
Nitrogen transition vo(1) —v2(0) 
Intensity 8 12 


% A. L. Bloom and J. N. Schoolery, Phys. Rev. 97, 1261 (1955). 
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TABLE V. Line positions computed for (N“H,)* for large H,2 
field at the nitrogen resonance frequency (hw2=goynlHo). The 
calculations were made for the case where gounH2=@Q. gounAH 
has been neglected. 
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If the unitary transformation 


U= exp (lws- Ii), 
where 


4 
I=],+1.; => hi, 
i=l 


and 
@®o= —wek, 


is used to transform to a rotating coordinate system, 
the new Hamiltonian and wave function are given by 
Ke= exp (iw: It)K exp(—iw2-Is), 
Wr=exp(iws:I/)y. 
This leads to 
itvr=[— £ubnll o—hwe) 1 12— (g2unl1o—hwe)] 2, 
+ @],-To— gignH el iz— gounHeles Wr 
= (E+hwel pr. 


Hence the effective Hamiltonian in the rotating 


system is 
x'= inc (gin o—hwe)11.— (goutnldo—hw.) I> 

+ @I1,-I,— gun el 1.— gon ol o:. 
For the case where 


we gouinlT ‘h, 
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the effective magnetic field seen by nucleus 1 is 
(Ho—tuw2/giin)k+ Hat. 
The effective field seen by nucleus 2 is 
(Ho—heo2/ gopin— @M1/goun)k+ Hot. 


Here the interaction @I,-I, has been regarded as 
producing an effective field at nucleus 2. Since the 
effect of Hz on nucleus 1 is small, the eigenvalues of 3’ 
can approximately be written 


E'= — (gi¢nllo—hw.)M, 
— Mo (g2unHo— QM \—hw2)*+ (gounlf 2)? ]}, 


where M, is the projection of J; along the z axis and 
M, is the projection of J, along the effective field at 
nucleus 2. This calculation neglects second order effects 
due to Q@I,-Iy. The selection rule AM,;=+1, AM2,=0 
does not hold in this case since the effective field of 
nucleus 2 changes when M, changes; consequently, a 
state with a given value of M2 and one value of M; may 
not be orthogonal to a state with different values of 
M, and M,. The energies of the various transitions are 
given by 


AE= E'(M,,M2)—E’(M1',M2’) +hw». 
The approximate selection rule 


AM=+1, AM,=0, +1, +2, 


is valid if there are no double-quantum transitions. In 
order to calculate the observed pattern of signals w: 
was assumed to be at resonance so that 


hw2= gounllo, 


and H was written as Ho+AH. The AH’s for which 
the proton was at resonance so that 


AE=hw 


were then found. It was found that the best fit to the 


Fic. 9. (a) The theo- 
oH retical positions at which 
IN UNITS the proton resonances 
ous) should occur when 
oe H1,=0. The observed 
resonances are shown 
above the calculated 
ones. (b) The theo- 
retical positions for the 
proton resonances when 
He is large and fw 
= gounH. 
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experimental data was obtained for a H» such that 


S2ltnl2~ Q. 


Table V shows the calculated positions of the 
transitions. Since gx<gi, gounAH was neglected in 
constructing this table. Figure 9 shows the observable 
transitions for the case H2=0 and the case H» large and 
such that Aws= gou,H together with the experimentally 
observed line patterns. No attempt was made to 
calculate the relative intensities of the lines. 


B. The Experimental Results 


A Varian Associates high-resolution spectrometer 
and electromagnet were used to observe the nuclear 
resonance. This was a standard spectrometer built to 
operate with the proton frequency at 40 Mc/sec. The 
spectrometer head was modified so that the transmitter 
coil could be driven both by a source at the proton 
frequency (40 Mc/sec) and by a source at the nitrogen 
frequencies (3 and 4 Mc/sec). Provisions were made to 
decouple the two sources but no effort was made to 
make the transmitter coil resonant at the nitrogen 
frequencies. A General Radio type 616D oscillator and 
a small power amplifier were used to produce the radio- 
frequency signals at the nitrogen frequencies. Although 
this oscillator was not stable enough to remain on the 
nitrogen resonance for long periods of time, sufficient 
accuracy was obtained by allowing the oscillator to 
drift through the nitrogen resonance frequency slowly 
as the temperature of the tank circuit changed. A 
Hewlett-Packard 524B frequency counter was used to 
measure the frequency of the nitrogen oscillator every 
2 seconds. The proton’s frequency was checked peri- 
odically. In this manner any drift of the main magnetic 
field could be corrected for. 

The nuclear double resonance was performed in a 
saturated (17°C) solution of NH,Cl in 3:1 H,O—HCI. 
The NH, ion was selected because of the strength of 
the resonance signals and because it has a very small 
quadrupole interaction.** This made it possible for the 
spin-lattice relaxation times for N™, which has a 
quadrupole moment, and for N', which has no quad- 
rupole moment, to be approximately the same. Measure- 
ments were made in a sample containing both N“H,+ 
and N'H,*, so that their chemical environments were 
identical. A typical run through the resonance in 
N"“H,* is shown in Fig. 10. The three proton resonances 
were observed to change radically as the nitrogen 
resonance was approached. Similar curves were obtained 
for N'®*H,4*. Only three resonances near fiw2= gou,H 
were observed in this experiment. The ratio of their 
intensities was 5, 7, 5. The intensities were nearly 
those expected for the transitions 


M,=1, Ma=+1— M,=1, M.=0, 
M, = 0, M, = +1 — M,=0, M, 0, 
M,=-—1, M.=+!1 —_ M,= —1, M.=0. 


HYPERFINE 


ANOMALY 



































(c) (d) 


Fic. 10. A typical set of recorder traces of the proton resonances 
as the nitrogen resonance is approached. The large peak on the 
right is the proton resonance in water. The proton frequency was 
vi =39,999 4000 Mc/sec and the separation of the three reso- 
nances is 61.5 cycles per second. (a) v2=2.889506 Mc/sec, (b) 
v2= 2.889460 Mc/sec, (c) v2=2.889447 Mc/sec, (d) v2= 2.889434 
Mc/sec. 


Also, the separation of these resonances was the same 
as the separation of the proton resonances. Thus their 
identification was complete. The resonances corre- 
sponding to the transitions 


M,=+2, M,.=+1 4 M,=32, M,.=0, 


were not observed. Their intensity should theoretically 
have been 0.6, which would have been only about § the 
size of the noise and hence difficult to detect. 

Five runs were made on both N'® and N" in the 
same sample. The results are shown below. The errors 
quoted are six probable errors. 


g(15)/g(14) = 2u(15)/u(14) 
= — 1,402 757 60.000 001 5, 


| ¢(14)/g(H’) | =0.072 236 947--0.000 000 080, 

| g(15)/g(H’) | =0.101 330 930-+-0.000 000 080, 
@(15)=73.042.0 cps. 
@(14)=51.0+2.0 cps. 


A large number of runs were made with the N"™ 
and N! in different samples and the results were 
identical with those obtained with the N“ and N" in the 
same chemical environment. The spin-spin interaction 
constant @ was measured from the splittings of both 
the nitrogen resonances and the splitting of the proton 
resonances. 

The agreement of the observed line pattern with the 
expected results seems to be satisfactory in all respects 
except that the structure of the lines for Ha2= gounHo is 
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not fitted precisely by any value of H» assigned. The 
cause of this discrepancy is not known. 

It is amusing to note that the nuclear moment of 
N® is fitted quite well by a single odd proton in a p; 
state, and the moment of N" is fitted by an odd proton 
in a p, state and an odd neutron in a p; state using j-7 
coupling. The single-particle theory gives 


u(15)= —0.263n,, 
u(14)=0.376pn,. 


CONCLUSIONS 
The values of the hyperfine intervals and the nuclear 
magnetic moments can be combined to give the 
hyperfine structure anomaly for N' —N". It is 


A(15)/A(14) 


A= —1=0.000 983+-0.000 017. 


g(15)/g(14) 


This is a surprisingly large anomaly since the configura- 
tion of atomic nitrogen is (1s)?(2s)*(2p)*. 

Goudsmit' has shown that the zero-field hyperfine 
splittings in an atom with a 4S; ground state should be 
zero so that the existence of such large hyperfine 
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intervals implies some configuration mixing. The fact 
that there is no violation of the interval rule, the size 
of the hyperfine intervals, the observed sign of the 
hyperfine interaction constants A (14) and A (15), and 
the result that the electronic g factor of the nitrogen 
atom is the same as for the free electron suggest that 
the configurations which make up the ground state 
of the nitrogen atom are probably (1s) (2s)?(2p)*(ns) 
and (1s)?(2s)(2p)*(ms) as well as (1s)?(2s)?(2p)*. This 
type of configuration mixing was suggested by Abragam, 
Horowitz, and Pryce to explain the hyperfine intervals 
observed in the paramagnetic resonance of S-state 
ions.** 
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Radioactive Decay of Dy’**+ 


B. H. KEeTeLie anv A. R. Bros! 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received May 1, 1959) 


Decay of Dy’ has been shown to feed three excited levels in Tb'®*. Gamma rays with energies of 58 kev, 
200 kev, 290 kev, and 350 kev have been observed and electron-capture branching ratios have been de 
termined. Only L electron capture to the 350-kev level has been detected. The half-life of the 58-kev level in 
Tb'™ has been shown to be less than 1X 10~* sec. The K conversion coefficient of the 58-kev gamma ray has 
been measured and found to be 51.5. The disintegration energy of Dy! has been shown to lie between 360 
and 400 kev; the half-life was remeasured and found to be 144.4+0.2 days. 


INTRODUCTION 


HE studies of Ketelle' and of Butement? indicated 
that Dy’® decayed by orbital electron capture to 
the ground state of Tb’. The latter work established 
the mass assignment and an upper limit of 0.1°% for 
decay by positron emission. Mihelich, Harmatz, and 
Handley* reported observations of L subshell conversion 
electrons which indicated that some decay occurred to 
the known 58-kev level of Tb'®*. Several groups of ex- 
perimenters* have reported Coulomb excitation studies 
} This paper is based upon work performed at Oak Ridge 
National Laboratory, which is operated for the U. S. Atomic 
Energy Commission by Union Carbide Corporation. 
1B. H. Ketelle, Phys. Rev. 76, 1256 (1949). 
? F. P.S. Butement, Proc. Phys. Soc. (London) A64, 428 (1951). 
* Mihelich, Harmatz, and Handley, Phys. Rev. 108, 989 (1957). 
*G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 981 
(1956). 


which indicate the presence of levels in Tb’ at 58 kev 
and 136 kev. Precise values for the transition energies 
between the low-lying levels have been reported.* The 
energy difference between the first excited level and the 
ground state is 57.99 kev and the difference between the 
first and second excited states is 79.51 kev. There have 
been many studies of the beta decay of the 18-hr Gd'** 
to levels in Tb'*. The reports of Marty,’ Ballini and 
Barloutaud,’ and Malik, Nath, and Mandeville,’ are the 
most complete and make reference to earlier work. 


5Huus, Bjerregaard, and Elbek, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 30, No. 17 (1956). 

6 Strominger, Hollander, and Seaborg, Revs. Modern Phys. 30, 
585-904 (1958). Unpublished measurements of Chupp, DuMond, 
Gordon, Jopson, and Mark. 

7N. Marty, Compt. rend. 241, 385 (1955). 

’ R. Ballini and R. Barloutaud, J. phys. radium 17, 534 (1956). 

® Malik, Nath, and Mandeville, Phys. Rev. 112, 262 (1958). 





RADIOACTIVE 


EXPERIMENTAL 


An intense source of Dy'® prepared by proton irradia- 
tion of Tb'® was highly purified by means of ion- 
exchange techniques."” The spectrum of the electromag- 
netic radiation which passed through a 585-mg/cm? Sn 
absorber and was detected by a 1} in. X1 in. Nal crystal 
is shown in Fig. 1, curve a. The shape of this spectrum 
did not change when the source material was repurified 
by passing it through a bed of new ion-exchange resin. 
The prominent photopeak indicates a gamma ray of 
350+ 10 kev. This energy is obtained by direct compari- 
son with the 364-kev gamma ray of Gd!®*. After correc- 
tions have been made to this curve for the difference in 
absorption due to 585 mg/cm? Sn and for the difference 
in detection efficiencies of the Nal crystal, the ratio of 
K x-rays to 350-kev gamma rays emitted by the source 
is found to be 1X 10°. In addition to the 350-kev gamma 
ray, there is some indication of two other gammas be- 
tween 200 and 300 kev, and an inner bremsstrahlung 
spectrum whose end point is less than 350 kev. 

A careful study of the lower energy region of the 
spectrum using other absorbers indicates the presence of 
still another gamma ray whose energy is just slightly 
greater than the Kg x-ray of Tb. Even with a scintilla- 
tion counter which had a resolution of 7°7 for Cs'*7 
gamma rays and with graded absorbers, it was not 
possible to obtain reliable information on the energy or 
intensity of this transition. 
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Fic. 1. Dy!® scintillation spectrometer spectrum. (a) Single 
pulse spectrum; (b) spectrum coincident with L x-rays; (c) spec 
trum coincident with A x-rays. 


BR. H. Ketelle and G. E. Boyd, J. Am. Chem. Soc. 69, 2800 
(1947). 
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Fic. 2. Spectra of Dy'® and Sm"5 observed with a Kr 
proportional spectrometer. 


The resolving power of a Kr proportional counter is 
high enough to resolve this gamma ray if absorbers are 
used to reduce the intensity of the K x-ray peak. The 
spectrum shown in Fig. 2 was obtained with such a 
counter with 227-mg/cm? Cu and 68.6-mg/cm? Al ab- 
sorbers. The spectrum of Sm'* shown was taken under 
identical conditions. The energy of the gamma ray in 
Dy!® is found to be 59 kev when the known x-ray 
energies and the known 61-kev gamma ray of Sm" are 
used for calibration. The ratio of K x-rays to 61-kev 
gamma rays in Sm'* has been determined to be 11.4 
+0.4 from the spectrum obtained with a scintillation 
spectrometer." From this ratio the ratio of K x-rays to 
59-kev gamma rays in Dy'® has been computed to 
be 386. 

A sample of the Dy!® has been placed between two 
Nal crystals in a 4m scintillation spectrometer.” The 
spectrum which was obtained is shown in Fig. 3. The 
presence of two peaks confirms the observation which 
indicated a gamma ray of nearly the same energy as the 
Tb x-rays. The peak at 46 kev is due in part to L x-rays 
from L electron capture followed either by a gamma ray 
of 59 kev or by K x-rays resulting from vacancies caused 
by conversion electron emission. Pulses resulting from 
K x-rays due to K electron capture followed by internal 
conversion in the L shell will also be found in this peak, 
as will pulses due to K x-rays from K electron capture to 
the ground state. The higher energy peak, centered at 
about 98 kev, results from K capture followed by either 


'! Brosi, Ketelle, Thomas, and Kerr, Phys. Rev. 113, 239 (1959). 
! Ketelle, Thomas, and Brosi, Phys. Rev. 103, 190 (1956). 





Dp. HH. HRETECLE 





T T ' Keop* leon’ ' ’ T wv t T 


Leap ~ Keon 


q 
Ground Stote Ko 


8 


INTENSITY (c/m) 


b 





= a Se ! a aE SS 
0 1 20 30 40 50 60 70 8 90 40 0 {20 430 
ENERGY (kev) 


Fic. 3. 4x scintillation spectrometer spectrum of Dy'®. 


K conversion or y-ray emission. It is possible to compute 
the conversion coefficient of the 59-kev y ray from the 
number of pulses in the high-energy peak if one knows 
the absolute K x-ray emission rate, the ratio of K x-rays 
to gamma rays and the fluorescent yield. The conversion 
coefficient obtained is 5+1.5. Also if one assumes the K 
to L conversion ratio to be 7, the value of the capture 
ratio to the 59-kev level, €59, to be 0.2 and uses the 
conversion coefficient computed above, it is possible to 
determine the capture-branching ratio from the number 
of pulses in the lower energy peak. If these assumptions 
are correct then 25% of the transitions from the ground 
state of Dy'® terminate on the 59-kev level and 75% of 
the transitions go to the ground state of Tb'®™. 

Coincidence counting with an instrument having a 
resolving time of about one microsecond has been used 
to obtain additional information. If one detector is 
biased to see K x-rays only, a second detector shows K 
x-rays, 59-kev gamma rays, inner bremsstrahlung, and 
gamma rays of 200 kev and 290 kev. The photopeak 
corresponding to the gamma ray at 350 kev appears in 
the spectrum coincident with the Z x-rays but does not 
appear in the spectrum coincident with the K x-rays. 
Curves b and c of Fig. 1 show these coincident spectra. 
It is possible to detect the 350-kev gamma ray with a 
scintillation spectrometer and display the low-energy 
coincident spectrum observed with a proportional 
counter spectrometer. The single x-ray spectrum has 
peaks corresponding to both K x-rays and L x-rays. The 
spectrum of the coincident radiation contains the peak 
corresponding to LZ x-rays but does not contain the K 
x-ray peak. 

From a comparison of the intensity of the 350-kev 
gamma-ray photopeak observed in the singles spectrum 
with the maximum intensity which could be present for 
the same peak in the K x-ray-gamma-ray coincident 
spectrum, it is possible to compute a limiting value for 
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the capture ratio to the 350-kev level, €350. This mini- 
mum value of ¢ is 41. For this computation the area 
corresponding to the 350-kev gamma coincident with K 
x-rays is assumed to equal the standard deviation of the 
observation which actually gave zero intensity. The 
energy difference between the ground state of Dy'® and 
the 350-kev level of Tb'® computed from this capture 
ratio is 57 kev. The K-shell binding energy used was 
54 kev. 

Since the gamma rays at 200 kev and 290 kev are 
better resolved in the spectrum coincident with K x- 
rays, the relative intensity of these gamma rays can be 
estimated. They appear to have approximately equal 
intensity. 

An effort was made to determine the lifetime of the 
58-kev level in Tb! by the method of delayed coinci- 
dences. The experimental arrangements were the same 
as those used" to measure delayed coincidences of Sm"™*. 
Because with Nal crystal detectors it is not possible to 
resolve the unconverted gamma rays from the K x-rays, 
each of the detectors may respond to either radiation 
and a symmetrical curve is obtained when the number 
of coincidences is plotted versus the delay time. The 
delayed coincidence curve which was obtained was 
indistinguishable from a curve given by prompt coinci- 
dence pulses of the same energy due to Na” annihilation 
gamma rays. This comparison leads to the conclusion 
that the half-life of the 58-kev level is shorter than one 
millimicrosecond. 

The decay of the electromagnetic radiation emitted 
by a Dy’ source was measured using a high-pressure 
ionization chamber as the detector. The decay data were 
analyzed by the method of least squares and the half-life 
was found to be 144.4 days with a standard deviation of 
0.2 day. 
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Fic. 4. Decay scheme of Dy! and Gd!®, 
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DISCUSSION 


A decay scheme which is consistent with the observa- 
tions reported in this paper is shown in Fig. 4. The 
information on the decay of Gd'® which has been 
summarized by Marty’ is included for purpose of 
comparison. 

By means of a 4m scintillation counter 75% of the 
transitions from the ground state of Dy'® have been 
shown to terminate on the ground level of Tb!®’, and 
25% feed the 58-kev level. No decay directly to the 
136-kev level has been observed and but 10-*% feed the 
350-kev level. 

The half-life of the 58-kev level is less than 1X10~° 
sec. The conversion coefficient of the 58-kev gamma is 
5.0+1.5. Both this half-life and the conversion coeffi- 
cient are consistent with the transition being a mixture 
of M1 and £2. This conclusion is more definitely 
established by the Z subshell conversion coefficient 
ratios of Mihelich, Harmatz, and Handley.* 

The spin of the ground state of Tb! was measured 
and found to be $ by Baker and Bleaney." The spins of 
the next two levels have been assigned by Heydenburg 
and Temmer,‘ based upon the argument that the 
spacings correspond to a rotational band with a spin of 
$ for the ground level. The conversion coefficients and 
the lifetime of the 58-kev transition are consistent with 
a spin assignment of $ for the first excited level. 

The energies of the unconverted gamma rays reported 
in this paper agree within experimental error with the 
energy differences between the levels shown. The ob- 
served energies are indicated on the arrows representing 
the decay between levels. The 200-kev and 290-kev 
transitions occur with approximately equal intensity 


13 J. M. Baker and B. Bleaney, Proc. Phys. Soc. (London) A68, 
257 (1955). 


DECAY 


OF Dy159 101 
and are each about one-fifth as intense as the 350-kev 
transition. All gamma transitions appear prompt to a 
coincidence counter which has a one microsecond re- 
solving time. Presumably none are of multipole order 
greater than M2 or £2. 

The energy difference between ground states ‘of Dy! 
and Tb!® is between 360 kev and 400 kev. These limits 
are computed from the observation that ZL capture 
occurs to the 350-kev level whereas K capture was not 
observed to occur to this level. The log ft values to the 
ground state and to the 58-kev level are 7.2 and 7.8, 
respectively. Thus the decay of Dy'®® would be classed 
first forbidden and the expected ground-state spin of 
Dy'® would be }-, $~ or }-. Since there is no evidence 
of decay to the $+ level of Tb’, it is improbable that the 
spin of Dy!® is 3. 

Since the transitions from the 350-kev level to the 
levels of spin § and } compete with the transition to the 
} ground state and since all of the transitions from the 
350-kev level have lifetimes much shorter than a 
microsecond, each of these transitions is probably M1 or 
2 or mixtures of these. Such transitions could originate 
from a level of spin 3+, $+, or $+. However, if the spin is 
3+, then the orbital electron capture to this level would 
be third forbidden or unique first forbidden, and with a 
disintegration energy of not more than 60 kev, it appears 
unlikely that decay to this level would be seen. If the 
spin is either $+ or 3+ the electron capture would be 
first forbidden. This appears more likely. 
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Angular Distributions of Fragments from Neutron-Induced Fission of U** and Pu®*} 


L. BLUMBERG AND R. B. LEACHMAN 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received May 4, 1959) 


Angular distributions of fragment activities from neutron-induced fission of U** and Pu®® have been 
measured and show in detail the energy dependence of these distributions. The theoretically expected 
difference in low-energy anisotropy for these nuclides, which have similar fission thresholds but significantly 
different target spins, was not observed. A statistical model of fission anisotropy is applied to the data from 
the low-spin target Pu to determine the energy dependence of Ko, the standard deviation of the distribution 
in the angular-momentum projection on the nuclear symmetry axis. The anisotropies indicate an increase 
of Ko with energy in excess of the fission barrier, with Ko values for even-even fissioning nuclei at excitation 
energies approximately 1 Mev higher than those for odd-A nuclei. The effective moment ot inertia about the 
symmetry axis, similarly obtained from application of a statistical model to the data, is found to be ~0.1 


that of a rigid spherical nucleus. 


INTRODUCTION 


HE angular distribution Wg of fission-fragment 

emission per unit solid angle at angles 6 relative 

to the direction of the particles inducing fission has been 
given by Bohr! as 


K?\-1 
Wer far fax s(x,0( sine ) — 
.? 


in classical approximation, where /(K,J) gives the 
distribution in K and J of the fissioning nuclei. For 
neutron-induced fission, the total angular momentum 
I is the vector combination I= L+I,+S of the neutron 
angular momentum L, the target spin Jo, and the 
neutron spin S=}. The projection of I on the nuclear 
symmetry axis is represented by K. Equation (1) is 
based on the target spin / and the neutron spin } being 
negligible compared to the neutron angular momentum 

The anisotropy, which is the 0°/90° yield ratio 
W/W, is conveniently analyzed by the simple ap- 
proximations to (1) developed by Halpern and 
Strutinski? : 


W o/ Woo 14 (n2/8K 0?) ~1+(5E,/8Ko"). = (2) 


The approximations (2) result from assuming /(K,/) 
=fx(K)fr(J) and taking f;(J)<J up to maximum 
angular momenta J,,. Also involved in (2) is an assumed 
Gaussian distribution /x(K)«exp(—K?/2K,°). The 
standard deviation Ko increases with the excitation 
energy E*=E,—Ey; above the fission barrier, where 
E; is the neutron energy corresponding to the fission 
threshold. The neutron energy £, is in units of Mev in 
(2). 

In detailed applications of the Bohr model of angular 

t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1A. Bohr, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 2, p. 151. 

21. Halpern and V. M. Strutinski, Proceedings of the Second 


International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1958 (United Nations, Geneva, 1959), Vol. 15, p. 408. 


distribution to the case of neutron-induced fission, 
Halpern and Strutinski? and Griffin’ cite two aspects 
of the model for which more experimental data are 
needed: the effect of the target spin 7) on the angular 
distribution and, secondly, the magnitude and energy 
dependence of the K distribution width for even-even 
fissioning nuclei. The present measurements were made 
with appropriate nuclides and with sufficient accuracy 
for these purposes. 

For an unambiguous determination of the dependence 
of the angular distribution on the target spin, fissioning 
nuclei having the same K distribution and the same L 
distribution at each neutron energy are required. Under 
these conditions, the anisotropy is expected’? to 
decrease with increasing J». The difference between the 
target spin Jo>=3 of U"* and J)>=}3 of Pu is as large 
as can be conveniently obtained for odd-A target 
nuclides with similar thresholds Ky and thus similar 
excitation energies. The large U** spin, >= 3, would 
also provide an interesting test, but its —0.60-Mev 
fission threshold is considerably different from the 
—1.47-Mev and —1.61-Mev thresholds of U** and 
Pu, respectively. These thresholds are effective 
neutron energies for 50% transmission through the 
first rotational band of fission barriers and, for these 
target nuclei, correspond to approximately 0.1 of the 
total probability of the (,/) fission process. 

Since only (n,f) fissions are possible for E,<6 Mev, 
the fission anisotropies from low-spin targets at these 
neutron energies can be used to obtain Ko(£*) simply 
by the approximation (2). Anisotropy data from Pu” 
with its low J)>=} provide a Ko(£*) which can be com- 
pared to Ko(£*) from neutron-induced fission of even- 
even nuclei to determine the even-odd dependence of 
K,(E£*). This even-odd effect is expected® from energy 
displacements in the distribution of rotational bands 
and from the number of unpaired nucleons populating 
these available K bands. The neutron-energy de- 
pendence of anisotropy involves, in addition, the vari- 

3 J. J. Griffin, Phys. Rev. 116, 107 (1959), this issue. 

4 Northrop, Stokes, and Boyer, Phys. Rev. 115, 1277 (1959). 

5 T. Ericson, Nuclear Phys. 6, 62 (1958). 
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ation of the fission thresholds Fy with the even-odd 
identity of the fissioning nucleus. Compared to fissioning 
nuclei with odd neutron number, nuclei with even 
neutron number have lower fission thresholds and thus 
larger E*(E,). This has the effect of reducing the ani- 
sotropy from U** and Pu targets through an increase 
of Ko(£*) in (2). 

The uncertainties in establishing Ko values from 
fission anisotropies for E,>6 Mev are much greater. 
Here the gross anisotropy must be decomposed into 
the anisotropies of the fission processes (n,f), (n,n’f), 
(n,2n’f), etc. to determine the function Ko(Z*) ap- 
plying to each. The present knowledge of these fission 
processes is inadequate to determine accurately the 
relative probabilities of these processes or the effective 
E*(E,) of the (n,n’f), (n,2n’f), etc. processes. 

In this region of E,>6 Mev, unusually large ani- 
sotropies are expected to result from the enhanced 
contribution of “last chance” fissions at energies for 
which the threshold for (1,n’f) is lower than for (n,2n’), 
for (n,2n’f) lower than for (n,3n’), etc. These fissions 
are highly anisotropic as a result of the combination of 
the large angular momentum of the incident neutron 
and the low excitation energy E* following neutron 
emission. For odd-A targets with odd neutron number, 
these large anisotropies are generally expected at the 
onsets of (n,2n’f), (n,4n’f), etc. 


EXPERIMENTAL PROCEDURES 


With present techniques, the fluxes of monoenergetic 


neutrons of Mev energy are far less than fluxes of 


charged particles from accelerators. The resulting 
fission intensity problem was a factor in the design of 
the experiment. 

A catcher foil technique similar to that used by 
Coffin and Halpern® was employed in the present 
measurements to determine the angular distribution 
of fragment 8 activity. The catcher assembly, shown in 
Fig. 1, was irradiated in an evacuated chamber. Each 
of the catcher foils, which were centered at angles 6 of 
0°, 22.5°, 45°, 67.5°, and 90° to the neutron beam axis, 
was paired with a catcher foil at 180°+86, thereby 
doubling the counting rate for each 6. This pairing of 
foils also allowed the fission source, which had its 


FISSION SOURCE 
FORMVAR WINDOW 


BACKGROUND 
FOIL’ 


i, 


NEUTRON 
BEAM 


_ FRAGMENT CATCHER 
PROTECTION FOIL 


Fic. 1. Diagram of the target and catcher-foil assembly. Both 
the fission foil and the aperture for the catchers were 1 cm in 
diameter. The center-to-center distance between the catchers and 
the fission foil was 3 cm. 


6C. T. Coffin and I. Halpern, Phys. Rev. 112, 536 (1958). 
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normal at 45° to the neutron beam axis, to be placed 
close to the neutron source without necessitating 
geometric corrections for nonuniform irradiation of the 
fission foils and, in the case of thin targets, for non- 
uniform deposits of fissionable material. Also, the 
method results in negligible center-of-mass effects in 
the anisotropy data. 

Irradiations were usually made with the target foil 
4 cm from a neutron source. The apertures for the 
catcher foils subtended 19.2° angles from the fission-foil 
center. The metal foils of 0.1-g/cm? Pu (98.5% 
Pu, 1.5% Pu) and 0.3-g/cm? U* (97% U3, 3% 
U*8) used for these measurements were thick compared 
to fission-fragment ranges. Following ~4-hour ir- 
radiations in fluxes of ~2X10° sterad-! sec~!, the 
paired catcher foils initially had recorded gross 8 
activities of 200 to 1000 counts per minute from flow- 
type proportional counters. 

The following precautions and calibrations were 
taken. For the thick sources, the fragment escape 
probability varies about the 45° catching direction, 
which is normal to the fission source. Therefore, meas- 
ures of activities from each angle obtained for isotropic 
cases of U** and Pu** fission by thermal neutrons were 
used as normalizations for other energies. Neutron- 
induced activities recoiling from structural materials 
of the apparatus were shielded from the catcher foils 
by 0.25-mg/cm* Formvar windows. The windows were 
measured by a C B-ray gauge to select approximately 
equal thicknesses. The neutron-induced activities in 
the 11.5-mg/cm? polyethylene catcher foils were 
inferred from the induced activity in identical foils 
backing the catcher foils and thus shielded from fission 
fragments. Corrections were made for these activities, 
although they amounted to no more than 2% of the 
fragment activity. Coverings of approximately 0.5- 
mg/cm? nickel were evaporated over the fission foils 
to prevent alpha-particle contamination. The error in 
the angular distribution resulting from the different 
fragment attenuations in the unequal thicknesses of 
the coverings was estimated to be less than 0.4%, but 
this uncertainty was not included in the data. 


RESULTS 


The angular-distribution data of fragment activities 
are presented in Table I. The neutron-energy de- 
pendence of the ratio W/W 9 for both the U** and Pu 
targets is shown in Fig. 2. The zero-energy point for 
Pu differs from the other points in that it was ob- 
tained from a thermal-neutron bombardment of a thin 
0.8-mg/cm? deposit on a 0.2-mg/cm? gold backing. The 
W o/W99=0.991+0.006 result is consistent with the 
expected isotropy from thermal-neutron-induced fission. 
The same fission source was used for a 14.1-Mev 
neutron irradiation to test the effect of fragment scat- 
tering in the fission foils on the anisotropy from the 
thick sources, At 14.1 Mev the anisotropy from the 





Neutron 
energy 
(Mev) 


Wo/Weo 


BLUMBERG AND R. 


B. 


LEACHMAN 


TABLE I. Angular distributions of fission-fragment activities. 


Us 


W22.5/Ws0 





0.68+0.23 
1.50+0.19 
2.6 +0.1 
4.0 +0.1 
5.02+0.18 
6.0 +0.3 
7.0 +0.3 
8.0 +0.2 
9.1 +0.3 
10.0 +0.2 
11.1 +0.2 
13.4 +0.2 
14.1 +0.1 
14.95+0.40 


1.063+0.023 
1.140+0.012 
1.106+0.012 
1.158+0.013 
1.142+0.013 
1.224+0.012 
1.328+0.013 
1.281+0.009 
1.247+0.013 
1.217+0.008 
1.209+0.010 
1.279+0.018 
1.2784-0.005 
1.258+0.005 


1.103+0.021 
1.131+0.011 
1.088+0.010 
1.144+0.012 
1.074+0.011 
1.173+0.015 


Was/Woo 


1.060+0.020 
1.119+0.011 
1.077+0.010 
1.111+0.011 
1.069+0.011 
1.130+0.010 
1.189+0.011 
1.142+0.008 
1.127+0.011 
1.136+0.008 
1.124+0.009 


1.120+0.006 





We 6 Wo 
1.024+0.020 
1.043+-0.010 
1.031+0.012 
1.037+0.011 
1.035+0.011 
1.059+0.014 


Wo/Weo 


W22.5/Woo Was/Woo Wez.s/Wso 





~ 1,103-40.019 


1.121+0.011 
1.094+0.013 
1.118+0.012 
1.120+0.014 
1.144+0.013 
1.221+0.018 
1.221+0.013 
1.185+0.022 
1.154+0.011 
1.093+0.012 
1.130+0.015 
1.173+0.005 
1.186+0.009 


1.034+0.016 1.047+0.015 1.030+0.016 
1.061+0.011 1.031+0.007 1.011+0.012 
1.074+0.012 1.048+0.011 1.027+0.011 
1.092+0.010 1.047+0.010 1.011+0.010 
1.094+0.012 1.042+0.012 0.985+0.011 
1.118+0.013 1.080+0.011 1.044+0.012 

1.117+0.015 

1.095+0.011 

1.079+0.017 

1.083+0.010 

1.039+0.010 

1.049+0.012 


1.093+0.016 1.043+0.015 1.009+0.015 


thick and thin sources was the same within the +2% 
uncertainty of the measurements. 

Aside from effects of neutron-source thickness and 
neutron direction, the Van de Graaff T(p,m) neutrons 
of E,S5 Mev and the Cockcroft-Walton T(d,n) 
neutrons of energies 13.4, 14.1, and 15 Mev were 
monoenergetic. The Van de Graaff D(d,m) neutrons at 
6 and 7 Mev were also monoenergetic; the 8-Mev 
neutrons were essentially monoenergetic. However, 
anisotropy corrections of 2% or less to account for 
known spectra’ of low-energy D(d,np) breakup neutrons 





FRAGMENT ANISOTROPY Wo/ Woo 
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NEUTRON ENERGY (MEV) 

Fic. 2. Anisotropy Wo/Wgo of fragment activities on catchers 
centered at 0° and 90° to the neutron beam. Horizontal wings on 
points represent the total spread in the bombarding neutron 
energy. Vertical wings represent the anisotropy uncertainty 
resulting from counting statistics of fission activities, calibrations, 
and normalizations. 


7™Cranberg, Armstrong, and Henkel, Phys. Rev. 104, 1639 
(1956); Anderson, Gardner, McClure, Nakada, and Wong 
(private communication, 1958) [see J. L. Fowler and J. EF. 
Brolley, in Fast Neutron Physics, edited by J. B. Marion and J. L. 
Fowler (Interscience Publishers, Inc., New York, 1959) ]. 


associated with the D(d,m) neutrons of 9.1 to 11.1 Mev 
from the cyclotron were made on the basis of the low- 
energy anisotropy measurements. These D(d,m) sources 
may also include in the total yield an approximately 
5% yield from other reactions and (d,pm) breakup 
neutrons from windows, etc. However, no corrections 
were made for the resulting <1% anisotropy error. 

Some data on anisotropy of neutron-induced U** 
fission®* and Pu fission®” have been reported. Those 
data having an accuracy approaching that of the present 
data are, after center-of-mass corrections, in good 
agreement. 

In Figs. 3 and 4 are shown angular distributions 
W/W of fragment activities at angles @ relative to 
the 90° activity. The effective angles are close to the 
central angles of the catchers for all but the 0° case, 
for which the effective angle of catching is ~7°. For 
all these data, it is of interest to know if these angular 
distributions of fragment activity are equivalent to the 
angular distribution in the number of fragments. 
Differences would be expected if the average 8 activity 
per fragment varied with angle. However, no variation 
of decay history for any of the angles was found within 
the ~1% counting statistics. Therefore, any angular- 
distribution difference between 8 activities and number 
of fragments results from the unlikely possibility of 
fragments at different angles being a mixture of nuclear 
species with the same gross-decay rate but with a 
different average number of 6 decays per fragment 
(different average length of decay chain). 


DISCUSSION 


The dependence of the anisotropy on the initial spin 
Io is obtained from a comparison of the anisotropy from 
the high-spin U** and the low-spin Pu in Fig. 2 in 


8 J. E. Brolley, Jr. and W. C. Dickinson, Phys. Rev. 94, 640 
(1954). 

®R. L. Henkel and J. E. Simmons, Bull. Am. Phys. Soc. 4, 233 
(1959). 

© Simmons, Henkel, and Brolley, Bull. Am. Phys. Soc. 2, 308 
(1957); A. N. Protopopov and V. P. Eismont, J. Exptl. Theoret. 
Phys. U.S.S.R. 34, 250 (1958) [translation: Soviet Phys. JETP 
34(7), 173 (1958) ]. 
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Fic. 3. Angular distributions We/Wo0 of activities from U** 
fission. The effective angles @ are relative to the neutron beam. 
Uncertainties include counting statistics of fission activities, 
calibrations, and normalizations. Curves are fits of Eq. (4) to the 
data. 


the region E,<6 Mev where only (n,f) fissions are 
energetically possible. The fact that the anisotropy of 
U*% fission is not smaller" than the anisotropy of Pu 
fission is in contrast to the theoretical expectation!” of 
larger anisotropy for smaller values of J. This indicates 
the possibilities that J) does not affect the anisotropy 
of any fissions or that more detailed applications of 
theory are required. Otherwise, it appears that the 
K,(E*) values of Pu exceed those of U** for these 
excitation energies. This could be due to statistical 
fluctuations in Ko resulting from a low density of ro- 
tational bands, particularly at the lower excitation 
energies. 

The Pu®® anisotropy data from Table I used in the 
approximation (2) result in the Ko dependence upon 
the excitation energy E* shown in Fig. 5. Since the 
experimental Wo/W oo results are almost constant in 
the region of E,<6 Mev, the empirical expression 

Ko=2.37(E*—1.61)! (3) 
obtained by substituting the average value Wo/W 0 

1 The claim of a larger anisotropy from Pu**(n,f) fission than 

from U** fission by Blumberg, Bahcall, Garrett, and Leachman 


(Bull. Am. Phys. Soc. 4, 31 (1959)] was based on preliminary 
data. 
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Fic. 4. Angular distributions W»/Woo0 of activities from Pu 
fission. The effective angles @ are relative to the neutron beam. 
Uncertainties include counting statistics of fission activities, 
calibrations, and normalizations. Curves are fits of Eq. (4) to the 
data. 


=1.112 and E,=£*+E£; into (2) agrees well with the 
Pu** results in Fig. 5. The Pu threshold E;=—1.61 
Mev is used in (3). It should be emphasized that (3) 
cannot be expected to apply at higher energies because 
the resulting constant Wo/W 9=1.112 for (,f) would 
itself be larger than the gross anisotropy observed at 
E,= 11.1 Mev. For comparision, the Ko values obtained 
from the use of reported” anisotropies from Th” and 
U8 targets in (2) are also shown in Fig. 5. For these 
targets, the threshold energy at 0.1 of the maximum 
(n,f) cross section was taken to be Ey=1.3 Mev. 
Although the points are more scattered, Ko(E*) appears 
to be displaced to excitation energies approximately 1 
Mev lower for these odd-A fissioning nuclei. 
Strutinski" has obtained for the angular distribution 


We=exp(—x)[To(x)+1i(x) ], (4) 


where Jo(x) and J,(x) are modified Bessel functions 


2 R. L. Henkel and J. E. Brolley, Jr., Phys. Rev. 103, 1292 
(1956). 

13 W. D. Allen and R. L. Henkel, Progress in Nuclear Energy 
(Pergamon Press, London, 1958), Ser. I, Vol. 2, p. 1. 

4V. M. Strutinski, Atomic Energy (U.S.S.R.) 2, 508 (1957) 
[{translation: Atomic Energy 2, 621 (1957) ]. 
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Fic. 5. The dependence of Ko on the excitation E* in excess of 
the fission barrier for neutron-induced fission of the even-odd 
target Pu and the even-even targets Th and U***. The approxi 
mation (2) was used to compute Ko values. Thresholds in 
E*=E,—Ey, are Ey=—1.61 Mev for Pu® and E;=1.3 Mev for 
Th and U**’, The uncertainties in Ko points are only those 
resulting from the reported uncertainties in anisotropy and the 
horizontal wings are only from the spreads in neutron energy 


and x=» sin*é. This expression is applicable at energies 
sufficiently large that A values are statistically dis- 
tributed. This analytical expression has been fitted to 
the angular-distribution data in Figs. 3 and 4 with 
least-squares evaluations of the parameter xo= (ARR)? 

45.T given in Table II. Here, k is the neutron wave 
number, R is the nuclear radius, J, is the effective 
moment of inertia? about the nuclear symmetry axis of 
the fissioning nucleus, and 7 is the nuclear temperature 
at the fission barrier. At 0.68 Mev and 1.5 Mev, the 
fits in Figs. 3 and 4 are not good, perhaps because the 
Gaussian distribution in AK assumed by Strutinski does 
not apply at such low excitation energies. The poor fit 
to the 14-Mev Pu data can similarly be explained by 
the fraction of low-excitation (n,2n’f) fissions in these 
data. It is understandable that the U* distributions 
are less well described by the theoretical function than 
are the Pu distributions, since the model applies only 
when the target spin is small compared to the total 
angular momentum J. 

Table II also gives the values for the rotational 
constant h®/29, as determined from the xo values of 
Table II. In these determinations the radius of the 
target nucleus R was taken from Weisskopf'® and the 
nuclear temperature 7 taken from Blatt and Weiss- 
kopf"* for the excitation of the fissioning nucleus above 
the fission threshold.4 The h?/29, results in Table II 
decrease with increasing energy to values approximately 
eight times as large as the h?/29, of a rigid spherical 

16V. F. Weisskopf, Physica 22, 952 (1956). 

16 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 372. 
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nucleus of equal mass. Even the long deformations of 
the fissioning nucleus calculated by Hill'? do not 
increase the calculated rotational quantities to those of 
Table II if the nucleus is unrealistically considered 
rigid. Therefore, the results indicate the possibility that 
only a small number of nucleons, a number increasing 
with energy, contribute to the observed moment of 
inertia. 

Above the exclusively (,f) region of E,<6 Mev, 
the (n,n’ f) processes and, for E,>12 Mev, the (n,2n’ f) 
processes contribute highly anisotropic fissions as a 
result of large J values and small K values, the latter 
a consequence of de-excitation from neutron emission. 
As mentioned previously, the decomposition of the 
anisotropies into those of the different fission processes 
for E,,>6 Mev involves the uncertainties of the relative 
probabilities of (”,f), (m,n’f), etc. Qualitatively, how- 
ever, the larger anisotropies of U™* fission compared 
with Pu fission at E,26 Mev in Fig. 2 may be 
understood on the basis of the larger ratios o(n,n’f)/ 


TABLE II. Fits of the angular distributions in Figs. 3 and 4 to 
the Strutinski expression (4). The xo=(hkR)?/49,T fits to the 
W.e/Wgo data have been evaluated for the rotational constant 
h?/24, by using nuclear radius values R from Weisskopf* and 
nuclear temperature values 7 from Blatt and Weisskopf.> The 
uncertainties given result only from the fits of xo to the data and 
do not include uncertainties in 7 and R. 


Neutron 
energy 
(Mev) 


0.155 +0.040 
0.197 +0.033 
0.187 +0.006 
0.225 +0.009 


0.68 0.194 +0.036 
1.50 0.329 +0.049 
2.6 0,230 +0.026 
4.0 0.357 +0.035 
5.02 0.244 +0,038 
6.0 0.474+0.041 


20.94 3. 
34.94 


ens eee 


0.302 +0.026 


* See reference 15. 
b See reference 16. 


o(n,f) and o(n,2n’f)/o(n,f) of U** fission cross sections 
obtained from systematics'* of fission cross sections. 
Further, the large increase in anisotropy observed” for 
the even-even targets Th®” and U** just above the 
~6-Mev (n,n’f) threshold compared to the increase 
for these odd-A targets may be attributed both to these 
cross-section effects and to the enhanced contribution 
of anisotropic (n,n’f) fissions for even-even targets in 
the energy region where the (#,2n’) threshold exceeds 
the (2,n’f) threshold. 
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The dependence on energy of the anisotropy of fission fragment emission is discussed in terms of the Bohr 
model. It is shown that reasonable assumptions about the spectrum of excited states at the barrier lead to 
results consistent with the currently available data for energies up to 10 Mev and for a variety of target 
nuclides, except for the fact that the target spin appears to have a much smaller effect on the anisotropy 
than might have been predicted. It is suggested that this anomaly may be understood in terms of the de 


formation of the target nucleus. 


I. INTRODUCTION 


OME implications of Bohr’s theory of fission 
fragment anisotropy! are analyzed especially as 
regards energy dependence. Section II summarizes some 
of the ideas of Bohr and their application to anisotropy 
in photofission and neutron-induced fission, and outlines 
the general qualitative features of the dependence of 
anisotropy on energy. 

It is shown that one must expect the anisotropy to 
increase at the energy where each new (,xn’f) process 
becomes energetically possible and to decrease until 
the next threshold is reached. The amplitude of such 
increases will depend chiefly on the proportion of 
(n,xn’f) processes relative to the total number of 
fissions. The effect on anisotropy of the staggering of 
the difference between the fission threshold and the 
neutron binding energy from even-even to even-odd 
nuclides is discussed. In Sec. III, parameters inferred 
from the anisotropy of Pu*® fission are shown to give 
a satisfactory account of the anisotropy of U**, U*S, 
and Th, These estimates involve various approxi- 
mations and are not to be considered precise. Still, they 
establish the fact that reasonable assumptions about 
the barrier spectrum are capable of yielding theoretical] 
anisotropies in agreement with the currently available 
data. In Sec. IV, the results are discussed and the 
conclusion drawn that the theory does give a reasonably 
good description of the experimental facts, apart from 
the expected, but unobserved, effect of target spin. 


II. FISSION AND THE EXCITATION SPECTRUM 
AT THE BARRIER 


Bohr' has discussed the anisotropy observed in 
fission fragment emission in terms of the excitation 
spectrum at the fission barrier. He points out that for 
excitation energies E* only slightly in excess of the 
lowest fission barrier energy Er, the nucleus at the 
barrier is ‘‘cold,” having expended most of its available 
energy in potential energy of deformation in reaching 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

+ Present address: Department of Mathematical Physics, Uni 
versity of Birmingham, England. 

1A. Bohr, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 2, p. 151. 


the barrier. Since a nucleus at the barrier is strongly 
deformed, its spectrum should resemble those of stably 
deformed nuclei at an excitation energy E.xe= E*— Er. 
The assumed “spectrum” at the barrier is at best 
quasi-stationary, and, in fact, the notion of such a 
spectrum is an accurate one only if the nucleus remains 
at the barrier for a time long compared with the periods 
of the excitations in question. However, Strutinskii? 
has shown that an expression of the same form as that 
obtained by Bohr may be derived without the explicit 
assumption that the spectrum is quasi-stationary. 
Bohr assumes that the nucleus retains axial sym- 
metry throughout the fission process, and that the 
fragments are emitted in the direction of the nuclear 
symmetry axis. The distribution of orientations of the 
symmetry axis then gives the angular distribution of 
the fragments. For a compound state of angular 
momentum /, and Z component (along the beam) M, 
which traverses the barrier in a state of intrinsic 
excitation with component A of angular momentum 
along the symmetry axis, the distribution is given 
simply by the square of the symmetric top wave 
function: 
W (0) = Dux! (0) |?. (1) 


1. Photofission of Even-Even Targets 
(a) Dipole 


The photofission of even-even nuclei (which have 
spin zero) is an especially simple case to analyze in 
these terms. If the photon is absorbed in the electric 
dipole mode, the compound state has /=1, M=+1. 
Moreover, in an even-even nucleus, low-lying states are 
characterized by the pairing of nucleons to states with 
K=0. More specifically, low-lying 1~ states with K=0 
have been observed in the spectra of deformed nuclei,’ 
and have been associated with a collective asymmetric 
® For photofission through such a 


shape vibration.'4 


2V. M. Strutinskii, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 
606 (1956) [translation: Soviet Phys. JETP 3, 638 (1956) ]. 

’ Stephens, Asaro, and Perlman, Phys. Rev. 96, 1568 (1954); 
100, 1543 (1955). 

*V. M. Strutinskii, Atomnya Energy 4, 611 (1956) [translation : 
Soviet J. Atomic Energy 4, 150 (1956) ]. 

5D. R. Inglis, Phys. Rev. 108, 774 (1957). 

§ L.. Wilets and J. Griffin (to be published). 
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state at the barrier, the angular distribution would be 
(2) 


In this way Bohr can explain the observed’:* emission of 
fragments in the direction 90° from the beam. 


W (@) x | Das, 01 |? « sin’6. 


(b) Quadrupole 


For quadrupole absorption of the photon, the com- 
pound state will have quantum numbers /= 2, M= +1, 
and the lowest corresponding excitation at the barrier 
would be a 2+ state with K=0, the second member of 
the even parity rotational band. If at the barrier, this 
state lies sufficiently low compared with the 1~ state, 
then there might exist a range of photon energies over 
which the smaller probability of quadrupole absorption 
is counterbalanced by the smaller probability of fission 
through the 1~ state. The resulting angular distribution 
of fission fragments would have a component of the form 


W (0) = | Dz1,0°(8) |? sin?’28, (3) 
with a maximum at 45° to the beam. If the probability 
of quadrupole absorption relative to dipole absorption 
is g, and the energies of the 1~ and 2+ states relative 
to the lowest barrier are E,- and E,*, then the proba- 
bility of fission from quadrupole states relative to 
dipole states is given by 


P(Eaxe— E(2+)) 


P(Eexe— E(2+)) 


O (4) 


c 


q q — 
P(Fee—E(1—)) "P(Eexe— E(2+)—A) 


where P(E) represents the probability of barrier 
penetration at an energy £ in excess of the barrier, and 
A=E(1—)—£(2+). 
A calculation of Hill and Wheeler® gives 
P(E) = (1-67-27 B/hee)—1 


(9) 


for energies near the maximum of a parabolic barrier. 
The experiments of Stokes and Northrup” indicate that 
hw, is approximately 0.6 Mev. Then for E.xe=E(2+) 
and g~10-*, A need only be about 3 Mev to allow 
quadrupole fission to compete successfully with dipole 
fission. However, such competition will exist only over 
an energy range of the order of A, since the ratio () 
approaches g for values of E.xe>i-. At energies in 
excess of the fission barriers for both the 2+ and 1 

states, the larger probability for dipole absorption of 
the photon should guarantee the dominance of the 
dipole distribution (2) in the anisotropy. At still higher 
7 Winhold, Demos, and Halpern, Phys. Rev. 87, 1139 (1952). 

8 Katz, Baerg, and Brown, Proceedings of the Second United 
Nations International Conference on the Peaceful Uses of Atomic 
Energy, Geneva, 1958 (United Nations, Geneva, 1959), Paper 
No. P/200. 

® DP. Hill and J. Wheeler, Phys. Rev. 89, 1102 (1953). 

1 R, Stokes and J. Northrup, Proceedings of the Second United 
Nations International Conference on the Peaceful Uses of Atomic 
Energy, Geneva, 1958 (United Nations, Geneva, 1959), Paper 
No. P/582. 
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energies (millions of volts in excess of the lowest 
fission barrier), one expects that various channels, 
characterized by K=1 and K=2 as well as K=0, will 
be available to carry the nucleus to fission, so that the 
angular distribution should become isotropic as 
observed. 

The fact that near threshold the magnitude of the 
quadrupole component in the angular distribution can 
supply information bearing upon the difference A 
between the lowest lying state of 1~ character and the 2+ 
member of the first rotational band has implications 
for the resonance fission of odd-A targets by slow 
neutrons. For U*** (7-), a compound nucleus is formed 
which has an excitation energy E* about 1.0 Mev 
greater than the lowest fission barrier and spin and 
parity either 3~ or 4~ (see Fig. 1). For resonances with 
the 3~ character, fission should occur predominantly 
through the 3- member of the lowest rotational band. 
On the assumption that A is small compared to 1 Mev, 
one might expect" that such fissions should exhibit (a) 
larger than average fission widths, because the excitation 
energy is well above this 3~ barrier; and (b) less than 
average probabilities for symmetric fission, because the 
lowest 3~ state is supposed to be in a state of asym- 
metric vibration characterized by a node at the sym- 
metric shape. 

The so-called “‘wheel” experiment of Cowan and 
associates’ bears out suggestion (b) above, but a 
careful study of 51 fission and absorption resonances by 
Havens" does not offer any support for suggestion (a). 
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Fic. 1. The structure of the fission barrier of an even-even 
nucleus. The numerical scales are appropriate to U*®, Also 
indicated is the excitation energy of the nucleus after absorption 
of a thermal neutron by U**®, 

See John A. Wheeler, Proceedings of the International Con- 
(Nederlande 
Natuurkundige Vereniging, Amsterdam, 1956); also Oak Ridge 
National Laboratory Report ORNL-2309, 1956 (unpublished). 
Wheeler suggests alternative explanations but none which is 
subject to as immediate a test as that proposed here. 

2G. A. Cowan, Bull. Am. Phys. Soc. 4, 31 (1959). 

'8W. Havens (private communication). 
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These observations could be made consistent if the 
separation, A, between the lowest lying rotational states 
and the lowest odd-parity states were not assumed small 
(see Fig. 1) but instead were comparable to the energy 
Ep required to excite particle states. Then the barrier 
heights for the 3- and 4~ states would be comparable, 
leading to comparable average fission widths. However, 
the state (3) corresponding to the excited asymmetric 
vibration would still exhibit the stronger tendency 
towards asymmetric fission. 

The relevance of these resonance data to the photo- 
fission of U6 is obvious. If A is large, the situation is 
of the kind favorable to the appearance of a quadrupole 
component in the photofission fragment angular distri- 
bution at energies slightly above the lowest threshold 
(about 5.5 Mev). 


2. Photofission of Odd-Even Targets 


The anisotropy to be expected from photofission of 
unoriented odd-even targets depends more specifically 
on the details of the spectrum at the barrier. Basically, 
it is the quantization of the Z component of angular 
momentum (M=-+1) of the photon which allows one 
to form an anisotropic distribution of compound 
nuclear angular momenta in photon absorption. When 
the target has a nonzero spin, this spin must be added 
to the photon angular momentum to obtain the 
compound nuclear spin. Clearly, if the target spin is 
greater than 1, the resulting distribution of compound 
nuclear spins will not be very anisotropic, and the 
maximum fragment anisotropy will be correspondingly 
small. 

For a target with spin 3, however, a measurable 
fragment ansiotropy might result if the low-lying 
spectrum at the barrier were favorable. In such a case, 
dipole absorption of the photon would yield compound 
states (J,M) = (3, +3), (3, +3), (3, 43) in the propor- 
tion 3, 1, 2. Then the anisotropy just above threshold 
would depend on whether a K=$ band or a K=} lies 
lower; one calculates 


W (0°)/W (90°) = 2.0 
for fission through the K= 3 band only, and 
W (0°) /W (90°) =0.572 


for fission through the K=} band only. If both K=3 
and K=}3 states lie low (a not unlikely situation), the 
anisotropy would be considerably less than either of 
these maximal estimates. Moreover, the observation of 
this anisotropy would require a rather precise definition 
of the energy of the photon causing fission, since the 
spacing between bands of different K just above 
threshold is probably <} Mev, in contrast to the 
even-even case where one expects to find mostly K=0 
states until sufficient excitation (~1 Mev) is available 
to break a pair. 
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Fic. 2. The classical analog of the orientation of the nuclear 
symmetry axis (parallel to K) when the total angular momentum 
is J, the Z component is M, and the projection along the nuclear 
symmetry axis is K. Classically, K precesses around J as shown 
by the small circle, and J is distributed about the beam axis with 
equal probability as shown by the large circle. The resulting 
distribution of orientations for the symmetry axis is given by 
Eq. (8). 


3. Neutron-Induced Fission 


In contrast with photons, neutrons of moderate 
energy are capable of forming compound states with a 
variety of spins due to the large orbital angular mo- 
mentum which they can contribute in collisions with 
the nucleus. Moreover, this orbital angular momentum 
is perpendicular to the neutron beam so that only the 
intrinsic spin of the projectile is available to modify the 
Z component of angular momentum of the target. 
Thus, for neutrons with kinetic energies of one or more 
millions of volts incident on even-even targets, the 
compound nuclei, considered classically, have their 
angular momentum restricted to cones whose base is 
perpendicular to the beam, as shown in Fig. 2. As they 
pass over the barrier to fission through some channel 
with a given value of K, the distribution of the sym- 
metry axis is space is given by 

Wr()= Y G(I,M)|Dux'(6)|?, (6) 

1,M=4} 

where G(/,M) is the probability of forming a compound 
nucleus of angular momentum / and Z component M 
in the bombardment. When fission can occur through 
a variety of channels of different A with a probability 
F(K), the observed angular distribution will be of the 
form 


W (6)= X F(K)Wx(@) 
K 
« 2 


K;1;M=4+4 


F(K)G(I,M)|Dux'(8)|?. (7) 


For large values of 7, the square of a D function 
describes, on the average, the distribution of a classical 
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vector of length K which precesses at a constant rate 
about the fixed vector J.‘ The end point of the vector /, 
in turn, is distributed about the beam axis with uniform 
probability in the polar angle, as shown in Fig. 2. 
Thus, if the process involves averages over several 
values of J and K, one may substitute the classical 
distribution”: 


K*+M? 2KM , 
[Dux"()|*| sin’ - ost] ° (8) 
II+1) IU+1) 
If, furthermore, M is small compared to J and / is 
much larger than 1, as in the case of fission by energetic 
neutrons, one can set M=O to obtain the classical 
approximation of Bohr: 


| Dox? |? « [sin’@— (K2/I?) }-}, 
=0, sind<K/I. 


sind> K/I 
(9) 


In this approximation, one has 


Tmax Kmax F(K)G(1) 
W(0)=N f f minnie te 
0 K<I siné (sin*@— K?, [?)3 


where NV is a normalization factor.'® The sums have 
been replaced by integrations, and the functions F and 
G are now to be considered continuous functions of 
their variables. 

It should be noted that the limits of integration in 
Eq. (10) are defined in a manner equivalent to the 
restriction that /(K)=0 for K>/TJ sin@. One is, there- 
fore, free to discuss F(K) entirely in terms of the 
spectrum at the barrier without reference to the / 
values made available by any specific process of 
forming the compound nucleus. 

To specify the probability G(/) of forming a com- 
pound state with angular momentum /, where / is 
equal to the neutron angular momentum L, we assume 
the classical distribution for L. Then 


G(I)« T, in 


ae (11a) 


h(Linaxt+}) = MvR=(2MEwn)!R=hk,R, (1b) 


where Mp» is the (classical) momentum of a neutron 
with energy E,, and R is the nuclear radius. The 
addition of } in (11b) represents a rough correction for 
the fact that the neutron penetration factor 7; does not 
approach unity’’ until / exceeds k,.R by approximately 
that amount. 


4 See E. P. Wigner, Group Theory and Its Application to Atomic 
Spectra (Academic Press, Inc., New York, 1958). 

15 The distributions (8) and (9) apply only for angles where 
they yield a real probability. The classical theory allows no 
emission at angles for which (8) or (9) are imaginary. 

16 N is a function only of Kmax and Imax and therefore cancels in 
all calculations of the anisotropy W (0°)/W (90°). 

17 See J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear 
Physics (John Wiley and Sons, New York, 1952), p. 362. 
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The accuracy of these appropriations is assessed in 
Sec. IV.3 by comparison with detailed calculations 
based on Eq. (7). 

The function F(X) specifies the probability that the 
fission occurs through a state at the barrier with 
projection K of total angular momentum along the 
symmetry axis. It is, therefore, proportional to the 
number of such states at the barrier which are energet- 
ically available for fission, weighted with the barrier 
penetration probability of each state. In the spirit of the 
classical approximation, we assume that the penetration 
probability is unity if E.xe2Ex« and zero otherwise. 
Then the form of F(K) is determined by the distribution 
of states K at the barrier with energy below the excess 
excitation energy Eexe. 

If the excitation energy in excess of the barrier is 
small, the distribution in K for an odd-mass compound 
will resemble that of single-particle states in a strongly 
deformed nucleus. Curve (a) of Fig. 3 shows the number 
of such states which arise from a given spherical 
oscillator shell'®8 as a function of K. 

For very large deformations, states from different 
major oscillator shells will be thoroughly intermingled ; 
thus, it is reasonable to assume that the distribution in 
K is approximately of the form [curve (b) of Fig. 3]: 

F(K)«=K—Kinsx, K€ Kmax (12) 
=0, K>Knmax. 
K max here is expected to increase with increasing energy 
above the barrier. 

If the compound nucleus’ excitation energy in 

excess of the lowest barrier is large, then one can utilize 
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Fic. 3. The number of particle states of a given K vs K. Each of 
the three curves has the same K (average value of K). The figure 
shows that the three distributions are approximately equivalent 
if K is chosen the same in each (see reference 19). 

18 See S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). : 


' Torlief Ericson, Nuclear Phys. 6, 62 (1958), 
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statistical considerations in discussing the probability 
distribution of K at the barrier. The energy E.xe will 
appear at the barrier (a) in the form of collective 
kinetic energy, ¢, of the motion towards fission and (b) 
in the form of internal excitation, E (including intrinsic, 
rotational, and vibrational excitation). Then 


Eexe= E+ €. (13) 


Let pint(E,A) be the density of internal states which 
at an excitation energy E have a projection K of 
angular momentum along the symmetry axis: 

Pint(E,K) = P(K,E)p(E), (14) 
where fo*P(K,E)dK=1 and p(£) is the total density 
of internal states at excitation energy E. The density 
of collective kinetic energy states is given by 


(15) 


Prin(e)dex ede, 


provided the path towards fission is one-dimensional. 
Then the total number of states of projection K leading 
to fission is 


Eexe Eexe 
Vx (Eone)= f af dELP(K,E)p(E)e*] 
0 0 


X5(e—(Eexe—E)), (16) 


where the 6 function introduces the constraint (13). 


The probability of fission through a state with projec- 
tion K is therefore 


Eexe 
F(K,Eexe) = i dE P(K,E)p(E) (Ecxe— E)“*] 


0 


Eexe 
+ f dF [p(E)(Eexe—E)-*]. (17) 
0 


Since p(£) is a rapidly increasing function of E and 
since (E.xe—E)~! is large at E~ Eexc, one expects that 
contributions to the integral in the numerator will 
come chiefly from the neighborhood of E= E.x.. Then 
the slowly varying factor P(K,£) can be evaluated at 
E=E,x- to obtain approximately 


PUK Bexar Uh Pees). (18) 


For excitation energies far in excess of the barrier, 
statistical theory’®”° predicts that P(K,Eix:) is a 
normal distribution [curve (c), Fig. 3]: 


F(K)« exp[—(K?/xR?)], (19) 


where K is the average value of K. Statistical theory 
also predicts that K is proportional to” (E*—Ep)}. 
Neither this distribution nor this energy dependence 
of K has been utilized in any of the calculations reported 
here. Figure 3 indicates that the linear distribution 
which was assumed should give essentially the same 


*” C, Bloch, Phys. Rev. 93, 1094 (1954). 
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Fic. 4. The function W(0°)/W(90°) vs the ratio r=J/K. 
The analytical expression for W (0°)/W (90°) is given in Eqs. (20) 
and (20a). 
results as the normal distribution.2! The assumed 
energy dependence of K, which is most crucial in 
determining the dependence of the anisotropy on 
energy, is discussed below. 

The expression (10) for the ratio W(0°)/W (90°) 
which results from the assumed linear distribution in 
K is integrable analytically, and depends only on the 
ratio r=1/K. The result is 
W (0°)/W (90°) = (1—3r/4r), rg 2 (20) 
1(2/r)—$Lr— (r?—4)*] 

+ (1/129?) (r?—4)! 
+ (1/393) Indfirt+ (r?—4)) ]}7 


r>2. (20a) 


= (r/6){} sin 


This expression is displayed graphically in Fig. 4. For 
an assumed energy dependence of K, Eqs. (11) and 
Fig. 4 allow one to predict the energy dependence of 
W (0°)/W (90°). 

If the excitation energy exceeds the neutron binding 
energy, competition from neutron evaporation must 
be included. Of the compound nuclei of mass A+1 
formed initially, a fraction ya,i=T'y/(T,+T'y) undergo 
fission (‘‘first-chance” and the remaining 
fraction 1—y.4,; emits neutrons to form nuclei of 
If there is still sufficient excitation energy 


fission), 
mass A. 


2 The angular distributions based on Eqs. (12) and (19) differ 
somewhat. The former is W (3) « 4rr'—3r‘ sind for r < 2. It differs 
from the latter {given by V. M. Strutinskii, Atomniya Energ. 2, 
508 (1957) [translation Soviet J. Atomic Energy 2, 621 (1957) }}, 
in that it has a finite slope at #=0 and yields lower emission 
probabilities for intermediate angles, from say, 30° to 60°. The 
first difference disappears when the neutron and/or target spin 
is taken into account (see Fig. 11). As regards the second difference 
the data of Blumberg et al. (reference 25) on Pu might be 
interpreted as favoring the former distribution for values of Kexe up 
to 3 Mev. 
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remaining for fission to occur, ya[1—ya4:] nuclei of 
mass A will undergo fission (“‘second-chance”’ fission). 
This process continues until the excitation energy is 
less than the fission and neutron emission thresholds. 
Subsequent decay is by gamma cascade, neglected here 
when competition from fission and neutron emission is 
energetically possible. The anisotropy is then a sum of 
the anisotropies for the different fissioning species, 
weighted by the number of fissions associated with 
each species. 


4. Low Energy 


We first discuss the qualitative features of fission 
anisotropy for neutrons of energy less than 12 Mev. 
In this region, differences between even-even and odd- 
mass targets may be attributed primarily to differences 
in the fission thresholds. (The fission of odd-odd 
nuclides is omitted to simplify the presentation. The 
appropriate extensions to such cases should, however, 
be obvious.) 

Even-even targets have positive thresholds for fission 
of the order of 1 Mev. Since neutrons of this energy 


form compound states with /~1.0, one expects in 
general that not too far above threshold where K is 
still small, significant forward peaking will be observed. 
Also, as the energy increases above threshold, K will 
increase more rapidly than J, leading to an anisotropy 
decreasing with energy. 

At that energy where fission after neutron emission 
becomes possible, the second-chance fissions occur 
with energy barely in excess of the barrier and with a 
relatively small value of K. The distribution of 7, on 
the other hand, is changed only to the extent that the 
emitted neutrons carry off angular momentum. Since 
the neutrons are emitted chiefly in S-wave states, this 
is a small effect which can be neglected in a first 
approximation. The second-chance fissions are, there- 
fore, characterized by a large ratio, I/K, and increased 
forward peaking is observed to set in with second- 
chance fissions. With further increase in neutron energy, 
the excitation increases, increasing the average com- 
ponent of angular momentum along the symmetry 
axis, and resulting in a dimunition of the tendency 
towards forward peaking. 

Exceptions to this picture may be expected where 
strong deviations from the assumed distribution of K 
occur. Such situations can arise in the neighborhood 
of the fission threshold. Thus, when the fissioning 
species is an odd-mass nuclide, the appropriate value 
of K for fissions occurring predominantly through the 
first rotational band is just the value of K=K, as- 
sociated with that band. Moreover, fissions can occur 
only from compound nuclei whose total angular mo- 
mentum is consistent with those of the rotational states 
energetically available: K,, Ki+1, ---, J. Then fission 
may occur only through a few states with K approxi- 
mately equal to 7. The fragments will be emitted in the 
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direction 90° to the beam, as has been observed” in 
Th*, Wilets and Chase* have made a detailed analysis 
of this case in terms of the Bohr model. The statistical 
treatment discussed in this paper cannot include such 
special cases. It applies only to circumstances where 
one expects averages over many barrier states to 
determine the situation. Such should be the case for 
excitations greater than ~1 Mev above the fission 
threshold. 

Odd-even targets are often thermally fissionable. 
This implies that even for zero-energy neutrons, the 
quantity E*—Ey, is positive. As a result, the first- 
chance peak in the anisotropy is inaccessible via 
neutron bombardment, so that one observes at a given 
energy a much lower anisotropy than the corresponding 
even-even value. 

Odd-even targets differ from even-even targets also 
in that they have a finite spin which must be combined 
with the neutron angular momentum to obtain the spin 
of the compound nucleus. The effect of target spin on 
anisotropy is discussed separately in Sec. IV.3. For 
most of the estimates reported here, the target spin has 
been assumed to be zero. 


5. Higher Energy 


For higher bombarding energies, the anisotropy is a 
composite of anisotropies due to the various species of 
the chain formed by successive neutron emissions. We 
discuss next the qualitative features of the dependence 
on anisotropy with energy in this region. 

Since evaporated neutrons carry off only a small 
angular momentum, the distribution of compound 
nuclear angular momenta involved in the fission of 
various species in the chain is approximately the same as 
that in the initial compound system. In contrast, the 
excitation energy of the fissioning nuclide decreases 
significantly with each neutron emission. Therefore, 
just above its threshold, last-chance fission is charac- 
terized by J at formation but by a low excitation energy 
at the barrier (i.e., a low A), a combination which 
implies a large anisotropy. Thus, one expects a sudden 
increase in the overall anisotropy as each new (x,xn’ f) 
process becomes energetically possible; namely, at 
energy intervals of ~6 Mev. 

The over-all 6-Mev cycle will be influenced by other 
effects which can be described within the present 
classical-statistical description. Two such effects are 
fissionability and odd-even alternation. These affect 
the anisotropy chiefly by their influence on the number 
of (x,xn’f) processes which occur. We discuss them 
separately. 

In a nucleus whose fission half-life is long compared 
with neutron emission times, there will be approxi- 
mately the same number of first-, second-, etc., chance 
fissions. Then considering this effect alone, one expects 


2 J. Brolley and R. Henkel, Phys. Rev. 103, 1292 (1956). 
23. Wilets and D. Chase, Phys. Rev. 103, 1296 (1956). 
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a pattern like the solid curve of Fig. 5, where the 
number of fissions and the anisotropy associated with 
nth-chance fission is assumed independent of n. In 
the opposite extreme of short fission lifetime, all fissions 
are first-chance fissions, and only the first peak would 
be seen. Real nuclides are, of course, intermediate to 
these extremes. Moreover, as neutrons are emitted, 
Z*/A increases, tending in general to increase the 
proportion of zth-chance fission along the chain; also, 
as fissions occur, the compound nucleus is depleted, 
tending to decrease the proportion of mth-chance 
fission. Finally, the spread of excitation energy in 
fissioning nuclides left after several neutron emissions 
tends to smear the sharp structure more and more as 
the number of emitted neutrons increases. 

Odd-even alternation manifests itself (a) in a lower 
average value of K when the fissioning nucleus is 
even-even and (b) in alternation of the sign of the 
difference, Er—Ey, between the fission threshold and 
the neutron binding energy from even-even to odd-mass 
nuclei. Effect (a) would imply that at the same moderate 
excitation, an even-even nucleus should show a stronger 
tendency towards forward peaking than an odd-even 
nucleus. This is especially true if the excitation is less 
than the pairing energy so that the available fission 
channels in the even-even tend to have K=0. Effect (b) 
allows even-even nuclides left with excitation energy 
in the range Er< E.x.< Ey to fission with competition 
only from y emission. Under circumstances where a 
significant fraction of the neutron decays from the 
preceding member of the chain leave a nuclide with 
excitation energy in this range, the proportion of 
fissions following this emission to total fissions will be 
anomalously high.** Both effects (a) and (b) tend to 
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Fic. 5. Qualitative dependence of anisotropy on neutron energy. 
The solid curve is a highly schematized representation in which 
the anisotropy reaches its peak immediately above threshold 
and becomes zero just before the next-chance fission sets in. The 
dashed curve is a qualitative illustration which attempts to 
illustrate various detailed effects discussed in the text. 


*4 This effect has been discussed by Jackson in connection with 
the tendency of the fission cross section to “overshoot” the 
plateau associated with the fission of an even-even compound. 
See J. D. Jackson, Proceedings of the Symposium on the Physics 
of Fission, Chalk River, Canada, 1956 (unpublished). 
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Fic. 6. The dependence of K on E*—£y as obtained from the 
anisotropy of Pu*(n,f) and U*8(n,n’f). Also shown (dashed 
curve) is the dependence implied by the continuum statistical 
theory, which should be valid at high excitation energies. To 
apply this figure to even-even nuclei, 1 Mev should be subtracted 
from E*. 


enhance the anisotropy for even-even nuclides relative 
to odd-even nuclides. 

In the solid curve of Fig. 5, it has been assumed that 
the distribution becomes isotropic for excitations more 
than 6 Mev in excess of the barrier. This, in fact, is 
not the case. The dotted curve, though still qualitative, 
is a more realistic representation which includes a 
contribution to the anisotropy from earlier members of 
the chain and attempts as well to indicate the smearing 
of the sharp structure due to the spread in energy of 
the emitted neutrons. 


III. NUMERICAL ESTIMATES 


Numerical estimates of the neutron-induced fission 
fragment anisotropy have been made on the basis of 
the model discussed above. Of the elements needed to 
estimate the anisotropy, the most crucial is the de- 
pendence of K on energy. Indeed, the utility of the 
theory depends largely upon whether or not a single 
curve of K vs energy can be found which gives a 
satisfactory description of the anisotropy for a variety 
of fissioning nuclides. 

We have determined a function A(E*—E,) for 
excitations between 1.6 and 5 Mev from the measure- 
ments of Blumberg ef al.2> on Pu*®. These data have 
considerably smaller statistical error than any pre- 
viously published work. Since the spin of Pu*® is only 
3, one expects its effect to be small, even for neutron 
energies of only 1 Mev. Above 5 Mev, A(E*—£E,) was 
extended linearly as shown in Fig. 6, and the implied 
anisotropies were compared with the experimental 
data as a test of the extrapolation. As will be discussed 
below, probable errors in estimated thresholds and 
ambiguity in the manner of treating even-even com- 
pounds vis-a-vis odd-even compounds at very low 
excitation energies introduce enough uncertainty into 


26 L, Blumberg eé al., Bull. Am. Phys. Soc. 4, 31 (1958). A more 
complete report is to be published. 





TABLE IT. Assumed thresholds 


Nuclide 
Pu’ 
[233 
[7238 
Th? 


www 


the numerical estimates to render fruitless any further 
refinement of the assumed curve on the basis of present 
data. 

Also shown in Fig. 6 is the form of K(E*—E,) 
implied by continuum statistical theory. This curve 
should become applicable at high excitation energies, 
and presumably does so at excitation energies several 
Mev greater than the highest considered here (13 Mev). 
A curve qualitatively similar to the combination of our 
low-energy curve and the statistical curve at higher 
energies has been used in similar calculations by Halpern 
and Strutinskii.”® 

Besides the dependence of K on E*—E,, other 
assumptions are required to reduce the theory to 
numerical estimates. These concern the values of fission 
barrier energies, the differences between even-even and 
odd-even compounds at a given excitation, the spectrum 
of evaporated neutrons, and the proportion of second 
chance fissions. Since these can, in some cases, affect the 
calculated anisotropy significantly, we have chosen 
certain definite prescriptions for specifying each of 
them. Later, the effects of tenable alternatives will be 
discussed. 

The _ prescriptions listed 
Thresholds used are estimates of the energy at which 
the penetration probability through the lowest barrier 
state is equal to one-half [see Eq. (5)]; they are 
summarized in Table I. 

(1) For even-even compound nuclei, one Mev is 
subtracted from the excitation energy in estimating 
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Fic. 7. Theoretical and experimental anisotropies for Pu. The 
theoretical curves (solid lines) assume /)=0. The asterisks at 
the energy corresponding to the peak of the second-chance 
anisotropy indicate the effect of changing the assumed (n,n’/) 
threshold by +0.4 Mev. 


6 T. Halpern and V. Strutinskii, Proceedings of the Second United 
Nations Conference on the Peaceful Uses of Atomic Energy, Geneva 
1958 (United Nations, Geneva, 1959), Paper No. P/1513. 
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K» For very low excitations, a different dependence 
of K on E*—E, is assumed for even-even nuclei from 
that for odd-A nuclei (see Fig. 6). 

(2) Thresholds and proportions of second-chance 
fissions are estimated from measured cross section 
data.”.*? In estimating the proportion of second-chance 
fission, the value of the cross section on the first plateau 
is assumed to determine the first-chance contribution. 

(3) Fission is assumed to compete with energetically 
allowed neutron emission only if the excitation energy 
exceeds the fission barrier by 0.3 Mev. 

(4) In estimating the excitation energy for second- 
chance fissions, evaporated neutrons are assumed (a) 
to carry no angular momentum and (b) to be mono- 
energetic with kinetic energy equal to the average 
kinetic energy of the neutrons which leave enough 
energy for subsequent fission to occur. A Maxwell 
distribution®® with 7s=0.75 Mev is used to evaluate 
this average. 


*\ (nf) AND (n,0' f) 


w(0")/ w(90") 
es 


ANISOTROPY OF U>>?(n,f) 
+ EXPERIMENTAL (BLUMBERG 
ANDO LEACHMAN ) 
— THEORETICAL 


Fic. 8. Theoretical and experimental anisotropies for U2. The 
anisotropy calculated on the assumption that the (n,n’f) threshold 
was 0.4 Mev greater than that in Table I would be 1.41, which 
falls beyond the range of the figure. 


IV. DISCUSSION OF NUMERICAL ESTIMATES 


The numerical estimates of anisotropy vs energy are 
given in Figs. 7, 8, 9, and 10, together with the relevant 
data.”>.9-* We shall discuss the first- and second- 
chance estimates separately. 


1. First-Chance Fission Anisotropies 


The low-energy dependence of K for odd-even com- 
pound nuclei was determined by fitting the data on Pu*® 
in the manner shown in Fig. 7. Neglecting the spin and 
assuming the same fission threshold for U?*, one 
calculates the same anisotropy for those two nuclides. 

27 R. L. Henkel, Fast Neutron Physics (Interscience Publishers, 
Inc., New York, to be published). 

28 See reference 17, p. 368. 

27 R. Henkel, Los Alamos Scientific Laboratory Report LA-2122 
(unpublished). 

%® W. Dickinson and J. Brolley, Phys. Rev. 90, 388 (1953); 
94, 640 (1954). 

31 Brolley, Dickinson, and Henkel, Phys. Rev. 99, 159 (1955). 

% R. Henkel and J. Brolley, Phys. Rev. 103, 1292 (1956). 

33 Simmons, Henkel, and Brolley, Bull. Am. Phvs. Soc. Ser. IT. 
2, 308 (1957). 
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This agrees with the experimental results to within 
a few percent as shown in Fig. 8, in contrast to the 
expected effect of the spin, as will be discussed in 
Sec. IV. 3. 

The first-chance anisotropy calculated for the targets 
Th? and U*8 from the same assumed K dependence 
is shown in Figs. 9 and 10. One sees that the agreement 
is moderately good. Also, it could be improved by 
slight changes in the assumed values of the fission 
threshold Ey which effect primarily a shift in energy 
of the calculated anisotropy. 

The dotted portions of the curves indicate regions 
either where the estimated value of K was less than 
one (so that reservations must be retained concerning 
the hypothesized distribution) or where the energy 
concerned is above the second-chance threshold. 


2. Second-Chance Fission Anisotropies 


The estimated second-chance anisotropies for the 
odd-even targets are seen to be in semiquantitative 
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Fic. 9. Theoretical and experimental anisotropies for U***. 


agreement with the data of Blumberg and Leachman. 
In this case, the estimated K is greater than one only 
for bombarding energies greater than approximately 
7.5 Mev. We have nonetheless included for its illus- 
trative value the dotted portion of the curve based on 
the extrapolation of the K dependence to lower values. 
Actually, the results indicate that such an extrapolation 
may provide a useful parametrization for the low- 
excitation anisotropies, even though the statistical 
assumptions on which they are based retain but little 
claim to validity. 

Since the proportion of second-chance fission is fixed 
by the measured values of the cross section, as discussed 
previously, modest changes in the assumed value of 
E; for the second-chance events can effect significant 
modification of the calculated anisotropy. In Figs. 7 
and 8, asterisks have been inserted to indicate the 
calculated anisotropy at 7.5 Mev if E; were changed 
by +0.4 Mev. 

In the second-chance 
fission involves even-even compound The 
subtraction of 1 Mev and of the average energy carried 


case of even-even targets, 


nuclei. 
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Fic. 10. Theoretical and experimental anisotropies for Th. 


by the emitted neutrons leaves an excitation greater 
than 1 Mev only when the bombarding energy is 
greater than approximately 8.0 Mev. Thus, the statisti- 
cal model used here is inadequate to describe the 
interesting range between 5.5 and 8.0 Mev unless 
further assumptions are made concerning values of K 
in even-even nuclides for excitations in the neighbor- 
hood of 1 Mev. 

The success of the extrapolation to low excitations 
in the odd-mass targets encourages one to test such 
assumptions in spite of the fact that the assumed 
distribution of A cannot adequately describe the 
situation where only a few barrier states are involved. 
In assigning a value to K for even-even nuclei of low 
excitation, one is therefore utilizing the statistical 
theory merely as a vehicle for parametrizing the 
anisotropies. Still the procedure is a useful one, since 
one expects the structure of low-lying excited states in 
deformed even-even nuclei to be qualitatively the same 
for various nuclei. For this reason, a parametrization 
which fits data obtained from one nucleus should also 
describe others in at least a semiquantitative manner. 
The measure of the utility of the method will be the 
variety of fissioning nuclei for which it can be applied 
successfully. 

The low-energy extension of the curve of Fig. 6 
marked “‘even-even” has been chosen to give a fair 
reproduction of the available data* for U™*. It has then 
been used to estimate the second-chance anisotropy 
for Th”. As Fig. 10 illustrates, the agreement is quite 
satisfactory. 

The difference between the anisotropies calculated 
for Th? and U** is due primarily to the difference in 
the onset of the second-chance process, as interpreted 
from measured fission cross sections. The very large 
anisotropy observed in Th*” is due chiefly to the gap, 
Ey —E;~0.4 Mev, between the neutron binding energy 
and the fission threshold for Th*’. Fission of compound 
nuclei with excitation energy within this gap occurs with 
especially low excitation energy and without compe- 
tition from neutron emission. 

4 More complete measurements to be published by R. Henkel 


and J. Simmons also agree fairly well with the curve of Fig. 9 
(private communication from R. Henkel). 
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To estimate the effect of these low-energy fissions 
on the anisotropy, we have assumed that the excess 
in cross section over the value of the cross section 
at energies (>10 Mev) where the second plateau is 
approximately constant is to be attributed to fissions 
in the gap. It is certainly true that this is incorrect 
just above the threshold where a large fraction of the 
second-chance fission is fission of nuclei whose exci- 
tation lies within this gap, although the cross section 
still lies below the plateau value. Thus, in particular, 
the anjsotropy estimated at 6.5 Mev is lower than the 
measured value. This inaccuracy seems a reasonable 
price to pay for the ability to tie the calculation uniquely 
to the measured cross section. Alternatives involving 
one or more parameters which cannot be specified 
from currently available data seem far less attractive. 


3. Effect of Target Spin on Fission Anisotropy 


To determine the effect of spin, detailed machine 
calculations have been performed on the basis of Eq. 
(7) for targets with nonzero spin. We consider a target 
of spin J) and Z component Mo. This spin combines with 
the neutron spin to give channel spin states (j,m);). 
The channel spin, in turn, combines with the neutron 
orbital angular momentum (L,m ,=0) to form the 
compound nuclear spin (J, M=m;). We denote the 
probability that a compound state of spin J fissions 
through a channel with projection K along the nuclear 
symmetry axis by F;(K), and the probability that the 
neutron is absorbed with orbital angular momentum 
L by W(L). Then 


F,(K) 
> a w(L) Cmjoatl! J 


G(I,M,K)= 
2(27o+1) 7.L 


where Cag,48° is a Clebsch-Gordon coefficient. The 
probability @(ZL) is of the form 


Lmax 


w(L) = (2L4+1)T(E,)/ XL (QL+1)T1(E,), 


L=0 


where 7; is the penetration coefficient for L-wave 
neutrons of energy E,, chosen to resemble the assumed 
classical distribution (11). To specify the probability 
of fission through a channel K, we use the linear distri- 
bution (12); then 


Fi(K)=(Km—|K|)/ 
~ (Kn-|K|], if K<Kn, and K<I 
Ki<l 

K>I. 


=0, if K>Kn, or 


The resulting expression for the angular distribution 
has been evaluated numerically. The results for several! 
target spins and for a neutron energy of 1.5 Mev are 
shown in Fig. 11. They show that the anisotropy should 
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Fic. 11. Theoretical angular distributions of fission fragments, 
including the effect of target spin. This situation corresponds 
approximately to those of Pu and U** at 1.5 Mev of neutron 
energy, but does not include corrections arising from considera- 
tion of the nuclear deformation discussed in the text. 


decrease with increasing spin,*® provided the excitation 
energy and the distribution of incoming orbital angular 
momentum are not changed. In particular, for the 
comparison of U?* (spin $) and Pu (spin 3), the 
difference in anisotropy should be approximately 6% 
at 1.5 Mev and 5% at 5 Mev. 

This is in contradiction to the data shown in Figs. 
7 and 8, where the anisotropy of U** is actually larger 
than that of Pu®*. Moreover, it would be inconsistent 
with the measurements of Stokes and Northrup” to 
suppose that the fission thresholds of these targets 
differ sufficiently to explain such a large deviation from 
the calculations. Finally, any appeal to a fluctuation 
away from the expected average values of K seems to 
be ruled out by the consistency of the data over the 
range from 1.5 to 5 Mev. 

One possible explanation for the high anisotropy of 
U3 relative to Pu™® is that the process of neutron 
absorption results in markedly different distributions 
of compound-nuclear angular momentum for these two 
nuclides. An effect of this kind could arise from the 
correlation of the spin direction and the nuclear de- 
formation axis. In classical terminology, one can say 
that an ellipsoidal target nucleus with a large spin J 
in a substate M)~0 presents its elliptical cross section 
to the beam while a target with M=TJ > presents a 
smaller circular cross section. There follows a preference 
for absorption of neutrons into states with M=0 when 
the target spin is large, as well as a larger average 
radius for targets in this substate. This effect would 
increase the anisotropies over those shown in Fig. 11. 

One can make a crude estimate to show that this 
explanation may indeed be capable of canceling the 
effect of spin indicated by the more naive calculations 
leading to Fig. 11. Consider the nucleus to be a classical 
spheroid with semimajor axis equal to #(1+6) and 
semiminor axes equal to R(1—6/2) and oriented at an 
angle with respect to the neutron beam given by 


¢=cos Mo, [To(Zo+1) ]}. (21) 


35 As suggested by Bohr (reference 1). 
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Then the geometrical cross section in the plane perpen- 
dicular to the beam is a function of Mo given by 

o (Mo) =R?(1+45— 36 cos*¢)!, 
correct to O(6?). If we take the maximum orbital angular 
momentum absorbed to be proportional to the greatest 
extension of the nucleus in the plane perpendicular to 


the beam, this too is a function of Mo [again correct 
only to O(6?) }: 


Lm(Mo) =L nl 1+5— $6 cos’ ], (22) 


where L,, is the value which would be obtained from 
Eq. (11b) for a sphere of radius R. 

Assuming 6=0.25 and applying the weighting (21) 
to the angular distributions arising from various values 
of M in the calculations summarized in Fig. 11 and 
estimating the enhancement in anisotropy which Eq. 
(22) and Fig. 4 imply for the M=0 part, one finds that 
the correction to the simpler calculation which results 
from this effect is +3% for a target spin of $ relative to 
a spin of 3. This is about one-half the magnitude of the 
expected, but unobserved, suppression of anisotropy 
for this target spin. The conclusion is that the net effect 
of target spin will be small, so that in a first approxi- 
mation one can overlook it entirely. This has been done 
in the calculations leading to Figs. 7, 8, 9, and 10. 

It should be realized that the inclusion of the pre- 
cession of the nuclear axis about the angular momentum 
would reduce the difference between the extremes of 
a(M>) and L,»,(Mo) somewhat, leading to a correction 
smaller than the +3% estimated above. On the other 
hand, a proper wave mechanical treatment of neutron 
absorption by a deformed nucleus might yield results 
more consistent with the correction required by the 
measurements (+7%) than either the crude treatment 
given here or various refined versions of it can predict. 

These detailed calculations are also a useful indicator 
of the errors involved in the estimates based on Eqs. 
(10) and (11). The classical approximation to the D 
functions appears accurate within 2% in the anisotropy 
at this energy, while the use of the distribution (11) in 
place of more realistic penetration coefficients may 
introduce as much as 15% error.*® However, by de- 
termining the average value of K from observed 
anisotropies, one certainly compensates for most of this 
latter error. 


4. Correlation Between Mass Asymmetry 
and Antisotropy 


It has been observed in fission by 22-Mev protons*’-*8 
and in photofission® that fragments from the maxima 


36 This statement is based on calculations utilizing the pene- 
tration coefficients for uranium given by R. Beyster e¢ al., Los 
Alamos Scientific Laboratory Report LA-2099, 1957 (un- 
published), but retaining the curve K(E*—Ey) of Fig. 6. It is 
therefore more an indication of the nonuniqueness of the assumed 
K values than of the accuracy of calculations based on a given set. 

37 Cohen, Jones, McCormick, and Ferrell, Phys. Rev. 94, 625 
(1954). 

38 Cohen, Ferrell-Bryan, Coombe, and Hullings, Phys. Rev. 98, 
685 (1955). 

9 Fairhall, Halpern, and Winhold, Phys. Rev. 94, 733 (1954). 
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of the mass yield curve tend to be more anisotropic 
than fragments from the valley. In the present model, 
this qualitative behavior would be expected, not as a 
correlation between mass division and anisotropy for 
nuclei fissioning at a single fixed excitation energy, but 
rather as a correlation between fission events at different 
excitation energies which occur along the chain. In the 
observation of fission from a chain of nuclides, selection 
of a fragment mass which lies in the valley of the yield 
curve is tantamount to selection of a fission event with a 
larger than average excitation energy in excess of the 
barrier, since this mass division is known to become 
more probable with increasing excitation energy. 
According to the present model, such an event will show 
less fragment anisotropy than fissions of lower exci- 
tation. Conversely, to choose fragments from the 
maximum of the mass yield curve is to choose on the 
average an event of lower average excitation and, 
therefore, of higher anisotropy. 

Data on the correlation between asymmetry and 
anisotropy in the fission at a well-defined excitation 
energy, but below the (,n’f) threshold, would answer 
the question of whether or not there is a correlation 
between anisotropy and mass asymmetry in a fission 
event at a single fixed excitation energy. Such experi- 
mental data would offer evidence on the long-standing 
question®-*” of whether symmetric fission arises from 
traversal of a saddle point in deformation space which 
is separate and independent of that leading to asym- 
metric fission, or whether both symmetric and asym- 
metric fission result from traversal of a single saddle 
point. In the former case, one would expect different 
values of the excitation energy at the barrier, exe, for 
symmetric and asymmetric fission and_ therefore 
different angular distributions. Observation of the same 
angular distributions for various mass divisions would 
support the original viewpoint of Bohr and Wheeler. 


5. General 


The success of the Bohr model in fitting anisotropies 
in a variety of nuclides over a wide range of energies 
need not be interpreted as evidence that the detailed 
picture on which Bohr based his assumptions must be 
accepted. In particular, the work of Strutinskii? shows 
that elimination of the assumption that the barrier 
spectrum is quasi-stationary does not preclude the 
derivation of an anisotropy of the form (7). It is not 
clear that a second element of the Bohr picture, the 
assumption that K is a good quantum number at the 
barrier, is valid at high excitation energies. 

A cautious point of view on the use of K as a good 
quantum number even when its validity is dubious 
would be that it does provide a convenient para- 
metrization of the behavior of the anisotropy, and one 
which is expected to correspond to the physical situation 


A, Bohr and J. Wheeler, Phys. Rev. 56, 426 (1939). 

41R, D. Present and J. K. Knipp, Phys. Rev. 57, 1188 (1940). 
“W. Swiatecki, Proceedings of the Second United Nations 
International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1958 (United Nations, Geneva, 1959), Paper No. P/651. 
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at lower excitations. However, further investigation 
might establish that in observing statistical averages 
over many states, the probability distribution of K 
is a relevant concept, even though the constancy of 
K state-by-state may be in doubt, and that this 
distribution will behave in accordance with the pre- 
dictions of statistical theory. 
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Tb’*’: A New Terbium Isotope 


K. S. Torn, S. Bj@xnHoLM, M. JORGENSEN, O. B. NIELSEN, AND O. SKILBREID 
Institute for Theoretical Physics, University of Copenhagen, Copenhagen, Denmark 
(Received May 15, 1959) 


A new isotope with a 3.1-hr half-life has been produced in a 60-Mev proton bombardment of natural 
gadolinium. The isotope has been identified to be Tb'®’ by means of a mass separation performed on the 
chemically purified terbium fraction. Gamma-ray spectra have revealed an intense 640-kev peak belonging 
to Tb’ decay. The y ray is probably the transition from the first-excited to the ground state in Gd'®™. 


NEUTRON-DEFICIENT terbium isotope with 

a 3.1-hr half-life has been identified to be Tb'™. 
The similarity of this nuclide’s half-life to that of its 
neighbor, Tb'’, (4.1 hr), partially explains why Tb’ 
has not been reported previously. The decay of the 
isotope is followed by at least one characteristic y ray 
whose energy is 640 kev. A strong annihilation peak 
is also associated with its decay, indicating that the new 
activity emits positrons. 

Approximately 150 mg of natural gadolinium oxide 
were bombarded for 4 hours with 60-Mev protons 
accelerated in the Uppsala synchrocyclotron. Most of 
the known neutron-deficient terbium nuclides were 
produced and, in order to study each of them, indi- 
vidually, a mass separation was performed. The isotope 
separator used has been described earlier.! A small 
portion (1-2 mg) of the target was placed in the sepa- 
rator immediately after the material had been delivered 
(12 hours after the termination of the bombardment). 
The larger portion was first chemically purified, using 
an ion-exchange technique.? The terbium fraction was 
then placed in the mass separator. The two mass 150 
samples, “A” (chemically impure) and “B” (chemically 
purified), were similar as far as could be determined 
from their y-ray spectra and their decay curves. The 
effectiveness of the chemical separation in the case of 
the ““B” samples was demonstrated by the mass number 
159 samples. “A” of mass 159 clearly contained a large 
amount of the 18-hr Gd!*, while “‘B” of the same mass 
number showed that the relative amount of Gd'® had 
decreased by a factor of 50. 

K. O. Nielsen and O. Skilbreid, Nuclear Instr. 2, 15 (1958). 


Thompson, Harvey, Choppin, and Seaborg, J. Am. Chem. Soc. 
76, 6229 (1954). 
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Figure 1 shows the y-ray spectra of the ‘“‘A” samples 
of Tb’, Tb, and Tb!*, all taken at the same energy 
setting of the scintillation spectrometer. The detector of 
the spectrometer is a 3-in. NaI(Tl) crystal and the 
spectra are displayed on a 100-channel pulse-height 
analyzer. A series of y spectra taken at a constant 
energy setting facilitates the assignment of y rays to 
the various isotopes. It is seen from Fig. 1 that the 
mass numbers are not quantitatively separated. Indeed, 
Tb’ is present in both the 149 and 150 masses. All 
masses were found to be present to some extent in their 
neighbors (2-5%). The abundance of Tb! in the Tb" 
and Tb! spectra is especially pronounced for two reasons. 
(a) Tb’ was more abundantly produced than either 
Tb! or Tb™. (b) The measurements were made about 
15 hours after the bombardment was over and, while 
the shorter lived Tb’ and Tb! had decayed through 
4 or 5 half-lives, Tb'®! had only decreased to one-half 
of its original amount. In the Tb!® spectrum, only the 
510- and 640-kev peaks can be assigned to that particu- 
lar isotope. The 180-, 250-, and 290-kev y rays are 
known to belong to Tb! from accurate conversion- 
electron studies.’ This is also evident from the relative 
abundance of the three y rays in the three y-ray spectra. 
The 350-kev peak must be assigned to Tb on the 
basis of the relative y-ray abundance and, from some 
recent work by Toth and Rasmussen,! it is known that 
a 350-kev y ray follows the decay of Tb. 

Four decay curves were obtained counting the mass 
150 samples “A” and “B” in a flow-type proportional 
counter and in a single channel scintillation spectrom- 


3 Mihelich, Harmatz, and Handley, Phys. Rev. 108, 989 (1957). 

4K. S. Toth and J. O. Rasmussen, University of California 
Radiation Laboratory Report UCRL-8375 [J. Inorg. Nuclear 
Chem. 10, 198 (1959) ]. 
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Fic. 1. y-ray spectra of Tb, Th!®, and Tb!®!, “A” samples. 
eter. The decay curves, when resolved, yielded the same 
half-lives, i.e., 3.1240.2 hr (Tb!™), 17.540.5 hr (Tb!*') 
as well as a longer half-life that was found to be a 
general background present in all the masses. Figure 2 
shows the decay curve of the “B” sample, counted in 
the single-channel spectrometer which was set to count 
only those y rays whose energies were above 450 kev. 
The 640-kev y ray probably is the transition from 
the first-excited to the ground state in Gd'®™. Toth and 
Nielsen, in connection with their Pm" decay scheme 
study, made an analysis of the variation with neutron 
and proton number of first-excited state energies in 
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Fic. 2. Decay curve of Tb!™. “B” sample. 


even-even nuclei in this region.® From their systematics 
it is found that, for a given neutron number, there is a 
steady increase in these energies as the atomic number 
is increased. There are two even-even 86-neutron nuclei 
whose first-excited state energies are known, Nd'** 460 
kev, and Sm"™* 562 kev. The predicted value for the 
first-excited level energy in Gd'® would thus be approxi- 
mately 100 kev more than that of Sm", in good agree- 
ment with the energy of the 640-kev y ray observed in 
the Th! decay. 
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A Nal crystal was used to study the spectra of gamma rays 
associated with the giant resonance cross section of the nuclear 
photoeffect in carbon, oxygen, and copper. The x-ray source was 
a bremsstrahlung beam whose energy was varied from 19 to 61 
Mev. Cross sections for elastic, and mixed elastic and inelastic 
scattering were measured at 135° to the x-ray beam. The copper 
cross section has a magnitude which is well predicted by particle 
photoproduction cross sections coupled with a dipole dispersion 
theory. The elastic scattering cross section for carbon can be 
predicted in a similar fashion, but the oxygen cross section cannot. 
For oxygen, the observed cross section is much larger than the 
predicted one and this result is explained if narrow, isolated, 
resonances are an important part of the oxygen photonuclear 
cross section. The different behavior of carbon and oxygen which 
is found is consistent with other experiments. The angular de 


I. INTRODUCTION 
LL photonuclear cross sections exhibit a giant 
resonance which, by virtue of its integrated 
strength, is believed to be electric dipole in character. 
The resonance energy lies between 14 and 25 Mev for 
all the elements and it is always well above the thresh- 
olds for neutron and proton emission. The probability 
for decay by gamma-ray emission is therefore very 
small. The probability for gamma-ray emission back 
to the ground state (elastic scattering) can be estimated 
if it is assumed that the giant resonance is dipole in 
character. In that case, the probability, at the peak 
of the giant resonance, is about equal to the peak cross 
section for particle emission divided by 67r\’. This 
estimate gives 2% for gold, 0.6% for copper, and 0.2% 
for carbon. 

In spite of the low yields expected for elastic scatter- 
ing the process deserves study for a number of reasons. 
First, the multipole character of the giant resonance 
can be established from the angular dependence of the 
cross section. Second, dispersion theory'* can be em- 
ployed to get a connection between the elastic scattering 
cross section and the total photonuclear cross section. 
This approach to the determination of photonuclear 
cross sections has already been employed by Fuller and 
Hayward? who were able to show that elastic scattering 
cross sections are quite compatible with total cross 
sections deduced from studies of (y,n) and (y,p) 
reactions—at least for elements of mass 50 or more. 
For elements lighter than this, their scattering cross 
sections do not have a giant resonance shape, and con- 
siderable photon absorption above 25 Mev is indicated. 

* Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t Now at Litton Industries, Beverly Hills, California. 

t Now at the University of Illinois. 

— Goldberger, and Thirring, Phys. Rev. 95, 1612 
2 E. G. Fuller and E. Hayward, Phys. Rev. 101, 692 (1956). 


pendence of the oxygen elastic scattering cross section near 22 Mev 
is predominantly dipole with a possible quadrupole admixture. 
For oxygen, an inelastic scattering cross section was observed 
which has a threshold at about 26 Mev, a peak at about 30 Mev, 
and is due to transitions to a state (or states) near 6 Mev. It is 
interpreted as the result of an overlap of two giant resonance 
cross sections—one for the ground state and one for the excited 
state. The consequences of this interpretation to the theory of the 
nuclear photoeffect is discussed. The yield of gamma rays from 
O' and N" which follow neutron or proton emission was also 
studied and several lines were observed, but none above 6.5 Mev. 
The photon:uclear cross sections associated with these lines are 
estimated to be 45% of the whole photonuclear cross section at 
23 Mev. 


The connection which dispersion theory gives between 
an elastic scattering cross section and the corresponding 
total cross section is nonlinear. This makes it possible 
to determine whether or not narrow, isolated, resonances 
play a significant role in the photonuclear cross sections 
for the light elements at giant resonance energies. 

In addition to elastic de-excitation of giant resonance 
states, inelastic processes will also take place. Very 
little is known about the inelastic cross sections. In the 
case of gold, de-excitation by inelastic processes seems 
to be as probable as elastic de-excitation.* Large inelastic 
yields have been reported for other substances as well.‘ 
A study of inelastic cross sections for the light elements 
can possibly provide information concerning the basic 
mechanism of the nuclear photoeffect. For example, 
consider oxygen. The ground state of O"* has zero spin 
and even parity and the photonuclear cross section 
exhibits a strong resonance at about 22 Mev, according 
to measured particle photoproduction cross sections.*: 
The first excited state of O'* also has zero spin and even 
parity,’ and it is reasonable to assume that this state 
also possesses a giant resonance. A strong cross section 
for inelastic de-excitation of the ground-state giant 
resonance may occur if the latter strongly overlaps the 
giant resonance for the excited state. The energy at 
which this overlap takes place should be “model 
dependent.” 

The measurement of any of the quantities which have 
been discussed must take place in the presence of a very 

3. Meyer-Schiitzmeister and V. L. Telegdi, Phys. Rev. 104, 
185 (1956). 

4M. B. Stearns, Phys. Rev. 87, 706 (1952). 

5R. Montalbetti and L. Katz, Can J. Phys. 31, 798 (1953); 
Montalbetti, Katz, and Goldemberg, Phys. Rev. 91, 659 (1953); 
R. Sagane, Phys. Rev. 84, 587 (1951). 

6 Cohen, Mann, Patton, Reibel, Stephens, and Winhold, Phys. 
Rev. 104, 108 (1956); S. A. E. Johansson and B. Forkman, Arkiv 
Fysik 12, 359 (1957) ; D. L. Livesey, Can J. Phys. 34, 1022 (1956). 

1955) Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
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strong background arising from “‘residual” gamma rays 
—that is, gamma rays coming from the de-excitation 
of the residual nuclei which are left after particle 
emission has taken place from the target nuclei. Even 
for light elements, such as carbon, the yield of residual 
gamma rays can be as high as 50% of the total photo- 
nuclear particle yield at giant resonance energies.® In 
the case of the light elements, where the levels in the 
residual nuclei are well spaced, these residual gamma 
rays provide a method for studying the nuclear photo- 
effect alternative to the study of emitted particles. 

The present paper gives experimental data on all the 
processes which have been discussed for the case of 
oxygen (99.8% O'*). In addition, sufficient data on 
carbon and copper have been obtained to provide some 
comparisons among the three substances. The measure- 
ments were made with the 100-Mev betatron at the 
University of Chicago. 


II. THE DIPOLE DISPERSION RELATION 


The dispersion relation which applies to the dipole 
photoeffect? can be written in the following form: 


6rho,(E)=[ou(F) 


2E oa(k) 
+|—p f S 
T E?—k 
where A is the wavelength corresponding to energy E£, 
o,(E) is the elastic scattering cross section, 7a(£) is the 
total photonuclear cross section, and or is the Thomson 
scattering cross section for the nucleus (charge Z, 
mass A). To apply the equation one must assume that 
only dipole transitions are important. The total cross 
section, oa, can be taken equal to the sum of the photo- 
particle cross sections with little error. The symbol P 
means to take the principle value of the integral. 
If o goes to zero for energies above the giant reso- 
nance then Eq. (1) predicts that the elastic scattering 
cross section will approach a constant value given by 


-dk+ (6rX)}| c. JGR) 


T=? 
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o,(large FE) or] —+080—] : (2) 
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where x is the fraction of exchange forces which appears 
in the dipole sum rule*, Equation (2) assumes that the 
giant resonance exhausts the dipole sum rule. If x is 
set equal to zero then Eq. (2) becomes the classical 
expression for the scattering from a body of charge 
Z and mass Z (coherent scattering by Z free protons). 

Equation (1) can be used to make predictions for 
the elastic scattering cross section. However, the experi- 
mental measurements of o, are actually average values, 
(oa), where the average is taken over the resolution 
function appropriate to the method of cross-section 

8S. Penner and J. E. Leiss, National Bureau of Standards 


Report No. 6219, (unpublished). 
9J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950). 


PHOTOEFFECT 


Diy C18, AND Exe 121 
analysis. When (4) is obtained from a bremsstrahlung 
yield curve this resolution function is typically 0.5 Mev 
or more in width.” As long as o, is smooth and does 
not vary too rapidly then (¢,) will be a good approxi- 
mation to it. 

For the light elements, detailed studies of brems- 
strahlung yield curves for the (y,m) reactions have 
revealed the presence of fine structure" which indicates 
that the giant resonance may be subdivided into many 
narrow resonances. In that case (o,) cannot be inserted 
into Eq. (1) in place of oa. 

For the special case where o, consists of a series of 
nonoverlapping resonances Eq. (1) can be transformed 
into a more useful form. In order to get rid of local 
interference effects in the scattering cross section we 
define an averaged scattering cross section, ¢,(F), 
where this average is taken over an energy interval 
containing several of the narrow resonances. Then, to a 
good approximation, one gets 


OmX"G,(F) = Ga? (oa( E)) 


2K (oa(£)) P 
+|—r f — itt (6rX'ey!] (3) 
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In Eq. (3) the peak height of the levels, averaged over 
several adjacent levels, is denoted by ¢,?(£). In order 
to compare the predictions from Eq. (3) with experi- 
ment one must take a further average, (¢,(/)), where 
the bracket denotes an average over the resolution 
function of the detector which is employed in the 
scattering experiment. 

For the case of narrow resonances plus a continuum, 
a more complicated expression than Eq. (3) is necessary. 
Near the peak of a giant resonance the integrals on the 
right-hand sides of Eqs. (1) and (3) give essentially 
zero contribution. 


III. EXPERIMENTAL DETAILS 
A. The Detector 
The energy sensitive detector was a 5-inch diameter 
by 4-inch thick Nal crystal optically coupled to a type 
6364 photomultiplier tube. The whole assembly was 
contained in styrofoam inside a magnetic shield. The 
detection geometry is shown in Fig. 1. A plastic anti- 
coincidence counter was located ahead of the Nal to 
guarantee that no charged particles coming from the 
direction of the scatterer would be counted. The solid 
angle of the detector was defined by a lead collimator 
whose exit diameter was about 2.8 inches. Absorbers of 
Be and Pb were used at the collimator entrance as 
shown. 
The detector assembly was mounted on an arm 
which could pivot about the scatterer. The latter was 
10 A. S. Penfold and J. E. Leiss, Physics Research Laboratory 
Report, University of Illinois, 1958 (unpublished). 
'' Katz, Haslam, Horsley, Cameron, and Montalbetti, Phys. 


Rev. 95, 464 (1954); A. S. Penfold and B. M. Spicer, Phys. Rev. 
100, 1377 (1955); D. Jamnik, Nuclear Instr. 1, 324 (1957). 
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Fic. 1. Sketch of the detector geometry and shielding. Additional 
shielding which was used is described in the text 


located 5 meters from the x-ray target of the betatron. 
The diameter of the x-ray beam at the scatterer was 
set by a Pb collimator located half way between the 
scatterer and the betatron. 


B. The Scatterers 


Graphite, water, and copper scatterers were used. In 
each case the scatterer consisted of a plate of the 
material mounted at an angle of 45° to the x-ray beam. 
The water was contained in a 33-inch thick Lucite shell. 
The thicknesses of the scatterers, measured along the 
direction of the x-ray beam, were: graphite, 6.0 g/cm’; 
water, 5.4 g/cm’; copper, 4 g/cm? and 8 g/cm?*. The 
scatterers caused an attenuation of the x-ray beam due 
to pair production and the Compton effect of between 
9% and 27% at giant resonance energies. 

For measurements made at forward angles the 
scatterers were rotated 90° from the position shown 
in Fig. 1. 

C. Solid Angle 


The solid angle which the detector subtended at the 
center of the scatterer was not the geometrical one 
because gamma rays could penetrate parts of the Pb 
collimator. This effect was calculated for various photon 
energies. It was found to cause a 10% increase at 15 
Mev, for example. 

The net effective solid angle at 15 Mev was 0.036 
steradian. Corrections to this number due to the finite 
extent of the scatterer were negligible. 


D. Shielding 


A great deal of shielding was required in order to 
keep the background radiation from the betatron suit- 
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ably small. The primary collimator was 0.20 meter of 
Pb, located 2.5 meters from the betatron x-ray target. 
Two secondary collimators were used: one, 0.20 meter 
of litharge at the betatron donut; the other, 0.25 meter 
of Pb at 1.8 meters from the betatron. In addition, a 
shield wall was located after the primary collimator. 
This wall consisted of 1 meter of Pb shot and 0.25 meter 
of borax in the immediate vicinity of the x-ray beam, 
and 2 meters of heavy concrete and 0.25 meter of borax 
elsewhere. 

Electron contamination of the beam was eliminated 
by a sweep magnet located just after the primary 
collimator. The beam then entered an evacuated pipe 
which continued up to the ion chamber monitor as 
shown in Fig. 1. After leaving the scatterer, the beam 
traveled 2 meters more and entered the tunnel of a 
steel “backstop.” This device was extremely effective 
in preventing the residual beam from being reflected 
from the back wall in the direction of the detector. The 
borax shield wall reduced the background of photo- 
neutrons which were generated in the Pb of the shield 
wall. Tests with a neutron long counter were made and 
it was found that additional borax shielding made very 
little difference. 

The shielding used around the detector assembly is 
shown in Fig. 1. No Pb shield was employed either 
above or below the detector. The room in which the 
measurements were made had a very high ceiling and 
the beam was 63 inches above the floor. It was found 
that top or bottom shielding did more harm than good. 

A shield consisting of 10 cm of Pb and 25 cm of borax 
was mounted on an arm which pivoted about the same 
point as the detector assembly. This shield was posi- 
tioned diametrically opposite the detector and pro- 
tected the lightly shielded front face of the detector 
from room background. It was found very helpful 
when scattering at angles forward of 90° was being 
measured. 

The Be and Pb shielding used in front of the detector 
(Fig. 1) was essential in order to reduce pile-up of small 
pulses in the Nal. The Be functioned as an electron 
shield, and the Pb functioned as a shield for soft 
gamma rays. 

The anticoincidence shield (Fig. 1) was only useful 
for angles forward of 90°. By placing this counter in 
coincidence with the NaI the charged particle flux could 
be determined. This procedure was used while deter- 
mining the general shielding requirements. 

A previous experiment? employed a thick Al filter in 
the x-ray beam in order to preferentially attenuate low- 
energy photons. Tests were made to determine the 
effectiveness of such a filter for this experiment, and it 
was found to be unnecessary. 


E. Monitoring 


The transmission type ion chamber shown in Fig. 1 
was employed to monitor the x-ray intensity. The 
charge transferred by the chamber was collected on a 
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polystyrene condenser whose voltage was read with a 
vibrating reed electrometer. The transmission chamber 
was calibrated against a thick Cu ion chamber” of 
known response." 


F. Electronics 


The data was recorded on a 50-channel pulse-height 
analyzer of the pulse-to-digital type. The analyzer was 
capable of handling pulses with a rise time of 50 mysec 
and had a voltage sensitivity of 1 volt/channel. The 
net amplification used between the photomultiplier 
tube and the analyzer was 1.8. 

The pulses at the photomultiplier anode had a full 
rise time of 0.2 usec. They were then processed by a 
pulse shaping circuit and presented to a linear gate" of 
0.2-usec duration. The pulses presented to the gate 
were bipolar and of 0.5 usec full width. The gate was 
controlled by a fast trigger branch of the circuits and it 
opened only for pulses which: occurred during the x-ray 
period (60 bursts per second); were not accompanied 
by a count in the anticoincidence counter; were big 
enough to record above channel 8 on the analyzer. 

Tests with a light pulser showed that the light-to- 
voltage transfer characteristic of the detector was linear 
over the operating range used. Tests with a sliding 
pulser showed that the voltage-to-channel transfer 
characteristic of the system departed from linearity 
by less than 0.05 channel between the 50th and the 16th 
channel, and by 1 channel between the 16th and the 
6th. All data which were used were recorded from 
channel 15 and up. The output pulse of the sliding 
pulser was carefully shaped to be the same as the 
photomultiplier pulses. 

The photomultiplier gain was monitored before and 
after each irradiation through the use of a Na” source. 
The electronic gain was monitored at least twice a day 
by means of a pulser. The electronic gain was constant 
to 1% over long periods of time. 

Pulse pile-up was measured by mixing standard, 
flat-topped, pulses in with the normal train of pulses 
from the detector. The linear gate was arranged to 
open only for these standard pulses. When the x-ray 
intensity was reduced to zero the standard pulses all 
recorded in one channel in the analyzer. In the presence 
of x-rays, the pulses spread into more than one channel 
due to pile-up of small pulses. Because of the bipolar 
nature of the pulses presented to the linear gate, the 
effect of pile-up was always a symmetric broadening. 
In all cases it was kept below +1 channel. In order to 
accomplish this the betatron had to be operated at 
reduced intensity for measurements made at forward 
angles. 

#2 P, D. Edwards and D. W. Kerst, Rev. Sci. Instr. 24, 490 
(1953). 
3 Leiss, Pruitt, and Schrack, National Bureau of Standards 
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PHOTOEFPPECT IN C, QO, 


AND Cu 


G. X-Ray Beam 


The x-ray pulse was adjusted to be flat-topped, and 
its length varied from 30 to 350 usec depending on the 
energy being used. The energy spread due to the pulse 
length was kept at about +0.4 Mev for all irradiations. 


nd aed 


The betatron energy scale was known to +1.5%. 


H. Backgrounds 


There were two sources of background which did not 
involve the scatterer: cosmic rays, and room back- 
ground. Because of the electronic gating, the former 
was quite small. Typically it amounted to 3 counts/ 
Mev/hour near 22 Mev. At a detector angle of 135° the 
room background was small compared to the cosmic- 
ray background for all detector energies above 12 Mev 
and for all betatron energies up to 60 Mev. For detector 
angles forward of 90° the room background was appreci- 
able, and for angles less than 45° it was very large. 

Non-nuclear x-ray attenuation processes in the 
scatterer contribute a gamma-ray yield which consti- 
tutes a background to the nuclear processes under 
study. There are two methods for determining the effect 
of such processes: one is to study the yield as a function 
of the thickness of the scatterer; the other is to study 
the angular distribution as the detector is rotated to 
forward angles. Non-nuclear processes give yields 
which are sharply peaked forward for energies of in- 
terest here. This type of background was found to be 
serious for graphite and water scatterers for detector 
angles less than 60°, at 20-Mev detector energy and 
30-Mev betatron energy. For copper it was serious 
for all angles less than 90°. The copper data was taken 
for two different thicknesses of scatterer (at 135°) and 
the results indicated that the data were free of this type 
of background. 

A further source of background arises from photo- 
neutrons generated in the scatterer. These give rise to 
gamma rays from (n,n’y) and (n,y) reactions in the 
Pb shield around the detector and in the detector itself. 
This type of background can be detected by stopping 
up the detector collimator with a thick piece of Pb. 
It was experimentally demonstrated that this type of 
background had a negligible effect on the data pre- 
sented here. 


IV. DETECTOR ENERGY RESOLUTION 


Monochromatic gamma rays incident on the Nal 
detector give rise to a spread of pulse heights from the 
photomultiplier. For the size of detector used in this 
experiment, and for gamma rays of 11 Mev or more, 
the pulse-height distribution function (resolution func- 
tion) is single-peaked" and has the general shape shown 
by the curve marked G(y) in Fig. 2. This curve is, in 
fact, the resolution function which was experimentally 


'6 H.W. Kochand J. M. Wyckoff, National Bureau of Standards 
Report No, 5866 (unpublished). 
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Fic. 2. The detector resolution functions. G(y) is the resolution 
function which was observed for 15.1-Mev gamma rays, and the 
same shape was assumed for all energies above 11 Mev. 7 (y) is the 
resolution function remaining after cross section analysis (the 
residual resolution function). 


observed for the 15.1-Mev gamma-ray line'® from C”. 
The full width of the curve at half maximum is 
about 18%. 

The manner in which the Nal resolution function 
varies with gamma-ray energy depends on the area of 
the crystal face which is bathed with the radiation, 
and also on the individual characteristics of the crystal. 
The counter assembly shown in Fig. 1 was tested in 
monoenergetic electron beams of from 15 to 50 Mev, 
and the percent resolution was found to remain constant. 
In fact, the resolution function was found to be 
“universal.” 

For the analysis of the present experiment the Nal 
resolution function was assumed to be universal for 
gamma rays as well, and to have the shape given by 
G(y) in Fig. 2—the shape which was measured for 15.1- 
Mev gamma rays. This assumption was tested experi- 
mentally with a 44-Mev bremsstrahlung beam. The 
experimental points shown in Fig. 3 (with some repre- 
sentative statistical errors) were obtained from the 
pulse-height spectrum observed for a 44-Mev brems- 
strahlung beam. The dashed curve gives the shape 
expected for a detector of infinitely good resolution. 
The solid curve was generated from the dashed one by 
folding in the assumed resolution function, G(y). The 
observed data and the calculated curve are seen to have 
the same shape to within the experimental uncertainty 
and so the resolution function G(y) is satisfactory for 
high energies as well as for low ones. It should be noted, 
however, that this test is not sensitive to the low-energy 
tail of G(y). 

Let S(k,V) be the probability that a photon of 
energy k, which interacts in the detector, will give rise 
to a pulse of height V, per unit range of V. The integral 
of S(k,V) over all values of V must equal 1. Since G(y) 
is already normalized to unit area with respect to 


16 FE. L. Garwin, Phys. Rev. 114, 143 (1959). 
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V/V, (see Fig. 2), one has 
S(k,V)=G(V/Vi)/Vi. (4) 


In Eq. (4) and Fig. 2 the parameter V; is equal to 
the value of V at the high-energy cutoff of the resolution 
function (indicated by the dotted line in Fig. 2). The 
numerical value of V; depends on the gain of the 
detector system, but it is assumed to be linearly related 
to photon energy, k. 

V; was evaluated before each experimental irradia- 
tion by swinging the detector into the bremsstrahlung 
beam and recording the pulse-height distribution of the 
beam. If the maximum pulse height observed is denoted 
by V,, and the maximum photon energy in the beam 
by x, then 

Vi=kV,/x. (5) 


The determination of V, was usually subject to an 
error of +0.5 channel (at about channel 30). This 
accuracy was only possible when the broadening due 
to pile-up of small pulses was kept less than +0.5 
channel. 

For purposes of analysis it is convenient to introduce 
the dimensionless parameter y, which is defined as 
follows: 

y=V/Vi=xV/RV,. (6) 
V. ANALYSIS OF DATA 
A. General Description 

Each experimental irradiation lasted about 100 
minutes and yielded a pulse-height spectrum and a 
monitor reading. The pulse-height spectra were cor- 
rected for lost counts and then for cosmic-ray and room 


background. The lost count correction, which seldom 
exceeded 10%, was required because the pulse-height 
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Fic. 3. An experimental test of the resolution function G(y) of 
Fig. 2. The solid dots give the pulse-height spectrum observed for 
a 44-Mev bremsstrahlung beam. The dashed curve gives the 
results expected for a detector of infinitely good resolution, and 
the solid line gives the results calculated for a detector with 
resolution G(y). The solid curve was normalized to the experi- 
mental measurements at about 22 Mev. 
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analyzer could accept no more than one count per x-ray 
burst. It was obtained by comparing the number of 
analyzed counts with the number of times the linear 
gate presented a pulse to the analyzer for analysis. 

The pulse-height spectra were analyzed for differential 
cross section as if only elastic scattering had occurred. 
A search for inelastic processes was then made by 
studying the results as a function of betatron operating 
energy. 

The method of analysis made a partial correction for 
the resolution function of the NaI detector in that it 
essentially removed the effects of the low-energy tail 
of G(y). The remaining resolution function had the 
form 7(y) given in Fig. 2. The effect of the low tail of 
T(y) was estimated, in retrospect, to have influenced 
the answers by less than 1% in all cases. 

It is interesting to note that the transformation of 
G(y) into T(y), which the analysis accomplished, 
resulted in an increase in statistical uncertainty of 
only 20%. 


B. Details of the Analysis 


Assuming elastic scattering only, a reaction prob- 
ability, W(@,k), can be defined. It is the probability 
that a photon of energy k& was scattered into the 
detector and reacted with it 


W (0,k) =no (0,k)2(k)e(k) f(h), (7) 


where: 7 is the number of nuclei/cm? in the scatterer; 
a(0,k) is the differential cross section for elastic scatter- 
ing in the direction of the detector; 2(k) is the solid 
angle subtended by the detector at the scatterer (as 
explained in Sec. III the solid angle was a function of &) ; 
e(k) is the probability that a photon which enters the 
detector will undergo a reaction there; and f(k) is the 
probability that a photon will mot react in either the 
scatterer or the material situated between the scatterer 
and the detector. 

The pulse-height spectrum resulting from an irradia- 
tion at betatron energy x and detector angle @ is 


N(x,0,V)=M(x) f dk S(k,V)W(0,k)T(x,k)/k, (8) 
0 


where NV (x,0,V) is the number of pulses per unit pulse- 
height range at pulse height V, M(x) is the number of 
x-ray monitor units recorded, S(k,V) is the detector 
resolution function, and J(x,k)/k is the number of 
photons of energy &, per unit range of k, which impinged 
upon the scatterer per unit of monitor response. 
I(x,k) is thus the bremsstrahlung intensity spectrum. 

The efficiencies e(k) and /(k) were calculated from a 
table of narrow-beam x-ray attenuation coefficients.” 
It turned out that the product 2(k)e(k) {(R) was inde- 
pendent of &. Values for /(x,k) were calculated from a 


17G. R. White, National Bureau of Standards Report No. 1003 
(unpublished). 
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table of bremsstrahlung spectra," and from the known 
monitor response. 

Approximate solutions for W (@,k) were obtained by a 
method very similar to that used for the solutions of 
bremsstrahlung yield curves.’ The major difference 
was that, here, it is the NaI resolution function which 
one desires to remove rather than the bremsstrahlung 
spectrum. 

The solutions were obtained in terms of a linear 
combination of the measured values of N(x,0,V). The 
linear combination was specified by two sets of numbers: 
B; and 6;. The solutions are 

> i BiN (x,0,0:V) 
W (6,ky*) =—— —— , (9) 


= Tek) 
moo f dk >; BS(k,bV) 
0 k 


where ky* is the centroid of the integrand in the 
denominator. 

Using Eqs. (4) through (6) for the resolution func- 
tion, Eq. (9) can be rewritten in a form more convenient 
for computations. 

V >; BN (x,9,b:V) 
W (0,ky*) = : . (10) 


M(x) f dy H(x,xV/yVy) Es BG(by) 
0 


The solutions given by (10) will be satisfactory only 
if the numbers B; and 0; can be chosen so that the 
integrand in the denominator is essentially different 
from zero only over a small range of y, and if W(6,k) is 
approximately linear over the corresponding range of k. 

The form of G(y) (Fig. 2) and the rather poor 
statistics of the data dictated that only two terms should 
be used in the linear combination specified by the 
numbers B; and 6;. A suitable combination was found 
by trial and error, and it was 


>: BiN (x,0,b:V) = N (x,0,V) —0.564N (x,0,1.12V), 
and correspondingly 
>i BG(by)=T(y)=G(y)—0.564G(1.12y). (12) 


The residual resolution function T(y), which is defined 
by Eq. (12), is plotted as the dashed curve in Fig. 2. It 
is analogous to the weighting functions discussed in 
reference 10. 

The numerical computations were greatly simplified 
by the discovery that the values of ky* [Eq. (9) ] and 
the integral in Eq. (10) could be expressed in a rela- 
tively simple way through the use of two empirically 
determined functions u(V/V,) and w(V/V,). The 
relations which were found were 


kyx=xu(V rs), 


(11) 


(13) 
f dy I(x,xV/yV,)T(y) 

0 

1 


=I(x,xwfV, ved f dy T(y). (14) 
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Fic. 4. The scattering cross section for Cu at 135°. The data is 
for irradiations at bremsstrahlung energies of 28 and 38 Mev. 
The cross sections are for mixed elastic and inelastic scat-ering 
as defined by Eq. (15) in the text. The solid curve is a predicted 
cross section (see text for details). 


Because of the high-energy limit to the bremsstrah- 
lung spectrum at k= x the second term in the linear 
combinations (11) and (12) was dropped for values of 
V/V, greater than 0.8. In no case was the analysis 
carried to greater values of V/V, than 0.95. 

C. Inelastic Processes 

The method of analysis which has been described is 
based on the assumption that all gamma-ray yield is 
due to elastic processes. Inelastic processes can be 
included by defining a reaction probability analogous 
to W(6,k) which applies to the case where the incident 
photon has energy k& but the detected photon has 
energy k’. If this probability is W(6,k,k’), then the 
solutions which are obtained [Eq. (10)] are actually 
values for 


x D 


ky 


I (x,k) 
W (6,kyx)+—— f dk — 
I(x,kv*) “0 


W(0,k,kyx). (15) 
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Fic. 5. The scattering cross section for C at 135°. The crosses 
designate points which can only be due to elastic scattering, 
while the dots designate points for mixed elastic and inelastic 
scattering. The mixing is defined by Eq. (15) in the text. The 
data were obtained from irradiations with bremsstrahlung energies 
of 27, 28, and 61 Mev. The solid curve is a predicted cross section 
(see text for details). 
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The elastic and inelastic processes can then be un- 
tangled by studying Eq. (15) as a function of x. Hence- 
forth, when the term mixed elastic and inelastic scatter- 
ing is used, it will refer to mixing as defined by Eq. (15). 


VI. EXPERIMENTAL RESULTS 


The experimental results are shown in Figs. 4 to 9. 
Differential cross sections measured at 135° to the x-ray 
beam are given in Figs. 4 to 7 and in each case the heavy 
horizontal lines along the top of the figures give the full 
width at half maximum of the residual resolution func- 
tion [7 (y) of Fig. 2]. The light horizontal line near the 
lower right-hand corner of each figure gives the high- 
energy limit to the elastic scattering cross section 
which is obtained from Eq. (2) with no exchange forces 
and a dipole angular dependence to the cross section. 
The factor which converts from total cross section to 
135° cross section for dipole radiation is (11. 


35°42 (microbarns 
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Fic. 6. The scattering corss section for O at 135°. The crosses 
designate points which can only be due to elastic scattering, while 
the dots designate points for mixed elastic and inelastic scattering. 
The mixing is defined by Eq. (15) in the text. The data were 
obtained from irradiations with bremsstrahlung energies of 22.3, 
26.4, and 61 Mev. The solid curve and the light horizontal lines 
(upper right) are predicted values for the cross section (see text 
for details). 


The errors which are shown are those due to counting 
statistics only. Additional errors of a systematic nature 
which may be present are estimated to be about +15% 
and are due to uncertainties connected with the height 
of the low-energy tail on the NaI resolution function; 
the determination of the detector solid angle; and the 
absolute monitoring of the intensity of the brems- 
strahlung beam. 

The solid curves shown on Figs. 4, 5, and 6 give elastic 
scattering cross sections predicted from the dispersion 
equation [Eq. (1) ] and published photoparticle cross 
sections. Although no errors are indicated for these 
predictions, the uncertainties are rather large. Since 
the published photoparticle cross sections generally 
are not accompanied by any estimate of error it is not 
possible to give anything but a very rough estimate of 
the errors to be associated with the scattering pre- 
dictions. We estimate the errors to be +1 Mev on the 
energy scale, and at least +20% on the cross-section 
scale. 
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A. Copper 


The results for Cu are shown in Fig. 4 where the 
crosses and dots refer to data from irradiations with 
28- and 38-Mev bremsstrahlung, respectively. The cross 
sections are not for elastic scattering, but for mixed 
scattering as defined by Eq. (15). Since the results do 
depend on the bremsstrahlung energy, the presence of 
inelastic scattering is indicated. 

The general character of the Cu cross section is that 
of a single scattering resonance. The peak cross section 
is about 20 times larger than the Thomson cross section 
for Cu, and it occurs at an energy roughly coincident 
with the peak of the gamma-neutron cross section 
for Cu. 

The cross section for a classical dipole oscillator con- 
sisting of NV neutral masses elastically coupled to Z 
positively charged masses was calculated. The 28-Mev 
Cu data can be fitted (in shape) by such a cross section 
for a resonance energy at 17 Mev, a value in reasonable 
agreement with experiment.'® The classical oscillator 
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Fic. 7. The elastic scattering cross section for O at 135° (dots) 
and an inelastic cross section due to transitions to a state near 6 
Mev (triangles). 


yields too small a peak cross section, but if the calcula- 
tions are extended to include exchange forces, [Eq. (2) 
must result in the high-energy limit] a good absolute 
fit is obtained for 30% exchange. 

The solid curve in Fig. 4 is the elastic scattering pre- 
diction. The value for the absorption cross section, oa, 
needed for the calculation was obtained by multiplying 
the measured photoneutron cross section’® for natural 
Cu by the published ratio of neutron to charged particle 
yields,” with the deuteron yield omitted. This latter 
step is required because the (y,d) cross section is 
negligible at the peak of the (y,) cross section.” The 
prediction given in Fig. 4 is considerably lower than a 


18 Montalbetti, Katz, and Goldemberg, Phys. Rev. 91, 659 
(1953); L. Katz and A. G. W. Cameron, Can. J. Phys. 29, 518 
(1951); A. I. Berman and K. L. Brown, Phys. Rev. 96, 83 (1954); 
Scott, Hanson, and Kerst, Phys. Rev. 100, 209 (1955); V. E. 
Krohn Jr., and E. F. Schrader, Phys. Rev. 87, 685 (1952). 

'’ Montalbetti, Katz, and Goldemberg, Phys. Rev. 91, 659 
(1953)—the curve for Cu should be reduced by 10% (private 
communication). 

2” P. R. Byerly and W. E. Stephens, Phys. Rev. 83, 54 (1951). 
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Fic. 8, The angular dependence of the elastically scattered 
gamma rays from O which lie in the range 19 to 25 Mev. See text 
for explanation of the dashed and solid lines. 


previously published prediction? due to the different, 
and presumably better, values for oa. 

Stearns‘ has measured the 116° scattering cross 
section for Cu for 17.6-Mev gamma rays. When trans- 
lated to 135° (assuming a dipole dependence) her 
value is 55425 microbarn/sterad, in agreement with 
the data of Fig. 4. The Cu scattering measurements of 
Fuller and Hayward? are about 1.6 times larger than the 
results obtained here. 

Inelastic scattering of high-energy gamma rays is 
definitely indicated by the data of Fig. 4, and there is 
no way of estimating how much inelastic contribution 
is still contained in the 28-Mev curve. On the basis of 
energetics it is possible to have inelastic scattering 
yield in the 38-Mev data due to gamma rays from 
residual nuclei resulting from neutron or proton emis- 
sion. Such gamma rays can have energies of 28 Mev or 
less, and the yield would be expected to be larger at 
20 Mev, for example, than at 25 Mev. This is not in 
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Fic. 9. The pulse-height distributions for the 4- to 10-Mev 
region with an O scatterer. The data were obtained at 135° and 
for bremsstrahlung energies of 22.3 and 26.3 Mev. 
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agreement with the measurements which indicate that 
the inelastic yield near 20 Mev is smaller than that near 
25 Mev. Hence it ‘is likely that the inelastic yield 
originates in Cu® and Cu®, 

The data of Fig 4 were obtained with an 8 g/cm? 
scatterer. As a check, data were also obtained with a 
4 g/cm? scatterer. The results were similar. 


B. Carbon 


Figure 5 shows data for carbon which were obtained 
from irradiations at bremsstrahlung energies of 27, 28, 
and 61 Mev. The points shown by crosses are for elastic 
scattering only, and those shown by dots are for mixed 
scattering. Since the first excited state of C” occurs at 
4.43 Mev’ all data obtained within 4.43 Mev from the 
high-energy limit of a bremsstrahlung spectrum is due 
to elastic scattering only. It is seen that there is little, 
if any, inelastic scattering in the energy range 20 to 26 
Mev (the 61-Mev data do not extend below 26 Mev). 

The elastic scattering prediction shown by the solid 
curve is a modification of a previously computed curve.” 
The modification consisted of folding in the residual 
resolution function, T(y), which is applicable to this 
experiment. This effects a considerable decrease in the 
peak height of the curve. The result is seen to be in good 
agreement with the measurements at 25 Mev and some- 
what above them at 35 Mev. The discrepancy is not 
serious. 

In contrast to Cu, the carbon cross section does not 
have the shape of a single scattering resonance and 
considerable photon absorption above 25 Mev is evident. 
This is in agreement with the measured photoneutron 
cross section.” 

The data of Fig. 5 agree with measurements by 
Fuller and Hayward™ who obtained 2.7+0.8 micro- 
barn/sterad at 25 Mev, and about 0.9+0.5 microbarn 
sterad at 35 Mev for elastic scattering. 


C. Oxygen 


Data for oxygen are shown in Fig. 6. They were 
obtained from irradiations with 22.3-, 26.4-, and 61-Mev 
bremsstrahlung. The crosses designate data obtained 
from within 6.06 Mev of the high-energy tip of the 
bremsstrahlung spectra and are for elastic scattering. 
The dots designate data which may contain inelastic 
scattering as well. The 61-Mev data do not extend 
below 24 Mev. 

The scattering prediction, which is shown by the 
solid curve, contains the effect of the residual resolution 
function, T(y). In contrast to the situation for Cu and 
C, the prediction is not in good agreement with the 
measurements. Furthermore, a comparison of the O 


2 —E. G. Fuller and E,. Hayward (private communication) ; 
and report to the Chicago Photonuclear Conference, 1956 
(unpublished). 

#R. Sagane, Phys. Rev. 84, 587L (1951). 

*3 Barber, George, and Reagan, Phys. Rev. 98, 73 (1955); B. C. 
Cook, Phys. Rev. 106, 300 (1957). 
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and C data* show that the scattering cross section is 
considerably larger for O than for C. On the other hand, 
the particle photoproduction cross sections for oxygen*'® 
are smaller than those for carbon>?!> by a factor of 
about 3. 

Detailed studies of the (y,z) bremsstrahlung yield 
curve for O'* have shown the existence of fine structure" 
which has been taken to imply narrow resonances in 
the absorption cross section. This interpretation has 
been strengthened by studies of proton spectra from 
the (y,p) reaction made with an energy resolution of 
about 0.2 Mev.”® This resolution is sufficient to indicate 
fine structure in the cross section even though individual 
resonances cannot be resolved. A recent absorption 
experiment”® has given a value for the average peak 
height of the narrow resonances near the peak of the 
giant resonance. The value is 106+14 mb—about five 
times larger than the average cross section there. 

According to the discussion of Sec. II, a scattering 
prediction can be made from Eq. (3) if all the cross 
section is contained in narrow, isolated, resonances. 
The average absorption cross section, (é4), which is 
required by Eq. (3) was obtained by adding together 
the measured (y,m) and (y7,p) cross sections,** and the 
average peak height of the levels, ¢.”, was assumed to 
be five times (cq) for all energies. The resulting scatter- 
ing prediction had a very strong, narrow, peak at 22.5 
Mev. The residual resolution function (Fig. 2) was 
then folded into the predicted curve. This effected a 
reduction in the peak height of about a factor of two. 
The resulting curve had a peak height within the range 
shown by the light, horizontal, lines near the upper 
left-hand corner of Fig. 6. Thus, the observed scattering 
cross section is quite consistent with the conclusions 
of reference 26 concerning the narrow resonances. 

There is a considerable uncertainty connected with 
the calculations just described, proceeding from the 
lack of accurate knowledge of the shapes of the (y,m) 
and the (y,p) cross sections for oxygen. In particular, 
it is not known for certain whether these two cross 
sections peak at the same energy, and if so, just what 


TaBLE I. Comparison of published values for the energy 
of the O'* giant resonance peak. 


Peak energy 
(Mev) 


21.8 a 
22.7 b 
21.9 
22.3 
23.3 


Reaction 


studied Method of study Reference 


O'8(-y,n)O's Induced activity 


O'(y,p)N'® Nuclear emulsions 


. Montalbetti and L. Katz, Can. J. Phys. 31, 798 (1953). 
A. S. Penfold and B. M. Spicer, Phys. Rev. 100, 1377 (1955). 
D. L. Livesey, Can. J. Phys. 34, 1022 (1956). 
See reference 25. 
S. A. E. Johansson and B. Forkman, Arkiv Fysik. 12, 359 (1957). 


a 
b 
© 
d 
e 


* Note: This behavior was clearly evident from the raw pulse- 
height spectra before any cross-section analysis was performed. 

26 Cohen, Mann, Patton, Reibel, Stephens, and Winhold, Phys. 
Rev. 104, 108 (1956). 

26 4. S. Penfold and E. L. Garwin, Phys. Rev. 114, 1324 (1959). 
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the peak energy is. The experimental situation is given 
in Table I. In making the calculations it was assumed 
that both cross-sections peak at 22.5 Mev, and the 
available cross-section measurements were adjusted 
accordingly. 

Figure 7 shows the elastic scattering cross section for 
oxygen from 17 to 60 Mev (solid dots). The data were 
obtained from irradiations at many different betatron 
operating energies, and many of the points are averages 
of from two to four separate determinations. The cross 
section is seen to fall off smoothly for energies above the 
giant resonance, with little evidence for higher energy 
resonances. Between 48 and 60 Mev the cross section 
is apparently quite flat and slightly below the value 
predicted from Eq. (2) with no exchange forces. It is 
doubtful if any conclusions should be drawn from this 
behavior though, since the angular dependence of the 
cross section is not known at these high energies. 

As in the case of carbon, the oxygen cross section 
does not have the shape of a single scattering resonance, 
and considerable photon absorption above 25 Mev is 
indicated. This conclusion is in agreement with another 
experiment.” 

Each irradiation made to determine the elastic 
scattering cross section yielded, besides a few elastic 
points, a whole series of points for mixed scattering. 
The results indicated the presence of inelastic scattering 
for incident gamma rays above 28 Mev. The spectrum 
of the inelastically scattered gamma rays was observed 
to have a low-energy threshold of about 22 Mev. To the 
accuracy of the measurements, the whole inelastic 
yield was due to transitions to a state (or states) in O'* 
near 6 Mev. The assumption was therefore made that 
all the yield was due to such transitions, and Eq. (15) 
was applied to calculate the corresponding cross section. 
Owing to poor statistics, the data were averaged in bins 
of about 4-Mev width and only a rough idea of the 
cross section could be obtained. The results are shown 
by the triangles of Fig. 7. A line was drawn through 
these points in the interests of clarity, and not on the 
basis of any knowledge of the expected shape. Due to 
the liberal averaging, the cross section may in reality 
be considerably more peaked than the data indicate. 


D. Oxygen Angular Distribution 


Figure 8 shows the angular distribution which was 
obtained for elastically scattered gamma rays from 
oxygen over the energy range 19 to 25 Mev. The dashed 
line shows the angular distribution expected for dipole 
scattering. The solid line is for a mixture of noninter- 
fering dipole and quadrupole scattering (81% dipole 
at 90°). 

Even though the emitting states may not overlap, the 
quadrupole radiation should give rise to an asymmetry 
about 90° due to interference with the Thomson scatter- 
ing. On the scale of Fig. 8 the Thomson cross section 
contributes a yield of 0.13 and so it is doubtful if the 
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asymmetry would be large enough to show above the 
statistical uncertainty of the data. 

Figure 8 confirms the assumption that the giant 


resonance is predominantly dipole in character. 


E. Residual Gamma Rays 


Figure 9 shows the results of a survey of the 4- to 
9-Mev region with an oxygen scatterer. The two curves 
are pulse-height spectra obtained from irradiations at 
betatron energies of 22.3 and 26.3 Mev. The raw pulse- 
height spectra had points every 73 kev. The data were 
obtained at a detector angle of 135°. 

For gamma-ray energies near 6 Mev the resolution 
function of the NaI detector is no longer single-peaked, 
but exhibits an escape peak as well as a main peak.'® 
The features labelled A, B, and C in Fig. 9 are identified 
as follows: C is the main peak due to one or more 
gamma-ray lines near 6.3 Mev; part of B is the escape 
peak of C and part is due to one or more gamma-ray 
lines near 5.5 Mev; A is the escape peak of the lines 
at B. The ratio of the yield due to the 6.3-Mev lines 
to that due to the 5.5-Mev lines is about 2:1 for both 
curves of Fig. 9. 

The area under the peaks is a sensitive function of 
the bremsstrahlung energy, indicating that the lines 
are intimately tied to processes taking place near 22 
Mev. This conclusion was confirmed by two further 
sets of data (not shown). One, at 40-Mev bremsstrah- 
lung energy, gave the height of the peaks as 85 on the 
vertical scale of Fig. 9; the other, at 19-Mev brems- 
strahlung, gave the height of the peaks as about 6. It 
was concluded that the peaks are due to de-excitations 
in O and N} following a (y,p) or a (7y,) reaction in 
O'*. The observed energies of about 6.3 and 5.5 Mev 
are those to be expected from suchprocesses.’ Part of 
the yield in region D, between 7 and 10 Mev, may 
also be due to gamma rays from O" and N", but the 
yield is very small and individual lines are not resolved. 
Studies of the (7,p) reaction® indicate that there is some 
proton emission to states in O'* near 9 Mev. 

A previous experiment had shown the existence of 
residual gamma rays of about 6 Mev,”’ but the knowl- 
edge that there are two distinct groups, corresponding 
to transitions from states near 5.5 Mev as well as states 
near 6.3 Mev, is new information. The energy scale of 
Fig. 9 is estimated to be accurate to +0.2 Mev. 

The angular distribution of the gamma rays forming 
the peaks in Fig. 9 is probably nearly isotropic. This was 
shown by calculating’® the angular distributions for 
various combinations of multipolarities, spins, and 
parities which could be involved.’ In all cases there was 
a strong isotropic component. Assuming isotropy, it 
is possible to estimate the integrated cross section 
which gives rise to the peaks of Fig. 9, and to 
compare this to the total photonuclear cross section. In 


27 .N. Svantesson, Bull. Am. Phys. Soc. 1, 28 (1956). 
8 Sharp, Kennedy, Sears, and Hoyle, Atomic Energy of Canada 
Limited, Chalk River Report CRT-556, 1954 (unpublished). 
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this way it was found that 55% of the O'* giant reso- 
nance states decay directly to the ground states of O* 
and N"™, 15% leave the residual nuclei about 5.5-Mev 
excited, and 30% leave the residual nuclei about 6.3- 
Mev excited. 

Some of the yield in region D may be due to gamma 
rays which result from the interaction of photoneutrons 
with the Nal crystal and with the Pb shielding around 
it. An upper limit to this yield can be estimated by 
assuming a total reaction cross section for neutrons of 
2.5 barns® and also that each reaction leads to one 
gamma ray of energy 4 to 10 Mev. The integrated 
yield which follows from the calculations is only 10% 
of the area under the peaks of Fig 9. The actual yield is 
expected to be a small fraction of this. The cause of the 
abrupt rise in the spectra below 4 Mev is not known, 
but it is not room background as this has already been 
subtracted. 

Between 10 and 16 Mev the yield drops monotonically 
to a value compatible with the 16-Mev cross section 
shown in Fig. 7. On the vertical scale of Fig. 9 the 
elastic scattering yield from the “giant” resonance 
comes at 0.09. 


VII. DISCUSSION AND CONCLUSIONS 


The present results indicate that narrow, isolated, 
resonances play an important role in the oxygen photo- 
nuclear cross section at giant resonance energies. This 
conclusion is in agreement with the results of other 
experiments.**” On the other hand, no such effect was 
found for carbon, a result which is also in agreement 
with other experiments.”*°-” There remains, then, the 
problem of interpreting the fine structure which has 
been observed in the C”(y,n)C™ bremsstrahlung yield 
curve.* 

At present, experiments indicate a decided difference 
in the character of the oxygen and carbon giant reso- 
nance cross sections. In particular, the states which 
are formed in oxygen seem to live much longer than 
those formed in carbon. This surprising result should be 
confirmed by further experiments. 

The O'*(y,p)O" cross section at 28 Mev has been 
measured™ and is 2.3 mb. From the behavior at low 
energies, the total cross section can be expected to be 
about twice this value, say 5 mb. The peak of the ob- 
served inelastic scattering cross section for oxygen 
(Fig. 7) is 1.50.25 microbarns/sterad at 135°, or 
17+4 microbarns total (if a dipole angular distribution 


* J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons Inc., New York 1952), Chap. 7. 

*® A. K. M. Siddiq and R. N. H. Haslam, Can. J. Phys. 36, 963 
(1958). 

33M. M. Wolff and W. E. 
(1958). 

#1. D. Cohen and W. E. Stephens, Phys. Rev. Letters 2, 263 
(1959). 

® Katz, Haslam, Horsley, Cameron, and Montalbetti, Phys. 
Rev. 95, 464 (1954); L. Katz, Proceedings of the Washington 
Photonuclear Conference, 1958 (unpublished). 

“ P. Brix and E. K. Maschke, Z. Naturforsch. 12a, 1013 (1957). 
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is assumed). From these figures an estimate can be 
made of the probability that states at 30 Mev de-excite 
by inelastic gamma-ray emission. This probability is 
~3.5X10-%, probably a lower limit due to the con- 
siderable data averaging carried out in determining the 
inelastic cross section. On the other hand, the prob- 
ability that states near 22 Mev will de-excite by elastic 
gamma-ray emission is ~6X10~ from another experi- 
ment.2® Thus, the inelastic cross section which was 
observed in this experiment implies a coupling to a 
state (or states) near 6 Mev which is about as strong 
as that coupling to the ground state which gives rise 
to the giant resonance. This fact, along with the 
definite threshold and strong peak which the inelastic 
cross section exhibits, leads one to interpret this cross 
section as representing the overlap of two giant reso- 
nances—one for the ground state, and one for an excited: 
state. Of the known states in O'* near 6 Mev’ only the 
O+ state at 6.06 Mev and the 2+ state at 6.91 Mev 
could be expected to couple strongly to the 1~ giant 
resonance states. Unfortunately, the experimental data 
were not sufficiently accurate to decide between these 
two possibilities though the evidence was in favor of 
the 0+ state. If the above interpretation of the inelastic 
cross section is correct then a similar cross section 
should be observed for carbon. In that case, the Ot 
and 2+ states are separated by 3.2 Mev’ and an experi- 
ment would likely distinguish between them with 
certainty. 

The concept of giant resonances for low-lying excited 
states which do not differ greatly in character from the 
ground state follows rather naturally from the giant 
dipole, or collective, model of the nuclear photoeffect. 
This is perhaps most clearly demonstrated by the treat- 
ment which has been given by Fujita ** The peak energy 
of the giant resonance for the 6-Mev excited state in 
oxygen would be expected to be about 6 Mev higher 
than that for the ground-state giant resonance. This 
is in agreement with the present experimental observa- 
tions. On the other hand, the shell model of the nuclear 
photoeffect would require the giant resonance for the 
6-Mev state to come at nearly the same energy as that 
for the ground state (about 22 Mev), a conclusion 
which is not in agreement with this experiment. 

On the basis of the alpha-particle model the 6-Mev 
state in O'* corresponds to a motion of uniform dilation*® 
and so it is very similar in character to the ground state. 
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Angular distributions of deuterons from Li’(p,d)Li® reactions induced by 17.5-Mev protons on a natural 
lithium target have been observed at angles less than 50 degrees in the laboratory system. Deuteron groups 
leaving Li’ in its ground state and in states at 2.19 and 3.57 Mev were studied, and the branching ratios 
were compared with intermediate coupling shell theory. Pure or nearly pure L-S coupling was found to be 


adequate to explain the observed ratios. 


I. INTRODUCTION 


HE lithium isotopes have been extensively treated 

by using shell theory, and it has been found that 

an intermediate-coupling model quite near the L-S 

limit can produce wave functions which give generally 

good agreement with the data.' In fact, this seems to 

be one of the few areas where one can rely upon shell- 

model wave functions for over-all quantitative pre- 
diction of experimental results. 

Deuteron stripping and pickup experiments have 
provided considerable information on nuclear spins 
and parities, and more recently these experiments have 
been used to test nuclear wave functions.? The procedure 
has been to fit an experimental angular distribution 
with a Butler-type curve, and to extract a quantity 6/, 
which is essentially the overlap between the wave 
functions of the ground state of the target nucleus and 
the final state of the product nucleus (where we con- 
sider the pickup experiment). Since many simplifying 
assumptions have been introduced into the Butler 
theory, and since the magnitudes of observed cross 
sections are not at all in agreement with the simple 
theory, it has become standard practice to compare 
the 6; (hereafter referred to as reduced widths) for 
levels of the final nucleus which are not too far apart, 
and which are reached by pickup involving the same 
neutron orbital /. To calculate a single ratio, one needs 
to know the wave functions of three states: the target 
in its ground state, and the residual nucleus in both 
states of excitation. As to the reliability of this reduced 
width comparison, not much can be said at present, 
but it is clear that the usefulness of the procedure for 
testing wave functions can best be evaluated by 
investigating cases in which the wave functions are 
well known. The lithium region, then, is one in which 
data on stripping or pickup should be particularly 
significant. In addition, pickup ratios for (~,d) reactions 
on Li’ to the low-lying levels of Li® place more emphasis 
on the wave functions of Li®; in so far as these are 
believed to be more reliably known than the Li’ wave 
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functions, pickup reactions on Li’ should provide a 
better test of the theory than stripping on Li*. 

Auerbach and French* have summarized pickup and 
stripping data in this region, and have found that 
Standing’s* experimental value of 0.7 for the stripping 
ratio 


Li? (p,d)Li® (2.19 Mev) /Li’(p,d) Li® (ground state) 


is in good agreement with the theoretical ratio calcu- 
lated using intermediate-coupling wave functions with 
a/K™1.5, the value required to fit the Li® level spacings. 
In this note we report a pickup experiment leading to 
the ground and first two excited states of Li®. 


II. EXPERIMENTAL PROCEDURE AND RESULTS 


A foil of-natural lithium metal was bombarded with 
protons of 17.5-Mev laboratory energy. The target, 
which was about 4 mg/cm? thick, was prepared by 
rolling the metal under dry mineral oil, as described by 
Standing.* Deuterons were detected in a counter 
telescope’ consisting of a thin argon-filled dE/dx 
counter, backed by a sodium iodide scintillation 
counter. Coincident pulses from the two counters were 
recorded, using the two dimensional pulse-height 


GE (CHANNELS) 
px 


Fic. 1. Proportional counter (dE/dx) spectrum at @ja»=32 
degrees, for an energy interval (channels 30-35 of the scintillation 
counter spectrum) bracketing the Li’(p,d)Li® (E,=3.6 Mev) 
deuteron group, but excluding the more intense E,=0 and 2.2 
Mev deuteron groups. 

3T. Auerbach and J. B. French, University of Rochester 
Technical Report NYO-3478, May, 1952 (unpublished). 

‘K. G. Standing, Phys. Rev. 101, 152 (1956). 

5E. F. Bennett, Princeton University Technical Report NYO 
8082, March, 1958 (unpublished). 
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Fic. 2, Energy spectrum of deuterons from Li’(p,d)Li® at 
6is»=20 degrees. Most of the protons and tritons have been 
eliminated by reading out only the scintillation counter pulses 
coincident with pulses in the deuteron group of the proportional 
counter spectrum. 


analyzer of Birk, Braid, and Detenbeck.® Data for all 
groups of singly charged particles were recorded on 
tape during each run with the cyclotron, and the tapes 
were subsequently read back through the analyzer to 
separate the results for protons, deuterons, and tritons. 
Energy spectra and angular distributions of protons 
inelastically scattered from the low-lying levels of Li’, 
obtained in this experiment, have been reported in a 
paper by Levinson and Banerjee.’ All of the measure- 
ments were made using the 60-inch scattering chamber 
described by Yntema and White.® 
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Li7(pd) Li8* 2.19 STATE —--——-——- — 
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Gous. 
Fic. 3. Experimental and theoretical angular distributions of 
deuterons from Li’(p,d)Li® reactions to the three lowest levels of 


Li*. The same Butler parameters, /,=1 and ro>=5.8X10 cm, 
were used for each of the theoretical curves. 


* Birk, Braid, and Detenbeck, Rev. Sci. Instr. 29, 203 (1958). 
7C, A. Levinson and M. K. Banerjee, Ann. Phys. 2, 471 (1957). 
8 J. L. Yntema and M. G. White, Phys. Rev. 95, 1226 (1954). 
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Particles of different mass but equal charge and 
approximately equal energy were resolved by dis- 
playing the (dE/dx) spectrum of those proportional 
counter pulses which were coincident with the pulses 
in a narrow energy interval in the scintillation counter 
spectrum. Deuteron and triton groups then appeared 
as separate peaks of higher dE/dx than the scattered 
protons. Figure 1 shows the dE/dx spectrum for an 
energy interval bracketing the weakest (E,=3.57 Mev) 
deuteron group observed. For the reactions to the 
ground and 2.19-Mev levels, the deuteron groups were 
much more intense and correspondingly more easily 
studied. 

In Fig. 2 is shown the energy spectrum of deuterons 
from the Li’(p,d)Li® reactions at a laboratory angle of 
20 degrees. This spectrum was obtained by reading out 
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Fic. 4. Stripping widths from the experimental results shown 
in Fig. 3, compared with theoretical curves due to Auerbach and 
French. The abscissa is a measure of the distance into intermedate 
coupling such that ¢=0 for pure L—S and ¢=1 for pure j—j 
coupling. The experimental width for the Li’(p,d)Li® ground- 
state reaction is normalized to the theoretical curve at ¢=0.1. 


the scintillation counter pulses coincident with deuteron 
pulses from the proportional counter. The background 
is primarily due to deuterons from the Li®(p,d)Li5 
reaction in the 7.5% Li® content of the target, but also 
includes some tritons from the reaction Li’(p,t)Li5. 
Because of the extremely short lifetime of Li®, these 
deuterons and tritons are widely spread in energy, so 
that the background in the energy spectrum is quite 
uniform and can be subtracted with little systematic 
error. 

The experimental deuteron angular distributions are 
shown in Fig. 3, with Butler curves giving an “eye”’ fit 
to the data. The indicated limits of error are standard 
deviations, and include the uncertainties from counting 
statistics and background subtractions. The same 
parameters /,=1 and ro>=5.8X10-" cm were used for 
the three theoretical curves. From the relative cross 
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sections shown in Fig. 3 we find the reduced width 
ratios 

6?(2.19 Mev) /@ (ground) = 0.56+0.07 
and 

(3.59 Mev) /@(ground) =0.23+0.05. 
Absolute differential cross sections for the reactions to 
the ground and 2.19-Mev levels were measured by 
Standing, who obtained the somewhat larger value 
0.7+0.07 for the ratio 6?(2.19 Mev) /6?(ground). There 
is no obvious explanation for this discrepancy, which is 
barely within the combined limits of error of the two 
experiments. In the experiment reported here, however, 
all three deuteron groups were observed in the same run, 
whereas in the previous experiment, separate runs were 
required for the two groups observed. 


III. DISCUSSION 


Auerbach and French* have calculated the overlap 
integrals between the ground state of Li’ and the three 
lowest levels of Li®, for values of intermediate coupling 
ranging from a/K=0 (L—S) to a/K=® (j—j). Their 
results are shown in Fig. 4, along with the reduced 
widths determined in this experiment. The ordinate is 
a quantity proportional to the reduced width, where 
the proportionality factor involves quantities which 
are assumed not to vary from level to level. The abscissa 


Li?(p,d)Li® 
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¢ is a measure of the distance into intermediate coupling 
such that ¢=0 when a/K=0 and ¢=1 when a/K=~o. 
The experimental values are shown with cross-hatching 
to indicate the estimated errors. The experimental 
width for Li’(p,d)Li® (ground) has been normalized to 
the shell-model value at ¢=0.1. As can be seen from the 
figure, the experimental ratios are in reasonably good 
agreement with the theoretical prediction for pure or 
nearly pure L—S coupling. The agreement argues well 
for the “‘stripping width” technique as a tool for the 
investigation of nuclear wave functions. With so many 
assumptions inherent in the derivation of a theory in 
closed form, one probably should not expect very great 
accuracy. On the other hand, the reduced width depends 
directly upon the nuclear wave functions, rather than 
upon matrix elements of electric or magnetic moment 
operators which in themselves may not be precisely 
understood. 
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Determination of the Beta-Decay Interaction from Electron-Neutrino 
Angular Correlation Measurements* 
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The angular correlation coefficients in the allowed beta decays of He®, Ne!®, Ne”, and A®* have been 
experimentally determined from measurements of the energy spectra of the recoil ions. The form of the 
beta-decay interaction has been deduced from these measurements. The experimental results are summarized 
in the following table together with the beta-decay interaction forms which are indicated by each 


measurement. 


Selection rules 
G-T 

Ne’® F and G-T 

Ne G-T 

A* Mostly F 


Isotope 
He® 


Correlation coefficient 


Interaction forms 
—0.39+0.05 A 
0.00+0.08 ST or VA 
—0.37+0.04 A 
+0.97+0.14 VT or VA 


It is apparent from the last column that the experimental results are consistent if we assume that the 
dominant beta-decay interaction is the A combination. 


INTRODUCTION 


HE experimental determination of the specific 
form of the interactions responsible for nuclear 
beta decay has remained a critical problem ever since 
the original formulation of the theory by Fermi.' 
Bloch and Mller? probably were the first to point out 
that measurements of the electron-neutrino angular 
correlation in nuclear beta decay could be used to 
indicate the correct type of light-particle interaction 
in the Fermi theory. According to present theory, five 
independent relativistically invariant expressions can 
be chosen for the interaction Hamiltonian. These are 
usually called the scalar, vector, tensor, axial-vector, 
and pseudoscalar interactions and are denoted, respec- 
tively, by S, V, 7, A, and P. The pseudoscalar inter- 
action is negligibly small in allowed transitions and 
will be omitted in this study. 
During the past ten years we have been conducting 
a series of electron-neutrino angular correlation experi- 
ments in an attempt to improve the accuracy of our 
methods to a degree which would permit an un- 
ambiguous determination of the beta-decay inter- 
actions. In general, these experiments have tended 
towards a procedure which requires only a direct 
measurement of the shape of the energy spectrum of 
the recoiling nuclei. A number of measurements of the 
electron-neutrino angular correlation have been made in 
the past by methods which involve the detection of the 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission and also supported in part by the Office of 
Naval Research. 
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' E. Fermi, Z. Physik 88, 161 (1934). 

2 F. Bloch and C. Méller, Nature 136, 912 (1935). 


beta particle and the recoiling nucleus in coincidence.’ 
The primary difficulty with all of the coincidence 
experiments is that the ratio of the true to chance 
coincidence counting rates decreases with increasing 
single counting rates. The statistical accuracy of most 
of our earlier experiments was limited by the chance 
coincidence rates so that further increases in counting 
rates were not advisable. The experiments to be 
described in what follows involve only the measurement 
of the energy of the recoil ion and thus require only 
one detector so that there is no limitation on the amount 
of activity which can be effectively utilized. 

In this paper we report measurements of the energy 
spectra of the nuclear recoils from which the angular 
correlation factor may be deduced. We have made 
measurements on the positron emitters, A® and Ne’, 
and on the negatron emitters, He® and Ne*. The 
results of these measurements give both the Fermi (F) 
and the Gamow-Teller (G-T) interactions and are 
consistent within themselves without requiring the 
results of other angular correlation experiments. Brief 
reports of the results have already been published.** 
In general, the real effect in these experiments has been 
about one-tenth the background at the peak of each 
recoil spectrum. In order to compensate for this 
unfavorable ratio very large numbers of counts have 
been accumulated at every datum point, either by 
continuing individual experiments for about one month 
while operating at the University of Illinois Cyclotron, 


3J.S. Allen, The Neutrino (Princeton University Press, Prince- 
ton, New Jersey, 1958), Chap. 5. 

4 Herrmannsfeldt, Maxson, Stihelin, and Allen, Phys. Rev. 
107, 641 (1957). 

5 Herrmannsfeldt, Burman, Stihelin, Allen, and Braid, Phys. 
Rev. Letters 1, 61 (1958). 

® Burman, Herrmannsfeldt, Allen, and Braid, Phys. Rev. 
Letters 2, 9 (1959). 
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or by using the very high activities available from the 
CP-5 Reactor at Argonne National Laboratory. In 
addition efforts have been made to improve the effi- 
ciency of collection of data. 

Until recently our ideas concerning the nature of the 
beta-decay interaction has been largely based on the 
results of the experiment of Rustad and Ruby.’ These 
authors measured the electron-neutrino angular corre- 
lation in the decay of He® and their results indicated 
that the tensor invariant is the dominant G-T inter- 
action form. A more recent cloud chamber experiment 
by Csikai and Szalay® also favored the T interaction 
for He®. During the course of our experiments several 
events occurred which suggested that a repetition of the 
He® neutrino recoil experiments would be_ highly 
advisable. First, our A*® experiment’ yielded the 
unexpected result that the dominant Fermi interaction 
was V rather than S as had been deduced from com- 
bining the above-mentioned He® results with the 
neutron experiment of Robson’ and the Ne” experi- 
ments.!°-” When the A* results are combined with the 
neutron and Ne'® experiments, the indicated interaction 
combination is VA rather than the ST combination 
required when the He® results are considered. This 
apparent inconsistency has finally been eliminated by 
new experiments. 

A second cause for repeating the He*® experiment 
is the experiment by Goldhaber ef al.!* who measured 
the helicity of the neutrino in a G-T beta decay and 
found it to be negative (left-handed neutrinos). When 
supplemented by measurements" of the directional 
asymmetry of the beta decay of oriented nuclei or by 
measurements!®!© of the electron polarization, this 
experiment indicates that the Gamow-Teller interaction 
is A. Another reason for repeating the He® experiment 
was supplied by the authors of the above-mentioned 
experiment on He®, Rustad and Ruby, who, in a post- 
deadline paper at the 1958 New York meetings of the 
American Physical Society, expressed the opinion that 
certain experimental uncertainties make questionable 
the interpretations originally made from their results. 
Because the original apparatus had been destroyed it 
was not possible for them to make sufficiently accurate 


7B. M. Rustad and S. L. Ruby, Phys. Rev. 97, 991 (1955). 
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Nations International Conference on the Peaceful Uses of Atomic 
Energy, Geneva, 1958 (United Nations, Geneva, 1959). 

9J. M. Robson, Phys. Rev. 83, 349 (1955); Can. J. Phys. 36, 
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11M. L. Good and E. J. Lauer, Phys. Rev. 105, 213 (1957). 

2W. P. Alford and D. R. Hamilton, Phys. Rev. 105, 673 
(1957). 

18 Goldhaber, Grodzins, and Sunyar, Phys. Rev. 109, 1015 
(1958). 

4 Ambler, Hayward, Hoppes, Hudson, and Wu, Phys. Rev. 
106, 1361 (1957). 

‘5 Frauenfelder, Bobone, von Goeler, Levine, Lewis, Peacock, 
Rossi, and De Pasquali, Phys. Rev. 106, 386 (1957). 

16 Benczer-Koller, Schwarzschild, Vise, and Wu, Phys. Rev. 
109, 85 (1958), and references therein. 
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corrections to their data to make a meaningful interpre- 
tation. However, the trend of the corrections was in the 
direction of a negative correlation coefficient which 
would favor axial-vector in agreement with the above 
arguments. 

Additional information favoring the VA combination 
has been supplied by several recent experiments. 
Lauterjung ef al.” find that A is dominant in the decay 
of Li® which obeys Gamow-Teller rules. Burgy ef al.'® 
have measured the asymmetries in the beta decay of 
polarized neutrons. The results of this experiment 
appear to require VA. Pleasonton ef al.” have also 
repeated the He® recoil experiment and are in agreement 
with the axial-vector conclusion. Barnes ef al.?° have 
made an independent measurement of the G-T inter- 
action with Li’ and are in agreement with A with an 
upper limit of 10% T. 

The only experiment of fairly recent origin which is 
not in agreement with pure VA is the Ne* work of 
Ridley. The results of this experiment indicate a 
nearly even mixture of A and 7 for the G-T inter- 
actions. There is a small possibility that the assignment 
of G-T rules to both branches of the Ne** decay scheme 
may be in error. However, if one assumes that the VA 
combination is indeed correct this information can be 
used to check the spin assignments for an isotope such 
as Ne*’, As has already been stated, our repetition of the 
Ne* experiment is in agreement with other evidence 
for VA and indicates that the original assignment of 
pure G-T rules is correct. 

Happily, recent theoretical investigations have also 
favored the VA interaction combination. Theories 
proposed independently by Feynman and Gell-Mann,” 
by Sudarshan and Marshak,?* and Sakurai*4 which 
represent attempts to find a universal interaction for all 
decays involving four fermions, all require the VA 
combination. 


THEORY 


In the usual theories of allowed beta decay the 
probability of the emission of an electron-neutrino 
pair is given by 


P(W,0..)dWd2= A.F(A,W) pW (WoW)? 
[1-+b/W+ (Ap/W) cos. JdWad®, (1) 


where A; is a proportionality constant, W and fp, 


‘7 Lauterjung, Schimmer, and Maier-Leibnitz, Z. Physik 150, 
657 (1958). 

18 Burgy, Krohn, Novey, Ringo, and Telegdi, Phys. Rev. 110, 
1214 (1958). 

19 Pleasonton, Johnson, and Snell, Bull. Am. Phys. Soc. 4, 78 
(1959). 

*” Barnes, Fowler, Greenstein, Lauritsen, and Norberg, Phys. 
Rev. Letters 1, 328 (1958). 

21 B. W. Ridley, Nuclear Phys. 6, 34 (1958). 

2R. P. Feynman and M. Gell-Mann, Phys. Rev. 
(1958). 
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4 J. J. Sakurai, Bull. Am. Phys. Soc. 3, 10 (1958). 
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respectively, are the total energy and momentum of 
the electron, and Wo is the maximum energy of the 
beta spectrum. The angle between the directions of 
emission of the electron and neutrino is @,, and the 
angular correlation coefficient is represented by i. 
The units are as usual in beta decay; A=c=m=1. For 
the analysis of nuclear recoil experiments it is con- 
venient to transform the original P(W,@,,) distribution 
function into a P(W,R) distribution, where R is the 
kinetic energy of the recoiling nucleus. The new distri- 
bution function expressed in terms of the total energy 
W of the beta particle and the kinetic energy R of the 
recoiling nucleus is given by 


P(W,R)dWdR= A.F(Z,W){W (Wo—W)+b(Wo—W) 
+4\[2MR—W?+1—(Wo—W)*}}dWaR. (2) 


In the derivation of Eq. (2) the kinetic energy of the 
recoiling nucleus has been assumed to be negligible 
in comparison with the energy of the electron or the 
neutrino. This assumption is valid in practically all 
recoil experiments. The explicit form of is” 

r= (|C,|?+ Cy’ |?— |C.|?— |C,"|?)(1)? 


+43(|Cr|?+|Cr’ |?— |Ca|?—|Ca’|*)(o)?, (3) 
where 
E=(|C,|?+1C,’ |?+ |C.|?+(C,'|?)(1) 
+(|Cr|?+|Cr’|?+|Ca|2+]Ca’|?)(o)?. (4) 


The symbols (1) and (@), respectively, denote the 
nuclear matrix elements for the (S,V) and (7,A) 
interactions. The unprimed and primed constants, 
respectively, represent the relative strengths of the 
parity-conserving and _ parity-nonconserving _ inter- 
actions. It is readily seen from Eq. (4) that \ assumes 
the values +1, —1, +4, and —} for the pure V, S, T, 
and A interactions, respectively. It is also evident that 
\ does not contain terms due to the interference between 
parity-conserving and parity-nonconserving _ inter- 
actions. Therefore electron-neutrino angular correlation 
experiments of the type discussed in this paper are not 
able to separate the primed and unprimed coupling 
constants. In other words, these experiments are not 
sensitive to parity effects and cannot show the degree of 
mixing of the parity-conserving and _ parity-non- 
conserving interactions. 

Recent experiments'®:'® show that the magnitude of 
the longitudinal polarization of the electrons emitted in 
beta decay is approximately equal to the maximum 
amount, v/c. The sense of the polarization is negative 
for negative electrons and positive for positrons. These 
results require the following choice of coupling 
constants : 


Cs,r=—Cs,1’ 


An upper limit to the magnitude of the Fierz inter- 


and Cy a=tCy,a’. (5) 


26 T, D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 
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ference term appears to be about 10~'. For example, 
measurements*® of the ratio of electron capture to 
positron emission in Gamow-Teller type decays indicate 
that |b| <6X10~. Similar measurements” for a Fermi 
type show that |b! <<6X10~. An interesting result of 
the choice of coupling constants in (5) is that b becomes 
identically zero. In view of these considerations, we 
shall neglect the interference term in our analysis of 
electron-neutrino recoil experiments. A small energy- 
dependent Coulomb correction term which was omitted 
in the expression for \ given in Eq. (3) also becomes 
identically zero by this choice of coupling constants. 
This correction term vanishes in any case if the beta- 
decay process is invariant under time-reversal. The 
result of the time-reversal experiment presently being 
conducted by Clark et al.?* using polarized neutrons is 
consistent with time-reversal invariance and suggests 
that full violation does not occur. 


EXPERIMENTAL PROCEDURE 
A. Apparatus 


The design of the apparatus for this experiment was 
dictated by the requirement that the rate of collection 
of data should be as high as possible ; that is, it should be 
limited only by the available amount of activity. This 
requirement rules out the conventional method of 
measuring the recoil spectrum, in which the flight time 
of the recoil ion is measured in coincidence with the 
associated beta particle. The time-of-flight or coin- 
cidence experiments are severely limited by chance 
coincidences at higher counting rates. Fortunately the 
recoil energy spectrum is the only information needed 
to deduce the angular correlation coefficient, \, and 
from \ the nature of the beta-decay interaction can be 
determined. Thus the present experiment was designed 
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Fic. 1. Cross section of the recoil chamber showing the differ- 
ential pumping system and the flight paths (dotted lines) of the 
recoil ions. 


26R. Sherr and R. H. Miller, Phys. Rev. 93, 1076 (1954); 
Drever, Moljk, and Scobie, Phil. Mag. 1, 942 (1956). 

*7 J. Scobie and G. M. Lewis, Phil. Mag. 2, 1089 (1957). 

*8 Clark, Robson, and Nathans, Phys. Rev. Letters 1,7 100 
(1958). 
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to measure the energy spectrum of the recoil ions 
without detection of the associated beta particles. 

The vacuum chamber consisted of the source volume, 
the spectrometer chamber, and the recoil-ion detector 
as shown in Fig. 1. The radioactive gas was introduced 
directly into the source volume which was defined by an 
aluminum cone and a set of baffles. A small (7 mm) 
aperture in the apex of the cone was located at one 
focus of the spectrometer system. The baffle just behind 
the aperture helped to reduce the pumping speed and 
prevented recoiling ions from entering the spectrometer 
system at any angle outside the solid angle of acceptance 
of the spectrometer system. 

The two spherical electrostatic spectrometers were 
mounted in the central section of the vacuum chamber. 
A second aperture at the common focus of the two 
spectrometers was effective in providing an additional 
stage of differential pumping between the source and 
the ion detector. The necessity of having this extra 
stage of differential pumping was the only reason for 
adding the second spectrometer. Three 300-liter/sec 
diffusion pumps were used in the differential pumping 
system to reduce the background from decays in or 
near the multiplier assembly. This background was 
measured by applying a retarding potential during one- 
half of each run to the grid which was located just 
outside the aperture of the source volume. The repelling 
voltage was made sufficiently high to stop all the recoil 
ions which came from the source volume. During the 
experimental observations a switching system auto- 
matically switched the retarding potential on and off 
and simultaneously switched the output from the ion 
counter into separate scaling circuits. The difference 
between the totals of the two scalers at the end of a 
run represented the true effect for a given energy 
setting of the spectrometers. The runs were timed by 
using a beta-sensitive counter to monitor the activity 
in the source volume. The beta counter also was 
switched between two scalers by the automatic switch- 
ing system in order to monitor separately the activity 
present during the partial runs with and without the 
retarding potential. 

Two special problems occurred in the detection of 
the negative recoil ions associated with positron 
emission. The first difficulty was caused by the fact that 
low-energy electrons were transmitted by the electro- 
static spectrometer system in exactly the same manner 
as recoil ions of the same kinetic energy. Since electrons 
were detected at the low-energy end of a recoil spectrum, 
an axial magnetic field was generated in the first 
spectrometer by a coil wound around the outside of the 
vacuum chamber. Tests made with the ion gun posi- 
tioned in the source volume as shown in Fig. 1 and 
with an electron gun mounted in the same position 
showed that the magnetic field effectively stopped all 
electrons but did not affect significantly the trans- 
mission of ions. 

The second problem associated with the negative 
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charge of the recoil ions was caused by the background 
that electrons caused in the ion detector. The recoil 
ions were detected by an electron multiplier with a 
specially constructed first stage that consisted of a 
cylindrical dynode with a set of grids for the ac- 
celeration of the ions. Unfortunately, in the case of 
negative-ion detection, the high-field emission of 
electrons from the grid system created an intolerable 
background at an accelerating voltage less than the 
value required for a counting efficiency of 100%. Since 
the recoil ions could not be detected with an efficiency 
of 100%, it was essential that all ions had the same total 
kinetic energy when they hit the cylindrical dynode so 
that the detection efficiency would not be energy 
dependent. In order to keep the total energy of the ions 
constant, the accelerating voltage was adjusted with 
every setting of the electrostatic spectrometer system. 
In the case of the He® and Ne* experiments in which 
positive ions were detected, it was possible to use about 
4 kv on the accelerator system. Tests indicated that 
nearly 100% of the recoil ions were detected and that 
the energy of the ions was not critical. However as a 
safety measure, the accelerating voltage was varied 
with every spectrometer setting. 

The ion detector used in all the experiments described 
in this paper was constructed from AgMgNi alloy which 
was activated in an oxidizing atmosphere at a tempera- 
ture of about 600°C. Several checks were devised to 
test the response of the multiplier system. The ion 
source shown in the source volume was modified at 
various times so that it emitted positive or negative 
argon ions, negative chlorine ions which are the same 
as the recoil ions from the decay of A**, and positive 
lithium ions which are equivalent to the recoil ions 
from He®. Extensive tests were made with each type of 
ion with the same voltages on the accelerating grids and 
spectrometer lenses as were actually used in the respec- 
tive experiments. The counting efficiency of the detector 
for both negative and positive ions was measured at 
various ion energies. The efficiency was found to be 
constant within the instrumental accuracy of 10% for 
both negative chlorine ions and the positive lithium ions. 


B. Production of He’, Ne'’, Ne”, and A® 


Both Ne” and A*® were made by the cyclotron 
bombardment of SI's gas. In addition, SI's was employed 
as the carrier gas for the He® and Ne* activities which 
were produced by neutron bombardment of beryllium 
oxide and sodium carbonate, respectively. The ad- 
vantage of SF is that the fraction which is dissociated 
under cyclotron or reactor bombardment produces 
substances which react strongly with the metal tubes 
of the gas handling system and, as a result, do not pass 
through the traps except in small quantities. A liquid 
nitrogen trap separated the SF carrier from the noble 
gas activities. Upon removal of the liquid nitrogen from 
the trap the solid SF, sublimed and was recirculated 
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TaBLe I, Summary of data for the production and identification 
of the radioactive noble gases for neutrino recoil measurements. 


Half-life 
(sec) 


A® S®(a,n)A* CH, Bt, » 1.83 +0.03« 1.8340.02 3% Ne 
Ne'*® F'*(p,n)Ne!* Fi, B*, 17.7 +0.2' 17.4 +0.2 None 

He* Be®(n,a)He* Li‘, 8, 3 0.85 +0.03¢ 0.8340.02 1% N'6 
Ne® Na%(n,p)Ne™ Na*,8°,% 37.6 +0.1> 37.5 +0.1 1% N's 


Half-life 
(sec) measured 


Impurity 


Exp. Production Decay (max) 


* Kistner, Schwarzschild, and Rustad, Phys. Rev. 104, 154 (1956). 
> J. R. Penning and F. H. Schmidt, Phys. Rev. 105, 647 (1957). 
© See reference 7 


through the target. By using two traps in parallel, it 
was possible to freeze gas in one trap during the 
warm-up period of the other trap, thus permitting 
continuous operation. A trap which contained heated 
chips of calcium metal was placed between the nitrogen 
traps and the source volume. This trap was expected 
to remove chemically active, radioactive gases. In the 
Ne!® and A® experiments the calcium trap was merely 
precautionary since it was impossible to create positron 
emitters with energies and half-lives which could be 
confused with those of the desired activities. However, 
it was necessary to use the calcium trap to remove N'® 
from the He® and Ne” activities. The neutron bombard- 
ment of the oxygen in the BexO and NasCO, and of the 
fluorine in the SF. formed N'® which was successfully 
removed by the calcium when the furnace was heated 
to about 550°C. 

Half-life measurements were made of the different 
activities to help identify them and to detect the 
presence of impurities. Pertinent information concerning 
the properties and the production of the radioactive 
gases is contained in Table I. An additional proof of 
the degree of purity of the gases was provided by the 
fact that recoil ions were not observed beyond the ends 
of the expected recoil energy spectra. 

Attempts were made to measure the effect of the 
pressure of the residual gas in the system on the recoil 
spectra of the four radioactive gases. Since the operating 
pressure in the source volume varied from 3X10~° to 
1X 10~ mm Hg and since the pressure in the rest of the 
system usually was less than 5X10-* mm Hg, any 
effect of the residual gas would have occurred chiefly 
in the source volume. The effect of the residual gas 
would have been exhibited in two ways: as a shift of the 
high-energy end of a recoil spectrum toward the lower 
regions of the spectrum due to collisions between recoil 
ions and gas molecules at thermal energies; and as a 
neutralization of the charge of the recoil ions due to 
with 
sections for the sum of the two collision effects have 
been measured*® for Cl- ions and for Na* and Lit 
ions in various gases. According to these observations, 


collisions molecules or free electrons. Cross 


the cross sections varied with the energy of the ions, 


*B. M. Dukelvsky and E. Y. 
Teoret. Fiz. 21, 1270 (1951). 
% (, Ramsauer and O. Beeck, Ann. Physik 87, 1 (1928). 
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but did not exceed a value of about 2X 10~'* cm’ in the 
energy range of the present recoil experiments. Using 
2X10- cm’, we calculated that the maximum total 
collision probability ranged from 2 to 7% for recoil 
ions traversing an average path length in the source 
volume when the pressure varied from 3X10-° to 
1X 10~* mm Hg. In order to determine the actual effect 
of collisions on the recoil spectra, angular correlation 
measurements were made at different pressures in the 
A® and He® experiments. No variation in the values of 
the angular correlation coefficients was observed when 
the pressure was changed by a factor of five. We 
conclude that the pressure of the residual gas did not 
introduce additional experimental errors greater than 
the statistical limits quoted for the values of the angular 
correlation coefficients. 


ANALYSIS OF THE RECOIL SPECTRA 
A. Theoretical Spectra 


The experimentally determined recoil spectra were 
analyzed by comparison with the theoretical spectra 
predicted for various assumed values of the angular 
correlation coefficient.** The comparison was made by a 
least squares analysis, using the angular correlation 
coefficient and a normalizing coefficient as_ the 
parameters. 

Theoretical spectra corresponding to A= —1 and +1, 
the extreme limits of the angular correlation coefficient, 
were computed for each transition. For convenience in 
analyzing the recoil spectra the necessary corrections 
were applied to the theoretical rather than to the experi- 
mental spectra. Corrections for the Coulomb effect, the 
presence of branch transitions with gamma-ray emission 
as in the cases of A®® and Ne” and the effects caused 
by the finite transmission of the spectrometer system 
were applied to the spectra. 

The distribution functions used in the analysis of 
the recoil spectra are obtained from Eq. (2) by setting 
\=—1 or +1 and have the following forms: 


P,(W,R)dWdR 
=A;F(Z,W)(We—-1—2MR)dWdR, (6) 


or 


P,(W,R)\dWdR=A;F (Z,W) 
X (4WWo—-4W?27—We+14+2MR)dWdR. (7) 


In order to obtain the recoil energy spectra, these 
distribution functions were integrated between the 
upper and lower limits of the energy of the beta particles 
as specified by conservation of linear momentum and 
energy. The correction for the Coulomb effect was 
simplified somewhat by introducing the relation 


F(Z,W)=F(Z,)[1—(Z,W)], (8) 


31Q. Kofoed-Hansen, Kgl. Danske Videnskab. Selskab, Mat.- 
fys. Medd. 28, No. 9 (1954). 
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where ['(Z;«) is the correction factor corresponding 
to electrons with W>Wpo. With this substitution the 
integration of Eq. (6) and Eq. (7) over W could be 
carried out in two steps. For the first step, the inte- 
gration was carried out algebraically with F(Z,W)=1. 
The second integration was carried out graphically with 
©(Z,W) as the correction factor. The magnitude of 
©(Z,W) was less than unity during the greater part 
of the integration. 

The advantage of this method is that the basic 
accuracy of the algebraic integration of P:,2(W,R)dW is 
retained. Since the magnitude of the integral obtained 
by numerical integration was considerably smaller than 
that of the first integral, the over-all accuracy does not 
depend critically upon the accuracy of the Fermi 
functions or the numerical integration process. The 
values of the Fermi functions were taken from the 
tables of Rose. The general expression for the shape of 
the recoil energy spectra expressed in terms of the 
integrated values of P;,2(W,R)dW can now be expressed 
as 
N(R)dR= Ag{N1(R)+.V2(R) 

+ALN2(R)—Ni(R)}}dR. (9) 


B. Low-Energy Branches of A*® and Ne* 


There are two weak positron branches in addition 
to the main transition in the decay of A®*. A 2% positron 
branch with a maximum kinetic energy of 3.2 Mev 
followed by a 1.76-Mev y ray and a 5% positron 
branch with a 3.74-Mev maximum energy followed by 
a 1.22-Mev y ray have been reported by Kistner ef al. 
Since the shell model suggest spins of 4 and § for the 
first two excited states of Cl**, the low energy branches 
probably decay from the initial J=} state of A® 
according to Gamow-Teller selection rules. The recoil 
energy spectra used in the computation of the angular 
correlation coefficient for A®® include a correction for 
the presence of these low-energy branches. The magni- 
tude of the correction amounts to about one-half of the 
statistical error in the measured value of with the 
assumption of either the tensor or axial-vector 
interactions. 

Ne® decays* by negatron emission with about 99% 
of the transitions going to the ground and first excited 
states of Na’. The maximum electron energies and 
branching ratios of the transitions to the ground and 
first excited state are 4.39 Mev (6743%) and 3.95 
Mev (324+3%), respectively. The decay to the first 
excited state is followed by the emission of a single 
436-kev gamma ray. The beta decay is an allowed one: 


8M. E. Rose, in Beta- and Gamma-Ray S pectroscopy, edited by 
K. Siegbahn (Interscience Publishers Inc., New York, 1955), 
pp. 271-291. 

83 Kistner, Schwarzschild, and Rustad, Phys. Rev. 104, 154 
(1956). 

4 J. R. Penning and F. H. Schmidt, Phys. Rev. 105, 647 (1957). 
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the decay to the ground state is a pure G-T transition 
(AJ=1, no charge in parity) while the decay to the 
first excited state would allow a mixture of Fermi and 
G-T transitions (A7=0, no change in parity). However, 
theoretical considerations predict that a change of 
isotopic spin accompanies the decay to the first excited 
state resulting in a strong predominance of the G-T 
decay.”! In the analysis of this experiment, the transition 
to the first excited state was therefore assumed to be 
pure G-T. The very weak transitions to higher levels 
were neglected. The recoil spectra from the ground-state 
decay and the excited-state decay are added in the 
proportions of their intensities and the combined 
spectrum is used in the determination of the angular 
correlation coefficient. 


C. Transmission of the Spectrometer and the 
Expected Recoil Energy Spectra 


In order to compute a recoil energy spectrum which 
could be compared directly with the experimental 
results, corrections for the transmission of the spec- 
trometer were combined with the corrections mentioned 
in the previous sections. Tests with argon ions showed 
that the transmission function of the spectrometer had 
the shape of a symmetrical trapezoid with a full width 
at the base of 8% and a full width at the top of 3% of 
the mean energy transmitted. 

The distribution function to be directly compared 
with the experimental data can be expressed as 


G(R) = f S(R,R)V(RUR, 


where the transmission function S(R,R,) is centered 
about the recoil energy R=R;. The integration is 
simplified if V(R) is expanded about R; in a Taylor’s 
series. After the integration over the transmission curve 
has been performed, the distribution function becomes 


G(R,y=A R{N (Ri) +6X 10 2(Ry { a i 


XLV (Rips) +N (Ri 1)—2N (Ri) J+ sos }, (10) 


where the distance between consecutive values of 
N(R,j) is 0.05Rimax and A is a normalizing constant. The 
most important term in G(R,) is the original distri- 
bution function of Eq. (9) multiplied by the recoil 
energy to compensate for the fact that the transmission 
is proportional to the recoil energy. The remaining 
terms are small and depend on the second and higher 
derivatives of V (R) with respect to R and represent the 
correction for the finite width of the transmission 
function. The effect of the finite transmission band of the 
spectrometer is most significant where there are sharp 
changes in the slope of the recoil spectrum. In this 
group of experiments the effect of the transmission band 
was noticeable only at the high-energy end of a given 
spectrum where the band width was at a maximum. 
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COUNTS IN ARBITRARY UNITS 


TOTAL 














Fic. 2. Energy spectrum of the recoil ions from the positron 
decay of A**, The angular correlation \ = +0.97+0.14 is consistent 
with either the AV or the 7V combination of interactions. 


The correction for the width of the transmission band 
has been made to all recoil curves and is apparent only 
as a small asymptotic tip just above the maximum 
recoil energy. 


D. Least-Squares Analysis of the Recoil Spectra 


The recoil ion energy spectrum for each activity was 
measured by making repeated measurements of the 
recoil counting rate at a series of spectrometer energy 
settings. The calibration of the spectrometer system 
against an absolute energy scale was not critical because 
the shapes of the recoil spectra do not depend strongly 
on the magnitude of the maximum recoil energy. Since 
the high-energy limit of each recoil spectrum was 
almost a vertical straight line, a few measurements 
were sufficient to determine the absolute energy scale 
to the desired accuracy. However, the relative position 
of each of the points on the energy scale was determined 
as accurately as possible using a potentiometer system. 

The statistical errors used in all parts of the least- 
squares calculations and the errors finally reported for 


the angular correlation coefficients are the so-called 
“standard errors,” with a probability of 68% for a 
subsequent measurement falling within the given limits. 
The normality of the distribution of the recoil counts 
at the various energy settings was checked by the chi- 
square test. The probability of finding a larger deviation 
from the mean in a subsequent experiment, as deter- 
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mined by the chi-square test, was between 0.9 and 0.1 
for all the points used in the least-squares analysis. 
Using A, and ) of Eq. (9) as least-squares parameters, 
the best fit between the corrected theoretical curve and 
the experimental data was chosen by the usual appli- 
cation of the method of least squares.** The experi- 
mental points were weighted inversely according to 
their respective statistical errors. The error in \ was 
determined by weighting the accuracy of each experi- 
mental point V; by the sensitivity of \ to the shape of 
the recoil spectrum according to the relation 


aA \ 7 
va=[Eewa(s5)) 


If the experimental point was further from the best 
fitting curve than the statistical error, the deviation 
from the curve is used in Eq. (11) instead of the 
statistical error. 


(11) 


EXPERIMENTAL RESULTS 


The experimental data and the theoretical recoil 
energy distributions for the positron decay of A*® are 
shown in Fig. 2. The solid curve drawn through the 
experimental points corresponds to an angular corre- 
lation factor of X\=+0.97+0.14 which is in excellent 
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Fic. 3. Energy spectrum of the recoil ions from the positron 
decay of Ne. The angular correlation \=0.00+0.08 is consistent 
with either the ST or VA combination of interactions. 


%6 Yardley Beers, Introduction to the Theory of Error (Addison 
Wesley Press, Cambridge, 1953). 
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agreement with the value of +0.89=-0.08 predicted for 
the AV interaction or the value of +0,94+0.04 
expected for the 7V interaction. In each case the 
predicted values of the angular correlation coefficient 
were deduced from known ft values. 

In order to check the reliability of the double spec- 
trometer used in the A** experiment, the energy 
spectrum of the recoils from the positron decay of 
Ne’ was measured with this spectrometer. The Ne” 
recoil energy spectrum is shown in Fig. 3. The 
experimentally determined angular correlation is 
A=0.00+0.08 which is to be compared with —0.06 
+0.02 for the ST interaction or +0.06+0.02 for the VA 
interaction. The close agreement between the measured 
and predicted values of indicated that our spec- 
trometer was entirely reliable. Unfortunately, the 
accuracy of the Ne” data is not sufficient to distinguish 
between the ST and VA interactions. 

The negatron decay of He® probably is the most noted 
example of an allowed, pure, G-T transition. The 
recoil spectrum from this decay was measured in the 
double spectrometer after the conclusion of the A®®* and 
Ne” experiments. The experimental data for He® and 
the spectra predicted for various values of the angular 
correlation are shown in Fig. 4. The points between 
700 and 1400 ev were fitted to a curve corresponding to 
an angular correlation \= —0.39+0.05. The result of 
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Fic. 4. Energy spectrum of the recoil ions from the negatron 
decay of He®, The dashed curve represents the best fit with the 
data. The experimental points below 700 ev include counts from 
multiply charged ions and were not used in the computation of d. 


INTERACTION 











see 


Fic. 5. Energy spectrum of the recoil ions from the negatron 
decay of Ne*. The experimental points below the mid-energy 
include counts from multiply charged ions and were not used in 
the computation of A. The dashed curve represents the best fit 
with the experimental data. 


this experiment clearly indicates that the dominant 
G-T interaction is axial-vector. 

As mentioned earlier the negatron decays of Ne” 
to the ground and first excited states of Na* very likely 
are examples of nearly pure G-T transitions. The energy 
spectrum of the recoil ions from the decay of Ne” is 
shown in Fig. 5. The angular correlation deduced from 
the shape of the curve between 278 and 555 ev is 
\=—0.37+0.04 which supplies additional evidence 
that the G-T interaction is axial-vector. The results 
also verify the initial assumption that the decay to the 
first excited state of Ne* is predominantly G-T since 
any admixture of a Fermi transition would lead to 
a value of \ less negative than — }. 

The recoil spectra of both He*® and Ne** exhibit 
secondary spectra due to multiply charged ions in the 
region below the median energy. Since the spectrometer 
system is electrostatic, doubly charged ions are trans- 
mitted at a voltage setting corresponding to singly 
charged ions of twice the kinetic energy. Consequently, 
the points below the median energy will include 
multiply charged ions. This problem does not occur 
in the positron decays of A*® and Ne” because the loss 
of an electron neutralizes the negative recoil ion before 
transmission. Higher states of ionization will convert 
the negative ions to positive ions which will not be 
transmitted. However, if the probability of ionization 
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Fic. 6. The results of the A**, Ne, Ne®, and He® experiments 
with the curves selected by a least-squares analysis. The points 
shown are representative samples of the experimental data given 
in the four preceding figures. Approximately 5X10‘ to 1105 
true counts were recorded per datum point. 


depends strongly upon the velocity of the recoiling 
ion, the recoil spectrum could be seriously distorted 
before transmission. 

Winther*® has made a theoretical investigation of the 
ionization accompanying the beta decay of He® and 
has concluded that the dominant effect for light nuclei 
is the shaking off of an atomic electron as a result of the 
sudden change of the nuclear charge. The transition 
probabilities should be corrected for the motion of the 
recoiling nucleus. In the case of the lithium recoils from 
the decay of He® he estimates this correction to be of the 
order (v/v )?+0,003, where v is the velocity of the 
nuclear recoil and v is the velocity of the atomic elec- 
trons. Since the ionization probability for light atoms is 
approximately 10%, the correction for the recoil motion 
probably can be neglected. If this assumption is correct, 
the recoil energy spectrum of the singly charged ions 
observed in each of our experiments is representative 
of the spectrum of ions of all possible charge states 
including zero. 

In the case of the He® recoil spectrum of Fig. 4, if we 
assume for each of the three points below 700 ev that 
the counts in excess of the values corresponding to a 
by A=—0.39 are due to 


spectrum characterized 


4© A, Winther, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 27, No, 2 (1952). 
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multiply charged ions, we find an ionization probability 
of (294+15)%. This is considerably higher than the 
value of (10.5+1.5)% predicted by Winther. A possible 
explanation for this discrepancy is that the multiply 
charged ions were counted more efficiently than the 
singly charged ions because the former experienced 
twice the acceleration in the grid system of the electron 
multiplier. 

The results of the four recoil experiments and the 
predicted recoil energy spectra are displayed in Fig. 6. 
The points are representative samples of the experi- 
mental data given in the preceding figures. The experi- 
mental data are presented in a different manner in 
Fig. 7 where the angular correlation coefficients are 
plotted against the fraction F of the decays which 
are allowed by Fermi selection rules. Since the corre- 
lation coefficient \ is a linear function of F, the experi- 
mental values should lie on a straight line if each 
decay is described by the same combination of inter- 
actions. The data for evaluating F are obtained from 
experimental ft values. The angular correlation for the 
neutron decay as measured by Robson, is included for 
comparison with our results. Although there is no 
serious discrepancy between the data, it is evident that 
the value for the neutron is displaced from the VA 
curve by an amount equal to the total error quoted by 


Robson. 


CONCLUSIONS 


The identification of the dominant interactions in 
allowed beta decay has been the purpose of these four 
experiments. The consistent experimental results now 
clearly indicate that the dominant combination of 
interactions is VA. Unfortunately, the precision of the 


L 


Fic. 7. The angular 
correlation coefficients 
plotted against the frac- 
tion of the decays which 
are allowed by Fermi 
selection rules. The 
height of the bars is 
twice the standard error 
in \. The length of the 
horizontal bars is twice 
the uncertainty in F. 
The angular correlation 
for the neutron decay 
as measured by Robson® 
is included. The five 
experimental values of A 
are compatible with the 
VA assumption. 
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present method is limited by the fact that the spectra 
of singly and multiply charged recoil ions cannot be 
studied separately. In addition, a small correction for 
the energy dependence of the probability of ionization 
of the recoil atoms should be applied. We conclude that 
the limited accuracy of our present experiments rules 
out an admixture of more than 10% of either the tensor 
or scalar interactions with the VA combination. 
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Decay of U*’ and 7.3-min Np” 
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The radiations of U™ and 7.3-min Np*” have been studied with a solenoidal beta spectrometer, beta- and 
gamma-scintillation spectrometers, and 180° permanent-magnet spectrographs. The principal decay branch 
of U* is a 0.36-Mev beta transition to the 7.3-min state of Np?”. The only other radiations observed which 
are attributed to U” are the conversion lines associated with a 0.044-Mev transition. 

The decay scheme of 7.3-min Np*” is considerably more complicated than that indicated by previous 
investigations. On the basis of coincidence studies, intensity data, internal conversion coefficients, and the 
measured transition energies, a consistent level scheme for Pu” is proposed which has excited states at 0.043, 
0.142, 0.597, 0.858, 0.900, 0.942, 1.42, 1.53, and 1.62 Mev. The ground-state transition from the 0.858-Mev 
level is of 40 multipolarity, identifying this level as a 0+ state. There are beta transitions to the ground 
state of Pu? (0g=2.18 Mev) and to each of the above excited states except the one at 0.142 Mev. Con- 
sideration of the beta-decay information leads to a spin and parity assignment of 1+ for 7.3-min Np™. 
Various features of the decay scheme are compared with the predictions of current models of nuclear 


structure. 


I. INTRODUCTION 

eae empties examination of the @ and y 

radiations of 14.1-hr U*”’ and its daughter nuclide, 
7.3-min Np*, was first reported in 1953.1 The con- 
tinuous #-ray spectrum associated with these two 
activities (in equilibrium) was resolved into 8 groups 
with end-point energies of 2.156, 1.59, 1.26, 0.76, and 
0.36 Mev. It was proposed that the 0.36-Mev group 
represents the U*— Np™® (7.3 min) transition, and 
that the 2.156-Mev group represents the Np*” (7.3 
min) — Pu” ground-state transition. Assignment of 
the remaining 6 groups as representing transitions to 
excited states of Pu?” was supported by scintillation 
measurements which indicated that y rays of energies 
~0.56, ~ 0.90, and ~1.40 Mev accompany the decay 
of Np™. 

More recent investigations have shown that the 
7.3-min Np* decay scheme is considerably more com- 
plex than the one outlined above. Measurements of 
internal-conversion electron spectra and y-ray scintil- 
lation spectra?* have established the existence of y-ray 


+t Work done under the auspices of the U. S. Atomic Energy 
Commission. 

1 Knight, Bunker, Warren, and Starner, Phys. Rev. 91, 889 
(1953). 

2 Stephens, Asaro, and 


Perlman (private communication, 
March, 1957), and J. M. Hollander (private communication, 
March, 1957), cited in reference 3. 

3 Strominger, Hollander, and Seaborg, Revs. Modern Phys. 30, 
585 (1958). 


transitions of energies 0.0429, 0.557, and 0.600 Mev 
(presumably associated with the de-excitation of levels 
at 0.0429 and 0.600 Mev in Pu), and have provided 
evidence for “complexes” of y rays at ~0.85 and 
~1.5 Mev. 

Additional information on the energy levels of Pu?” 
has been obtained from studies of the radiations which 
accompany 6 decay of the 63-min isomer of Np* 46 
(which is not formed in the decay of U™®), electron- 
capture decay of Am™®,?:§ and a decay of Cm™*,9~-"! but 
thus far it has not been possible to synthesize all of 
the known data into a consistent level scheme. 

As additional source material has become available 
at this Laboratory at various times subsequent to the 
initial report,! we have been able to make further 
studies of the radiations of U and 7.3-min Np. 


4D. A. Orth and K. Street, Jr. (unpublished data, 1951), cited 
in reference 3. 

5R. M. Lessler, University of California Radiation Laboratory 
Report UCRL-2647, July, 1954 (unpublished), and UCRL-8439, 
October, 1958 (unpublished). 

6 Lefevre, Kinderman, and Van Tuy], Bull. Am. Phys. Soc. 1, 62 
(1956). 

7R. A. Glass, University of California Radiation Laboratory 
Report UCRL-2560, April, 1954 (unpublished). 

8 Smith, Gibson, and Hollander, Phys. Rev. 105, 1514 (1957). 

9W. G. Smith and J. M. Hollander, Phys. Rev. 101, 746 
(1956). 

© Asaro, Stephens, and Perlman (unpublished data, March, 
1957), cited in reference 3. 

1! White, Rourke, Sheffield, Schuman, and Huizenga, Phys. 
Rev. 109, 437 (1958). 
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Fic. 1. Fermi-Kurie plot of the high-energy portion (>0.4 Mev) 
of the U™-Np™ beta spectrum. 


Improvements both in instrumentation and in under- 
standing of the behavior of heavy nuclei have made 
possible a more accurate and detailed analysis of the 
decay of these two nuclides. The present report is a 
summary of the results accumulated to date. 


II. SOURCE PREPARATION 


The U*™ activity was produced by the reaction 
sequence U™*(n,y)U(n,y)U™ in uranium which was 
exposed to very high instantaneous neutron fluxes. 
The U*®-Np*” source material, which contained 6.75- 
day U*’ as an unavoidable 6-active contaminant, was 
isolated from fission products and other radioactive 
substances by a carrier-free procedure’? employing 
cupferron by-product extraction and tributy! phosphate 
product extraction steps, followed by adsorption-elution 
cycles with anion and cation resin columns. 

Beta spectrometer sources were prepared by evapora- 
tion of a drop of source solution on 1.0 mg/cm? alumi- 
nized Mylar backing. In the experiments devoted 
primarily to measurement of the high-energy (>0.4 
Mev) portion of the Np*” 8-ray spectrum, the source 
deposits were about 3 mm in diameter. In the experi- 
ment concerned with measurement of conversion elec- 
tron spectra and the U*” @-ray spectrum, the source 
solution was put through an ether extraction step to 
remove the last traces of foreign solids, and the extract 
obtained was concentrated and evaporated on the 
aluminized Mylar as a spot approximately 1.5 mm in 
diameter. The thickness of this source deposit was 
estimated to be less than 3 ug/cm*. 

The 180°-spectrograph source consisted of a strip 
15 mmX0.5 mm cut out of a source deposit which had 
been evaporated on 0.00025-in. aluminum foil backed 
with Scotch tape. 

Sources for the scintillation experiments were pre- 


1 The details of the procedure are described in the Los Alamos 
Scientific Laboratory Report LA-1721, December, 1956 (unpub 
lished). 
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pared by evaporating portions of source solution to 
dryness on 0.003-in. copper foil. 


III. BETA SPECTROMETER MEASUREMENTS 


The 8-ray and internal-conversion electron spectra 
were measured with a uniform-field, ring-focusing 
solenoidal spectrometer patterned after the design of 
Schmidt." The baffle system was set to give a nominal 
transmission of 1%; at this setting, a momentum resolu- 
tion of ~1.2% was obtained with the 3-mm sources, 
and a momentum resolution of ~0.6% was obtained 
with the 1.5-mm source. Decay corrections and Fermi- 
Kurie analyses were performed with an IBM 704 digital 
computer. The manner in which the spectrometric 
measurements were performed was influenced to a 
considerable degree by the limited number of sources 
available and by the varying but large amounts of U7 
present in the sources. 

The results contained in the previous report! plus 
the y-ray spectra observed in the present work indicated 
that all of the 7.3-min Np 6-ray groups have end- 
point energies >0.4 Mev, the upper energy limit of 
U*” and U*" interference. In Fig. 1 are shown the 
results of a Fermi-Kurie analysis of that portion of the 
U*°-Np*” 6-ray spectrum above 0.4 Mev, obtained 
with a 3-mm source. Four principal components were 
resolved, with end-point energies of 2.18, 1.60, 1.30, and 
~0.65 Mev and intensities of 52, 31, 10, and ~7%, 
respectively. These results are not significantly different 
from those obtained in the earlier investigation.! How- 
ever, on the basis of the y-ray data, we know that 
several of the observed @-ray groups are composites 
of two or more groups of similar energy. 

Measurements of the portion of the U*”-Np™ spec- 
trum below 0.4 Mev were arbitrarily limited to the 
narrow regions between the intense internal-conversion 


TABLE I. Internal-conversion electron data obtained 
with the 8-ray spectrometer. 


Transition 
energy 
(kev) 


Electron 
energy 
(kev) 


432.4 


Intensity*® 
104 


19.6415 _ 
3,840.7 


Assigned 
shell 


ct gaa 
553.8 


596.5 


596.4 


9.8+1.0 
2.0+0.6 


758.2 1.8+0.6 
816.0 2.2+0.6 


14.0+1.2 
2.7+0.6 


857.9 
858.5 


897.7 1.5+0.7 


819.9 941.6 3.5+0.7 


* Area of the conversion line relative to the area of the total Np™® 6-ray 
spectrum. 


13 F, H. Schmidt, Rev. Sci. Instr. 23, 361 (1952). 
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0.40 and 0.88 Mev. All of the indicated conversion lines 


are associated with 7.3-min Np™. 


peaks of the U**? spectrum. The U*? contribution at 
each point was computed from a second set of measure- 
ments performed 10 days after the first set. The 
U*”.Np*” spectrum was observed to rise sharply below 
0.4 Mev. This intense low-energy distribution, which is 
attributed to U*’, was found to have an end-point 
energy of 0.36+0.02 Mev. This value is relatively 
insensitive to the exact shape assumed for that part of 
the 7.3-min Np™° spectrum below 0.4 Mev. Since only 
a few scattered data points were obtained, it was not 
feasible to attempt the resolution of other possible 
lower-energy groups. Compared to these data, the 
previously-obtained! U*” 8-spectrum data are probably 
more reliable because of a more favorable U*/U**? 
ratio. 

The data obtained with the 3-mm sources revealed 
the existence of several internal conversion lines in the 
region above 0.4 Mev. Consequently, a series of higher 
resolution measurements was undertaken with the 1.5- 
mm source previously described in an effort to obtain 
more complete information on the conversion-electron 
spectrum. A representative set of data is plotted in 
Fig. 2. The peaks that are labeled in Fig. 2 were ob- 
served in every run; the remaining low-intensity peak- 
like structures are attributed to statistical fluctuations. 
A summary of the information obtained from these 
data is given in Table I. The y-ray scintillation data 
(Sec. V) were used as a guide to the identity of some of 


the weaker peaks. All of the peaks are assigned to 
transitions in Pu, 


IV. 180°-SPECTROGRAPH MEASUREMENTS 


The low-energy (<0.4-Mev) region of the internal- 
conversion electron spectrum of the U*-Np*” mixture 
was examined with 77-gauss and 141-gauss, 180° perma- 
nent-magnet spectrographs. These spectrographs, which 
have a momentum resolution of ~ 0.25%, have been 
described previously." 

Most of the conversion lines observed were shown to 
be associated with the decay of U*’. However, there 
were five low-intensity lines, observable in the first few 
spectrograms, which decayed with a half-life of ~14 
hours. The data on these lines are summarized in 
Table IT. 

The energies and relative intensities of the lines ob- 
served at 20.6 and 24.8 kev leave little doubt that they 
are the Ly and /y1 lines of the previously reported?:*~-"” 
42.9-kev E2 transition in Pu”. The energy separation 
of the 21.6- and 22.4-kev lines suggests that they are 
the Z; and Zj; conversion lines of another low-energy 
transition in either Np*” or Pu”. Another argument in 
favor of L-shell assignment of the 21.6-kev line is that 
if this relatively strong line were a K line, we believe 
that at least one of the associated L lines (which would 


4 Mize, Bunker, and Starner, Phys. Rev. 100, 1390 (1955). 





146 BUNKER, DROPESKY, 


TasLe IT. Internal-conversion electron data obtained 
with permanent-magnet spectrographs. 

Relative 
intensity 
(visual 
estimate) 


Transition 
energy 
(kev) 


42.9 
44.0 
44.0 
42.9 
42.9 
44.0 


Electron 
energy 
(kev) 
20.6 
21.6 
22.4 
24.8 


38.3 


Shell 
assignment 


Ly (Pu) 
Ly (Np) 
Lu (Np) 
Liu (Pu) 
Min (Pu) 
\My (Np) 


occur at ~120 kev, in a “‘line-free” region of the con- 
version spectrum from U*’) would have been observed. 
If it is assumed, then, that the 21.6-kev line is an LZ; line, 
the M, line should have been observed since the L;/My, 
ratio is expected to be <4.'° The M, line would occur 
at either 38.8 or 38.3 kev, depending on whether it is 
associated with a 44.7-kev transition in Pu™® or 44.0-kev 
transition in Np™. Although a line was indeed observed 
at 38.3 kev, this energy is identical with that of the 
Myx line of the 42.9-kev transition in Pu*’. However, 
the intensity of the observed 38.3-kev line is estimated 
to be almost a factor of two higher than the expected 
intensity of the above Mny line, and we believe, there- 
fore, that the observed line is an unresolved doublet. 
Our low-energy conversion-electron data are therefore 
consistent with the assumption that a 44.0-kev transi- 
tion is involved in the U*” — Np* decay scheme. 

It was not possible to observe the My, line of the 
42.9-kev transition because of its close proximity 
(~0.14 kev lower) to the intense Z, line of the 59.57-kev 
transition of U**’, 


V. SCINTILLATION MEASUREMENTS 
A. Gamma-Ray Spectra 


The scintillation detector used to study y-ray spectra 
consisted of a 2X 2-in. NaI(TI) crystal mounted on an 
RCA-6342 photomultiplier tube by the method de- 


TABLE III. Analysis of ungated y-ray scintillation 
spectrum of 7.3-min Np*”. 


Photopeak 
energy 


(Mev) Intensity* 


0.56 63 +4 

0.60 37 +4 

0.76 3.8+0.5 
0.82 5.6+0.7 
0.93» 10.2+1.1 
1.51> 9.9+1.0 
1.62 2.1+0.3 


* Normalized to an assumed value of 100 for the sum of the intensities 
of the 0.56- and 0.60-Mev y rays. 
> Too broad to be a “single-component”’ peak. 


18M. E. Rose, Internal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958). The M-shell coefficients 
given in these tables may be high by as much as a factor of two 
because of the neglect of screening (M. E. Rose, private com- 
munication). 
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scribed by Lazar and Klema.'® Pulse-height analysis 
was accomplished with a fast 100-channel pulse-height 
analyzer (average dead-time ~72 usec). Between the 
source and detector were a §-absorber, consisting of } in. 
of Lucite, and a composite absorber for low-energy 
photons, consisting of 0.020 in. of lead, 0.035 in. of 
cadmium, and 0.005 in. of copper. The Pb-Cd-Cu 
absorber was necessary to reduce the detection sensi- 
tivity of the spectrometer for the intense low-energy 
radiations associated with U**’. 

The observed y-ray spectrum of a U*’-Np*’ sample 
is shown in Fig. 3. A source-to-crystal distance of 35 cm 
was used. The portion of the spectrum below 0.4 Mev 
was obscured by the U*’ spectrum. Analysis of the data 
of Fig. 3 yielded the results summarized in Table III. 
Our y-y coincidence data indicate that there are several 
additional y-ray transitions above 0.4 Mev which were 
not resolved in the unfolding of the single-crystal 
spectrum and that some of the peaks listed in Table ITI 
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Fic. 3. Gamma-ray scintillation spectrum of a U*°-Np*” equi- 
librium source, measured with a 2X2-in. NaI (T1) crystal. 


result from two or more y rays of about the same 
energy. 

In order to verify that the entire spectrum of Fig. 3 
is associated with the 7.3-min activity, we examined the 
y-ray spectrum of a Np** source which had been iso- 
lated from U*“-Np*°-U*7 sample material by a rapid 
chemical separation. The y-ray spectrum (above 0.4 
Mev) of this source (which had a uranium/neptunium 
ratio about 10-fold smaller than that of the parent 
material) was found to be identical with that shown in 
Fig. 3 and was observed to decay with a half-life of 
~7 min. We therefore conclude that all of the y rays 
observed above 0.4 Mev are associated with thedecay 
of 7.3-min Np™. With the above source, an attempt 
was made to obtain that part of the Np™° spectrum 
below 0.4 Mev by subtraction of the U**’ contribution. 
The “difference” spectrum exhibited low-intensity pho- 


‘6 N. H. Lazar and E. D. Klema, Phys. Rev. 98, 710 (1955). 
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topeaks at about 0.10, 0.26, and 0.31 Mev, but the 
relatively poor statistics precluded detailed analysis of 
these data. 


B. Gamma-Gamma Coincidence Experiments 


All of the y-y coincidence measurements were per- 
formed with a “slow” coincidence circuit which has a 
resolving time of 27>=4X10~’ sec. The two detectors, 
which were 2X2-inch NalI(TI) crystals mounted on 
RCA-6342 photomultiplier tubes, were oriented in a 
180° geometry. All of the coincidence spectra were 
recorded with the 100-channel analyzer. 

The y-ray spectrum in coincidence with Z x-rays 
was measured to show which of the observed y rays 
populate the known excited states of Pu at 0.043 and 
0.142 Mev.® Both of these levels de-excite predomi- 
nantly by ZL electron emission and are believed to be 
responsible for most of the Z x-rays associated with the 
decay of 7.3-min Np™°. In this experiment, the only 
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absorber interposed between the source and the gate 
detector was 0.8 gm/cm? of beryllium. An absorber 
arrangement identical to that described in the previous 
section was used in front of the analyzer detector. The 
gate interval corresponded to an energy range of 10-25 
kev. The coincidence spectrum obtained is plotted in 
Fig. 4. Analysis of these data yielded the results given 
in Table IV. 

The 8-spectrometer and y-scintillation spectrometer 
data supported the assumption that the observed 0.554- 
and 0.597-Mev transitions de-excite a level at 0.597 
Mev. To establish which y transitions populate this 
level, we examined the y-ray spectrum in coincidence 
with pulses which contribute to the (0.554+-0.597)-Mev 
composite photopeak. In this experiment, each Nal (T1) 
crystal was shielded with 3 in. of Lucite and a Pb-Cd-Cu 
composite absorber (Pb thicknesses: 0.020 in. for the 
“analyzer” detector and 0.065 in. for the “gate’’ de- 
tector). The observed coincidence spectrum, shown in 
Fig. 5, exhibits photopeaks at 0.21, 0.258, 0.304, 0.51, 


ASLUD: 7.3 


-MIN Np??? 


TaBLE IV. Analysis of y-ray spectrum in coincidence 
with L x-rays. 





Photopeak 
energy 
(Mev) 


0.554 
0.76 
0.82 
0.90 
0,93 
1.49 


Intensity® 
63 
6.741.2 
5.0+0.9 
3.1+0.6 
0.8+0.3 
4.5+1.0 


*® Normalized to an assumed value of 63 for the intensity of the 0.554- 
Mev y ray (see Table III). 


0.56, 0.60, 0.82, and 0.94 Mev. Not all of the resolved 
peaks indicate transitions to the 0.597-Mev level. The 
peak at 0.21 Mev is the dominant chance-coincidence 
peak associated with the intense U*? spectrum. The 
peak at 0.51 Mev is attributed to annihilation quanta 
resulting from pair formation by the ~ 1.5-Mev y rays. 
The peaks at 0.56 and 0.60 Mev result primarily from 
the presence in the gate spectrum of Compton pulses 
associated with the 0.82- and 0.94-Mev y rays. In order 
to investigate whether the coincidence peaks at 0.258, 
0.304, 0.82, and 0.94 Mev actually represent coinci- 
dences with the 0.554- and 0.597-Mev transitions or 
with some other weak transition (s) masked by the (0.554 
+0.597)-Mev composite photopeak, we performed coin- 
cidence experiments in which a narrow gate interval was 
centered, in turn, on 0.26, 0.30, 0.82, and 0.94 Mev. 
Each of the resulting coincidence spectra exhibited a 
peak at ~0.56 Mev which appeared to have the same 
shape as the (0.554+-0.597)-Mev peak observed in the 
ungated spectrum. These results are interpreted as 
evidence that each of the above four y-ray transitions 
populates the 0.597-Mev level (either directly or in- 
directly). The fraction of the (0.554+0.597)-Mev y 
rays which are coincident with any one of the four 
indicated y rays was calculated from (1) the “gate” 
and “coincidence” counting rates observed in the experi- 


f 0.258 MEV 
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Fic. 5. Gamma-gamma coincidence spectrum. Gate 
interval 0.47 to 0.64 Mev. 
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TaBLe V. Analysis of y-ray spectrum in coincidence with the 
0.554- and 0.597-Mev y transitions, from data of Fig. 5. 


Photopeak 
energy 
(Mev) 


0.258 
0.304 
0.82 


0.94 1,040.2 


*® Normalized to an assumed value of 100 for the sum of the intensities of 
the 0.554- and 0.597-Mev y rays. 


ment of Fig. 5, and (2) an empirical photopeak efficiency 
curve for the analyzer crystal in the geometry described. 
The results are summarized in Table V. 


C. Beta-Gamma Coincidence Experiments 


Supplementary information regarding the position in 
the level scheme of certain y-ray transitions was ob- 
tained through §-y coincidence studies. The §-ray 
detector was a Pilot Plastic Scintillator-B phosphor, 
1?-in. diamX? in. thick, covered with aluminum foil 
0.0005 in. thick. Unless otherwise specified, the y-ray 
detector was a 2X2-in. NaI(TI]) crystal, shielded with 
} in. of Lucite and a Pb (0.020-in.)-Cd-Cu composite 
absorber. 

No coincidences were observed between 8 rays of 
energy >1.8 Mev and photons of energy >0.050 Mev, 
indicating that the transitions which contribute to the 
observed 2.18-Mev 6-ray group go either to the ground 
state of Pu™ or to a level (or levels) very near the 
ground state. 

It was suspected that the 2.18-Mev group might be 
a composite of two groups, the ground-state transition 
and a transition to the known 43-kev state. The in- 
tensity ratio of these two postulated @ transitions was 
examined by means of a (8, L x-ray) coincidence experi- 
ment. A 1}X1}-in. NaI(T]) crystal, shielded with } in. 
of Lucite, was used as the low-energy photon detector. 
The §-ray gate interval was set to extend from 1.78 to 
2.30 Mev, so that all gate pulses were associated with 
the 2.18-Mev group. The observed coincidence spec- 
trum, after correction for chance events, exhibited a 
prominent photopeak at ~ 18 kev, which was attributed, 
on the basis of its energy and shape, to plutonium 1 
x-rays. Numerical analysis of the coincidence data 
revealed that the total probability of a Np* 6 ray of 
energy > 1.78 Mev being in coincidence with an L x-ray 
is ~0.07. Assuming that all of the observed (8, L x-ray) 
coincidences are associated with the 43-kev transition 
and using a value of 0.35 for the number of Z x-rays 
emitted per transition, we calculate that the @ transition 
to the 43-kev state is responsible for 22+7% of the 
intensity of the observed 2.18-Mev group. 

A possible interpretation of the data of Table V is 
that the 0.258- and 0.304-Mev y rays represent direct 
transitions to the 0.597-Mev level from levels at 0.855 
and 0.901 Mev, respectively, and that the latter two 
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levels are populated predominantly by direct 6 transi- 
tions. This interpretation is supported by the observa- 
tion of a 1.30-Mev -ray group and conversion lines 
corresponding to transition energies of 0.858 and 0.898 
Mev. A more direct indication of the position in the 
level scheme of the 0.258- and 0.304-Mev transitions 
was obtained from a study of the y-ray spectrum in 
coincidence with that portion of the #-ray spectrum 
between 0.5 and 1.6 Mev. The 0.5-Mev lower-bound 
setting eliminated interference from U**’ radiations; the 
upper-bound setting suppressed interference from the 
2.18-Mev 6 group. The low-energy portion of the coinci- 
dence spectrum is shown in Fig. 6. The main features of 
this spectrum are a strong (0.554+0.597)-Mev com- 
posite photopeak, its associated Compton “‘backscatter”’ 
peak at ~0.190 Mev (labeled B), and other peaks at 
0.260 and 0.305 Mev. The latter two peaks are assumed 
to result from the same transitions as those responsible 
for the 0.258- and 0.304-Mev peaks of Fig. 5. The 
approximate energies of the principal 6 groups which 
precede the 0.260- and 0.305-Mev transitions can be 
determined from the data of Fig. 6 since we know (1) 
the “‘ungated”’ relative intensities of the 0.260-, 0.305-, 
and (0.554+0.597)-Mev y rays (listed in Table V) 
(2) the variation of 8-group “efficiency” of the 8 
channel as a function of 8-group end-point energy, and 
(3) the end-point energy of the principal 8 group which 
precedes the 0.554- and 0.597-Mev y rays (presumably 
1.6 Mev). This calculation indicates that the two y rays 
in question are each preceded by a @ transition of energy 
~1.3 Mev, a result consistent with the above proposal 
that the 0.260- and 0.305-Mev transitions originate, 
respectively, at levels ~0.86 and ~0.90 Mev above the 
ground state. 

The approximate positions of the levels at which the 
dominant y transitions in the 0.7- to 1.0-Mev region 
originate were studied in a similar B-y coincidence 
experiment. The upper bound of the 8-ray gate interval 
was set at 1.4 Mev, and the lower bound was set at 
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0.62 Mev, the approximate maximum energy of direct 6 
transitions to levels at 21.5 Mev. The coincidence 
spectrum obtained, shown in Fig. 7, is similar to the 
corresponding portion of the ungated spectrum except 
for the expected attenuation of the pulse-height distri- 
bution associated with the y rays above 1.0 Mev. 
Comparison of the intensities of the peaks in the gated 
and ungated spectra indicates that all of the principal y 
rays with energies between 0.7 and 1.0 Mev are preceded 
by @ transitions with energies between 1.1 and 1.4 Mev. 
Essentially the same deduction was made from the y-y 
coincidence experiments, which indicate that none of 
the dominant y transitions in the (0.7—1.0)-Mev region 
originates at levels as high as 1.5 Mev. 


VI. DISCUSSION OF 7.3-MIN Np*° RESULTS 
A. Decay Scheme 


A decay scheme for 7.3-min Np™® consistent with the 
measurements described above is shown in Fig. 8. 
The main arguments which support this scheme are 
presented below. 

The existence of levels in Pu*” at 42.9 and 141.8 kev 
is known from studies of the decay of Am™® and 
Cm**.9.!0 Although our coincidence data indicate that 
both of these levels are populated in Np*’ decay, we 
were able to directly observe only the 42.9-kev transi- 
tion (see Table II); the much weaker 98.9-kev transi- 
tion, which depopulates the 141.8-kev level,’ was not 
detected. 

On the sole basis of intensity and energy balance, one 
is led to the conclusion that the strong 0.56- and 0.60- 
Mev y rays observed in the scintillation studies follow 
the 1.60-Mev @-ray transition. The 6-y and y-y coinci- 
dence results confirm this hypothesis. The conversion- 
electron data (Table I) yield the more accurate energies 
of 0.554 and 0.597 Mev for the above y-ray transitions. 
Since these two energies differ by 43 kev, and since the 
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Fic. 8. Decay scheme proposed for 7.3-min Np™. 


0.554-Mev y¥ ray is in strong coincidence with L x-rays 
but the 0.597-Mev 7 ray is not, it is concluded that the 
0.597-Mev transition goes to the ground state and that 
the 0.554-Mev transition proceeds from the indicated 
0.597-Mev level to the level at 0.0429 Mev. This portion 
of the level scheme agrees with that proposed by 
Stephens et al.” 

We have already shown that the y-y coincidence 
results indicate the existence of a level at ~0.86 Mev. 
Independent evidence for such a level is provided by 
the conversion electron data. From intensity considera- 
tions, the conversion lines observed at 0.736 and 0.835 
Mev must be assigned, respectively, as the K and L 
lines of a 0.858-Mev transition. However, no evidence 
was found for this transition in the scintillation measure- 
ments. An estimated upper limit for the intensity of 
0.858-Mev y rays is ~1.7X10-* per disintegration, 
whereas the corresponding K electron intensity is ~1.4 
X10-*. Thus, the K conversion coefficient of the 0.858- 
Mev transition is >0.8. The only plausible explanation 
of this large conversion coefficient is that the multi- 
polarity of the 0.858-Mev transition is electric monopole 
(£0). We therefore conclude that there is a level at 
0.858 Mev with spin and parity 0+. 

It appears very probable that the observed 0.76-, 
().82-, and 0.93-Mev photopeaks of Fig. 3 are caused 
principally by the 0.758-, 0.816-, 0.898-, and 0.942-Mev 
transitions indicated by the conversion electron data 
(Table I). Analysis of the 0.93-Mev photopeak into 
components with energies of 0.898 and 0.942 Mev 


yields an intensity ratio for the two corresponding 
y-ray groups of /(0.942)//(0.898) ~ 1.5. It is then evi- 
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dent, from comparison of the intensity data of Tables 
III and V, that none of the above four principal transi- 
tions populates the 0.597-Mev level; the peaks at 0.82 
and 0.94 Mev in the coincidence spectrum of Fig. 5 are 
instead interpreted as evidence for other relatively weak 
transitions (not identifiable with the 0.816- and 0.942- 
Mev transitions) which lead to the 0.597-Mev level. 
These conclusions are confirmed by the 6-y coincidence 
results. The exact placement of the 0.758-, 0.816-, 
(0).898-, and 0.942-Mev transitions in the decay scheme 
is based to a large extent on the results of the 
(y, L x-ray) coincidence experiment (see Fig. 4 and 
Table IV). Any transition which directly populates the 
42.9-kev state will have the same intensity (relative to 
the 0.554-Mev transition) in the Z x-ray gated spectrum 
as in the ungated spectrum; in comparison, a transition 
which populates the 141.8-kev level should appear to 
be enhanced by a factor of ~2 in the gated spectrum 
since the 98.9-kev transition is expected to give rise to 
almost as many L x-rays (per transition) as does the 
42.9-kev transition. Thus, comparison of the intensity 
data of Tables III and V leads to the following con- 
clusions : 

(1) The 0.942-Mev transition is not in sufficiently 
strong coincidence with / x-rays to be a transition to 
either the 42.9-kev or 141.8-kev levels; it is therefore 
postulated to be a ground-state transition from a level 
at 0.942 Mev. 

(2) The (Z x-ray, 0.82-Mev) and (Z x-ray, 0.90- 
Mev) coincidence rates are consistent with the assump- 
tion that both of these transitions populate the 42.9-kev 
state. On the basis of the energy sums 0.816+0.043 

0.859 and 0.898+-0.043 = 0.941, it is assumed that the 
0.816- and 0.898-Mev transitions depopulate, respec- 
tively, the proposed levels at 0.858 and 0.942 Mev. 

(3) The (Z x-ray, 0.76-Mev) coincidence rate is con- 
sistent with the assumption that the 0.758-Mev transi- 
tion populates the 141.8-kev level, thus indicating the 
existence of a level at 0.900 Mev. Additional evidence 
for a level at this energy is the observation of 0.597-, 
0.304-Mev coincidences. 

The fact that there is a 1.49-Mev y ray in coincidence 
with Z x-rays, coupled with the fact that the 1.51-Mev 
photopeak in the ungated scintillation spectrum is 
analyzable into two components (of roughly equal 
intensity) having energies of 1.49 and 1.53 Mev, is 
consistent with the assumption that there is a level at 
1.53 Mev which decays both to the ground state and 
to the 42.9-kev state. Similarly, since the 1.62-Mev 
transition is not in coincidence with ZL x-rays, it is 
assumed to be the ground-state transition from a 
1.62-Mev level. 

The y-y coincidence results suggest that there is a 
0.94-Mev transition which populates the 0.597-Mev 
level (see Table V). Since this 0.94-Mev transition 
would necessarily be in coincidence with the 42.9-kev 
transition, one would expect there to be a 0.94-Mev 
peak in the L x-ray gated coincidence spectrum. 


KNIGHT, 


STARNER, AND WARREN 

A simple calculation shows that the intensity of this 
coincidence peak should be ~0.7 (on the intensity 
scale of Table IV). Since there is a peak at ~0.93 Mev 
in the (y, Z x-ray) coincidence spectrum which has an 
intensity of 0.80.2, it seems probable that this peak 
and the 0.94-Mev peak of Fig. 5 are associated with the 
same transition and that this transition does indeed 
terminate at the 0.597-Mev level. Also, since the energy 
difference between 1.53 and 0.597 Mev is 0.933 Mev, 
it is assumed that the above 0.94-Mev transition de- 
populates the 1.53-Mev level. Consideration of the 
available data on the energy of this transition leads to 
a “best” value of 0.936+0.006 Mev. 

For reasons given in Sec. V-B, it is believed that the 
0.82-Mev transition of Table V also populates the 
0.597-Mev level, suggesting the existence of a level at 
1.42 Mev. Since there is no other evidence for this 
level, it is shown as a dotted line in Fig. 8. 

It is evident from the y-y coincidence results (see 
Table V) that the 0.597-Mev level is populated pre- 
dominantly (~90%) by the 1.60-Mev @-ray group. 
Since the intensity of this 8 group is well defined 
(+6%) by the Fermi-Kurie analysis, the sum of the 
intensities of the 0.554- and 0.597-Mev transitions (per 
8 disintegration) can be determined within narrow 
limits, thus permitting expression of all y-ray intensities 
in terms of y rays per disintegration. 

A summary of the y-ray transition data is presented 
in Table VI. The tabulated photon intensities are our 
estimated “best” values and do not necessarily repre- 
sent the results obtained in a specific experiment. From 
the data of Table VI and the proposed level scheme, 
it is evident that the observed 1.30- and 0.65-Mev 
8-ray groups are each composites of several groups of 
similar energy. A list of all the observed and indicated 
8-ray groups is given in Table VII. The intensities of 
those groups with energies <1.6 Mev are based on the 
y-ray intensity data. It is noteworthy that the sum of 


TABLE VI. Transitions in Pu?” which follow 
the decay of 7.3-min Np. 


Total 
estimated 
transition 
intensity® 


K conversion 
coefficient X10? 
Exptl. Theor.' 


Assigned 
multi- 
polarity 


Transi Photon 
tion intensity® 


Energy 
(Mev) 


w 


+5 

+0.2 
+0.3 
+0.2 
+1.5 
+1.4 
+0.2 
+0.3 
+0.1 

4+0.01 

+0.3 
+0.1 
+0.5 
+0.3 
+0.5 
+0.1 


0.0429 BA 

0.0989« CB oe eee ee 
0.260 ED + . 4.3 
0.304 FD : +0.2 3.1 
0.554 DB +1.5 0.92 +0.09 0.94 
0.597 DA +1.4 0.78+0.12 O81 
0.758 r< +().2 1.4 +0.5 1.50 
0.816 ? +0.3 1.4 +0.5 1.32 
0.82 +0.1 see 0.45) 
0.858 oA < 80 

0.898 +03 1.2 +0.7 1.16 
0.936 +0.1 tee (0.36) 
0.942 7 9 +0.5 1.8 +0.7 0.94 
1.49 5 +0.3 see (0.46) 
1.53 é 9 +0.5 (0.44) 
1.62 JA +0.1 (0.40) 
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* Per 100 disintegrations. 

» Values obtained from the tables of L. A. Sliv and I. M. Band, 
Leningrad Physico-Technical Institute Report, 1956 [translation: Report 
57 ICC K1, issued by Physics Department, University of Illinois, Urbana, 
Iinois (unpublished) ] for the multipolarities shown in the next column. 

Not observed in the present experiments. 
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TaBLe VII. Beta-ray transitions of Np™®. 


Observed groups* Postulated transitions? 
End-point 
energy Intensity 
(Mev) (%) 


End-point 
energy 
(Mev) 


52+3 18 41 +5 6.68 0+ 
14 12 +4 7.18 2+ 


Intensity I,x 
(%) Logft final state 


2.18 +0.02 





1.60 +0.03 3142 1, 32 +2 28 i- 


1.30 +0.05 10+1 1. 3.9+0.5 


2 2.3+0.3 
1.2 3.340.5 


0.65 +0.10 0.76 0.3+0.1 


0.65 3.8 +0.5 
0.57 0.7 +0.1 


® Deduced from Fermi-Kurie analysis of the 8 spectrum. 
b Deduced from analysis of y-ray spectra. 


the intensities of the component groups which con- 
tribute to the 1.30-Mev “group” is in good agreement 
with the corresponding intensity deduced from the 
Fermi-Kurie plot. The fact that the Fermi-Kurie 
analysis yields a greater intensity for the 0.65-Mev 
“group” than that indicated by the y-ray data is 
attributed to the detection of degraded 8 particles from 
the higher-energy groups. 

Our “best” value for the 6-decay energy of 7.3-min 
Np** is 2.18+0.02 Mev. 


B. State Assignments and Transition 
Probabilities 


States B and C have been previously identified® as 
the 2+ and 4+ levels, respectively, of the ground-state 
rotational band. 

The measured AK conversion coefficients of the 0.554- 
and 0.597-Mev transitions, 9.2X10-* and 7.81073, 
respectively, indicate that both transitions are of £1 
multipolarity (theoretical conversion coefficients” for a 
0.554-Mev transition at Z=94: a;X=9.4XK10-%, aoK 
=2.6X10-*, 8:*=1.8X10-'). Therefore, level D has a 
spin and parity of 1—. For a state of spin 1, the 
quantum number K of the unified model!*-*° can have 
possible values of 0 or 1. If A=0, the theoretical” value 
for the ratio of the reduced transition probabilities of 
the y-ray transitions to the 0+ and 2+ states turns 
out to be B(£1; 1— > 0+)/B(FE1; 1— — 2+)=0.5. 
For K=1, this ratio is 2.0. In the present case, the 
experimental value for the reduced transition proba- 
bility ratio is B(E1; 0.597)/B(E1; 0.554) =0.47+0.05. 
Thus, level D is clearly a K=0 state. A 1—, K=O state 
occurs in Pu’ at an energy of 0.605 Mev.?! It has been 

17L,, A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 [translation: Report 57ICCK1, issued by 
Physics Department, University of Illinois, Urbana, Illinois 
(unpublished) ]. 

18 A, Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
26, No. 14 (1952). 

194A, Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 

2 Alaga, Alder, Bohr, and Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 29, No. 9 (1955). 

217, Perlman and J. O. Rasmussen, Handbuch der Physik, edited 
by S. Fliigge (Springer-Verlag, 1957), Vol. 42, p. 195. 
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suggested**:* that these 1— levels correspond to octu- 
pole vibrational states. 

The 0+ assignment for level E has already been dis- 
cussed. It seems probable that this state corresponds to 
the Bohr-Mottelson”® £-vibrational excitation with 
quantum numbers ng=1, n,=0, and K=0. There is 
evidence that such a state occurs in Pu**® at 0.935 
Mev,”! in U** at 0.803 Mev,” and in Th”? at 0.74 
Mev.”4 26 

On the basis of the log ft values of the 6 branches to 
levels A, B, and D (Table VII), 7.3-min Np*” obviously 
has a spin of 1. It then follows from the log ft values of 
the 8 branches to states F, G, H, J, and J that these 
states all have spin values <2. Consequently, if transi- 
tion FC is of £2 multipolarity, as seems indicated by its 
K conversion coefficient, the spin and parity of state F 
is 2+. Since the energy difference between states E 
and F is ~42 kev, which is very close to the (0+)—(2+) 
spacing of the ground-state rotational band, level F is 
tentatively interpreted as the 2+ member of the rota- 
tional band based on level Z. The fact that transitions 
FD and FC have comparable intensities is consistent 
with the proposed K=0 character of state F, but would 
not be consistent with a K=2 assignment. On the other 
hand, there is considerable lack of agreement between 
the experimental and theoretical reduced transition 
probability ratios for the transitions from state F to 
the ground-state rotational band (see Table VIII). We 
recognize that this apparent disagreement could be the 
result of misinterpretation of our experimental data; 
however, we have not been able to arrange an alterna- 
tive decay scheme which is consistent with all of the 
present experiments. A possible explanation of the 
above anomalous transition probability ratios is that 
state F has admixed components with K#¥0. 

The 0.942-Mev transition proceeds to the ground 
state and must therefore be a pure multipole. However, 
our measured value for the K conversion coefficient of 
this transition is (1.8+0.7)X10-*, whereas the two 


TaBLE VIII. Reduced transition probability ratios for £2 de 
excitation of the 0.900- and 0.942-Mev states of Pu™. 


Relative reduced transition 


Initial 
probabilities 


rransitions 
compared 


FC/FB/FA 
GC/GB/GA 


Theoretical* 


1.43/1 
1.43/1 


Experimental 


2.6/<0.2/<0.2 
<0.12/0.8/1 


2.57 


0.07 


aA. Bohr and B. R. Mottelson, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (Interscience Publishers Inc., New York, 1955), 
Chap. XVII, p. 482, Eqs. (13) and (14). 


2R. F. Christy (private communication), reported in Bohr, 
Froman, and Mottelson, Kgl. Danske Videnskab. Selskab, Mat 
fys. Medd. 29, No. 10 (1955). 

23R. Sheline, Proceedings of the University of Pittsburgh 
Conference on Nuclear Structure, June, 1957 (unpublished). 

*% Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956). 

25.) K. McGowan and P. H. 
Ser. II, 2, 207 (1957). 

26 FE. M. Bernstein, Bull. Am. Phys. Soc. Ser. IT, 4, 9 (1959). 


Stelson, Bull. Am. Phys. Sox 
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nearest theoretical’? pure-multipole coefficients are 
By*=4.3X10-? and a:*=0.94X10-*. This apparent 
disagreement has not been satisfactorily explained. 
Since the experimental K conversion coefficient is 
closest to the theoretical E2 value, transition GA is 
presumed to be pure £2. Consequently, level G is 
assigned as 2+. This state possibly represents the Bohr- 
Mottelson”® y-vibrational excitation with quantum 
numbers ng=0, n,=1, and K=2; the fact that such 
states have been found in other heavy-element even- 
even nuclei at ~1 Mev?!:?”-® provides support for this 
assignment. It is noted (see Table VIII) that the y 
branching to the ground-state rotational band does not 
strictly conform to the theoretical ratios which apply 
if we assume that level G is a K=2 state. This apparent 
discrepancy may be an indication that level G is not a 
pure K=2 vibrational state. 

We have no experimental evidence which points 
unambiguously to a definite spin and parity for any 
one of the upper three levels (#7, 7, and /). The possible 
choices are shown in Fig. 8. 


C. Further Discussion of the 0.858-Mev 
EO Transition 


The magnitude of the electric monopole “strength 
parameter,” p,*!*? associated with transition EA can be 
estimated from the competition between this transition 
and transition EB. Transition EB is presumably a 
collective vibrational transition between a member of 
the mg=1 rotational band and the ng=0 (ground-state) 
band. Such transitions are expected to have transition 
probabilities larger than for a particle transition, but 
smaller than for a rotational transition.® This prediction 
has been confirmed experimentally through Coulomb 
excitation of the 0.790-Mev level of Th*?,** believed to 
be the 2+ member of the K=0, ng=1 rotational 
band.*5.?6.44 Tf the Th? results are accepted as a guide 
to vibrational transition probabilities in the heavy 
element region, it would seem reasonable to assume that 
the value of the reduced transition probability of transi- 
tion EB lies somewhere between 10 and 50 times the 
single-particle (or ‘‘Weisskopf”**) estimate.** The corre- 

27 Tt has been proposed that the 1.030-Mev level of Pu**® (see 
references 21, 28, and 29) and the 0.965-Mev level of Th®® (see 
reference 30) are K =2, y-vibrational states. 

28 Rasmussen, Slitis, and Passell, Phys. Rev. 99, 42 (1955). 

* Rasmussen, Stephens, Strominger, and Astrom, Phys. Rev. 
99, 47 (1955). 

*® Bjérnholm, Nathan, Nielsen, and Sheline, Nuclear Phys. 4, 
313 (1957). 

31Tn the notation of Church and Weneser (reference 32), the 
absolute transition probability for ZO conversion, W, is written 
as W =Qp?, where Q is the reduced monopole conversion probability 
and p is a nuclear “‘strength parameter.” 

# E. L. Church and J. Weneser, Phys. Rev. 103, 1035 (1956). 

% See reference 19, p. 110. 

4 See reference 24, p. 540. 

86 V. F. Weisskopf, Phys. Rev. 83, 1073 (1951). 

36 The transitions in Th analogous to transitions FA, FB, 
and FC were found to be faster than single-particle transitions by 
factors of 5, 10, and 8.5, respectively (reference 25). The enhance- 
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sponding range of values of p for transition EA, based 
on the monopole conversion probability calculations of 
Church and Weneser*® and our observed ratio of 
emission probabilities, Wx(0.858)/W (0.816) =0.091, 
is 0.13<p<0.30. It has been predicted* that the value 
of p for zero-zero 6-vibrational transitions should be 
~0.2. Recently, in Coulomb excitation experiments on 
Th?52,26 Bernstein has found a value for p of ~1/13 in 
the case of a 0.74-Mev (£2+ 20) transition which is 
believed to be of 6-vibrational character. 

The observed K/L ratio, 5.2+1.2, for transition EA 
is in reasonable agreement with the theoretical* ratio 
of ~4.8 (for a monopole transition of energy 0.858 
Mev). 


VII. DISCUSSION OF U*° RESULTS 


The intense 0.36-Mev 6-ray group is believed to 
represent the direct 8 transition from U*” to 7.3-min 
Np*™°. Association of this group with the decay of 
7.3-min Np*” would imply strong population of a 1.82- 
Mev level of Pu, in obvious disagreement with the 
y-ray data. Aside from the 0.36-Mev 6 group, the only 
other radiations observed to accompany the decay of 
U* are the conversion lines associated with a 44.0-kev 
transition in Np* (see Sec. IV). Fortunately, it is 
possible to estimate the intensity of this transition from 
the conversion electron spectrum. The observed L-sub- 
shell ratios for the 44.0-kev transition, estimated 
visually to be Ly: Li1: Lur=4:1: <0.5, are consistent 
only with a multipolarity assignment of M1+ £2.37. 
Consequently, we can compare the intensities of the 
44.0-kev (Np™°) and 42.9-kev (Pu) transitions by 
comparing the relative intensities of their JL-shell 
spectra, since in both cases Z conversion should account 
for approximately the same fraction (~75%) of the 
transition intensity.'® Thus, from the data of Table I, 
it appears that the 44.0-kev transition is slightly more 
than half as strong as the 42.9-kev transition, which 
means that it is involved in about 25% of the U*” 
disintegrations. We therefore tentatively propose the 
decay scheme for U*° shown in Fig. 9. Our data on the 
U*“ 8-ray spectrum are too meager to prove or disprove 
the existence of a 0.32-Mev @-ray group of 25% in- 
tensity. 

Since the ground state of U* is surely 0+, the log ft 
value (5.7) of the 0.36-Mev @ transition suggests a 
positive parity assignment for 7.3-min Np™, shown 
above to have J=1. If this 1+ assignment is correct, 
then it is evident that 1+ is the only spin and parity 


ment factor for the Th analog of transition EB is expected 
theoretically (reference 20) to be related to the above factors 
through the ratios EB: FA: FB: FC=5:1:1.43:2.57. 

37 The theoretical Ly: 211: Ly ratios (reference 38) for a 44.0- 
kev low-multipole transition, Z=93, are approximately 0.9:1:1.1 
for E1, 0.04:1:0.8 for £2, 8:1:0.05 for M1, and 14:1:6 for M2. 

38. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 [translation: Report 58ICCL1, issued by 
Physics Department, University of Illinois, Urbana, Illinois 
(unpublished) J. 
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Fic. 9. Decay scheme proposed for U™”. 


assignment for the 44.0-kev state which is consistent 
with both the logft value (~6.0) of the hypothetical 
0.32-Mev B transition and the M1+ £2 character of the 
44.0-kev transition. 

The most reasonable choice of Nilsson orbitals*” 
which when coupled according to the extension" of 
Nordheim’s® rules to deformed nuclei, yields a spin and 


39S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955); B. R. Mottelson and S. G. Nilsson, 
Phys. Rev. 99, 1615 (1955) and Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. (to be published). A recent Nilsson energy-level 
diagram (for the heavy-element region) is shown in reference 40. 

4 J. M. Hollander, Phys. Rev. 105, 1518 (1957). 

41C, J. Gallagher, Jr., and S. A. Moszkowski, Phys. Rev. 111, 
1282 (1958). 

421... A. Nordheim, Revs. Modern Phys. 23, 322 (1951). 
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parity of 1+ for Np™° are 5/2+(642+)* for the odd 
proton and 7/2+ (624—) for the odd neutron. Thus, the 
asymptotic classification ® of the 0.36-Mev (U*) and 
2.18-Mev (7.3-min Np) 8 transitions is probably 
“allowed, hindered,” which provides at least a partial 
explanation of the relatively high f¢ values of these two 
allowed transitions. 

It is noted that several of the reasonable combinations 
of Nilsson orbitals for 93 protons and 147 neutrons 
would be expected to yield high spins, e.g., the coupling 
of a 5/2+ (642+) proton and a 5/24 (622+) neutron 
would presumably result in a (<5)+ state, and the 
coupling of a 5/2—(523—) proton and a 7/2+ (624—) 
neutron would yield a (<6)— state. The 63-min 
isomeric state of Np*” may be attributable to one of 
these combinations. It seems probable that this state 
has a spin >2 because there is no evidence that it is 
formed in the decay of U?”. Since the isomeric transition 
has not been observed and since the Np™° (63-min) 
decay scheme is not well established, it is not yet clear 
whether the 7.3-min isomer or the 63-min isomer is the 
ground state. 
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Gamma rays of 99, 110, 130, 140, 210, and 240 kev have been observed from Coulomb excitation of Pt'® 
(platinum target containing 60.1% Pt!) with 3.0- to 5.5-Mev protons and a particles. The energy depend 
ence of the gamma-ray yields indicates direct excitation of states at 99, 130, 210, and 240 kev. The 140-kev 
gamma ray is a cascade transition between states at 240 and 99 kev. These results do not agree with the 
conclusions of Bernstein and Lewis who measured the Coulomb excitation functions of the internal con- 
version electrons and found evidence for direct excitation of levels at 31 and 130 kev but no evidence for 
direct excitation of a level at 99 kev. The angular distributions of the 240- and 210-kev gamma rays and 
the 140-kev gamma ray in coincidence with K x-rays from internal conversion of the 99-kev transition 
have been measured with respect to the incident ion beam on a thick target. These measured distributions 
are consistent with an assignment of 5/2(2)1/2, 3/2(£2+M1)1/2 with (£2/M1)!=0.37+0.02, and 
§/2(E2+M1)3/2 with (£2/M1)!=— (0.1340.03) for the 240-, 210-, and 140-kev transitions, respectively. 
The B(£2) and B(M1) for decay of these states have been determined. 


I. INTRODUCTION 


RANSITIONS of 31, 99, and 130 kev have been 

observed in the electron-capture decay of Au'®® 
by de-Shalit et al.! From intensity measurements of the 
internal conversion electrons, Gillon ef al.2 found 2.6 
times as many internal conversion electrons from the 
99-kev transition compared to the 31-kev transition. 
On the other hand, the theoretical total internal 
conversion coefficient, a7, for the 31-kev transition, 
which appears to be predominantly M1 radiation, is at 
least 4.4 times ar for the 99-kev transition. This 
information provides strong evidence that the levels in 
Pt are at 99 and 130 kev with a 31-kev cascade 
transition between them. 

Gamma rays of 99, 130, 210, and 240 kev have been 
observed from Coulomb excitation*:* of states in Pt! . 
Bernstein and Lewis® have measured the excitation 
functions of the internal conversion electrons from 
Coulomb excitation of states in Pt'*®. Their data for 
the excitation function of the L-shell internal conversion 
electrons of the 99-kev transition agreed with the 
predicted energy dependence for the excitation of a 
state at 130 kev rather than a state at 99 kev. In 
addition, the excitation function for the yield of 31-kev 
gamma rays from a thick target increased much too 
slowly to be a member of a cascade from the 130-kev 
level. Their results indicate the direct excitation of 
states at 31 and 130 kev with a 99-kev cascade transition 
between them. 

We have made additional studies of Coulomb exci- 
tation of states in Pt with protons and a particles.® 


' de-Shalit, Huber, and Schneider, Helv. Phys. Acta 25, 279 
(1952). 

? Gillon, Gopalakrishnan, de-Shalit, and Mihelich, Phys. Rev. 
93, 124 (1954). 

’ P. H. Stelson and F. K. McGowan, Phys. Rev. 99, 112 (1955). 

‘See review article by Alder, Bohr, Huus, Mottelson, and 
Winther, Revs. Modern Phys. 28, 432 (1956). 

5 E. M. Bernstein and H. W. Lewis, Phys. Rev. 100, 1345 (1955). 

®*F. K. McGowan and P. H. Stelson, Bull. Am. Phys. Soc. 3, 
296 (1958). 


Our gamma-ray yield measurements indicate the direct 
excitation of states at 99 and 130 kev which agrees 
with the level scheme deduced from the electron-capture 
decay of Au’, 


II. EXPERIMENTAL PROCEDURE 


The projectiles used for effecting Coulomb excitation 
were variable-energy protons and singly-ionized helium 
ions accelerated by the 5.5-Mv ORNL electrostatic 
generator. The target support arrangement and 
methods of measuring yields and angular distributions 
of the gamma rays have already been described.’:* The 
platinum target, which contained 60.1% Pt, was 
prepared by sintering the metallic powder into a foil 
120 mg/cm? in thickness.° 


A. Gamma-Ray Spectra 


A typical pulse-height spectrum of the gamma 
radiation taken with a 3X3-in. Nal scintillation spec- 
trometer is shown in Fig. 1 for a-particle bombardment 
of Pt. The K x-rays result from stopping the a 
particles in the target and from internal conversion of 
nuclear gamma rays. The gamma rays of 99-, 130-, 210-, 
and 240-kev energy are due to excitation in Pt and 
the gamma ray of 330-kev energy is due to excitation 
of the first 2+ state in Pt. The peak at 400 pulse- 
height units is too wide for a single gamma ray of 
130-kev energy. Coincidence spectrum measurements 
revealed an additional gamma ray of 140 kev in coinci- 
dence with the 99-kev gamma ray. From a knowledge 
of the yield of K x-rays resulting from stopping the 
a particles in the target,!’ we have deduced from this 
spectrum that the A-shell internal conversion coefficient 
is 5.8+1.5 for the 99-kev transition. As a result the K 


7 P.H. Stelson and F. K. McGowan, Phys. Rev. 110, 489 (1958). 

5’ F. K. McGowan and P. H. Stelson, Phys. Rev. 106, 522 (1957). 

® The isotopically enriched sample was obtained from the Stable 
Isotopes Division of the Oak Ridge National Laboratory. 

10°F. K. McGowan and P. H. Stelson, Phys. Rev. 107, 1674 


(1957). 
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x-rays from internal conversion of the 99-kev transition 
should also be in coincidence with the 140-kev gamma 
ray. A pulse-height spectrum of the 140-kev gamma ray 
in coincidence with the K x-rays is shown in Fig. 2 for 
Ea=3.565 Mev. A comparison of the singles and 
coincidence spectra at this energy clearly indicates the 
presence of the 130- and 140-kev gamma rays from 
Coulomb excitation of states in Pt. 


B. Gamma-Ray Yields 


According to the level scheme proposed by Bernstein 
and Lewis the 140-kev gamma ray should also be in 
coincidence with the 130-kev gamma, i.e., the relative 
intensities of the 99- and 130-kev gamma rays in 
coincidence with the 140-kev gamma ray should be 
identical, apart from small angular correlation effects, 
to those observed in the singles spectrum. A spectrum 
of the 99- and 130-kev gamma rays in coincidence 
with the 140-kev gamma ray was taken at K,=4.96 
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Fic. 1. Differential pulse-height spectrum of the gamma radiation 
for a-particle bombardment of Pt. 


Mev. The intensity of the 130-kev gamma ray relative 
to the 99-kev gamma ray was found to be at least 20 
times smaller than the intensity observed in the singles 
spectrum. This result provides evidence that the levels 
are at 99 and 130 kev in Pt! with the 140-kev cascade 
transition between levels at 240 and 99 kev. To verify 
this assignment we have measured the energy depend- 
ence of the 140-kev gamma-ray yield in coincidence 
with the K x-rays from internal conversion of the 
99-kev transition. The relative yield of the 140-kev 
gamma ray as a function of F, is shown in Fig. 3. The 
solid curve is the predicted energy dependence for 
excitation of a level at 240 kev. Agreement between the 
experimental yield and the predicted energy dependence 
for direct excitation of a state at 240 kev is good. 

In Table I we have listed the gamma-ray yields from 
Coulomb excitation of states in Pt with a@ particles. 
The relative gamma-ray yields as a function of /, are 
shown in Figs. 3 and 4, The solid curves are. the pre- 


EXCITATION OF 


STATES IN Pres 


(a) © SINGLES SPECTRUM 7 i 
(6) 4 COINCIDENCE SPECTRUM —— 


—_—} 


—+—+4+4+44-4-—- 


counts/,Coulomb 
coincidence counts /uCoulomb 





a? al 





10-3 
4000 





00 600 700 800 900 
PULSE HEIGHT 

Fic. 2. (a) Portion of the differential pulse-height spectrum of 
the gamma radiation for a-particle bombardment of Pt, (b) 
Spectrum of the gamma radiation in coincidence with K x-rays 
from internal conversion of the 99-kev transition. Detector for 
the single channel was located at 55° and at h=4.0 cm. Detector 

for the multichannel was located at 235° and at h=5.0 cm. 


dicted energy dependence of the yields for various 
excitation energies AE above the ground state of Pt. 
The yield of the 130- and 140-kev gamma rays deduced 
from the singles spectra deviates considerably from the 
predicted energy dependence for AF= 130 kev at the 
higher bombarding energies because there is also direct 
excitation of a state at 240 kev which decays part of 
the time by the cascade transition of 140 kev. 

The predicted energy dependence of the gamma-ray 
yield for excitation of states at 210 and 240 kev and 
the experimental data for the 210-kev gamma-ray yield 
are all normalized at -,=4.022 Mev in Fig. 4. From 
the good agreement between the experimental and 
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Fic. 3. Relative gamma-ray yields as a function of K,. The 
solid curves are the predicted energy dependence of the yields 
for various excitation energies AE above the ground state of Pt, 
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TABLE I. Yield of gamma rays from Coulomb excitation 
of states in Pt!, 


E,(Mev) 


E, (kev) Vield of y's/u Coul 
(8.94+0.90) X 10? 
(2,48+0.17) x 10° 
(7.67+0.62) X 108 
(1.59+0.13) x 104 
(2.57+0.16) X 104 
(4.29+0.60) X 10? 
(2.44+0.17) X 10° 
(7.7340.46) X 10° 
(1.87+0.09) x 104 
(3.87+0.20) X 104 
(5.81+0.29) x 104 
(1.02+0.15) X 10° 
(2.39+0.36) & 10° 
(5.20+ 1.04) x 10° 
(1.06+0.25) x 104 
(1.68+0.42) x 104 
(3.29+0.33) & 10? 
(9.43+0.94) X 10? 
(2.83+0.28) x 10 
(5.77+0.58) & 108 
(8.58+0.86) K 10° 
(1.66+0.10) & 108 
(5.00+0.30) x 105 
(1.06+0.06) 104 
(1.94+0.12) XK 104 
(3.06+0.18) & 104 
(4.01+0.24) x 104 


240 3.565 
4.022 
4.512 
5.008 
5.341 
3.026 
3.565 
4.022 
4.512 
5.008 
5.341 
3.565 
4.022 
4.512 
5.008 
5.341 
3.565 
4.022 
4.512 
5.008 
5.341 
3.026 
3.565 
4.022 
4.512 
5.008 
5.341 


130 and 140 


predicted energy dependence of the gamma-ray yield 
with AE=210 kev, we conclude that there is direct 
excitation of a state at 210 kev in Pt!®. If there were a 
state at 31 kev in Pt', the 210-kev transition might 
have been a cascade transition between states at 240- 
and 31-kev. However, the energy dependence of the 
yield of 210-kev gamma rays excludes this interpre- 
tation. The measured excitation functions shown in 
Figs. 3 and 4 indicate direct excitation of levels in Pt!” 
at 99, 130, 210, and 240 kev. The 99-kev transition is 
not a cascade transition between levels at 130 and 31 
kev for the following reasons: (1) The 140-kev gamma 
ray is not in coincidence with the 130-kev gamma ray. 
(2) The energy dependence of the yield for the 240- and 
140-kev gamma rays is in accordance with the prediction 
for AE=240 kev instead of AE=270 kev. (3) The 
energy dependence of the yield for the 99-kev gamma 
ray lies between the prediction for AE=99 and 130 kev 
instead of AE= 130 kev. When the small contribution 
from direct excitation of the 240-kev state to the yield 
of 99-kev gamma rays is removed from the total yield 
(shown in Fig. 4) of 99-kev gamma rays, the energy 
dependence of the 99-kev gamma ray deviates even 
more from the prediction for AE= 130 kev. 

For the above cited reasons, there is positive evidence 
for the existence of a state at 99 kev. On the other hand, 
whereas all the information we have obtained can be 
adequately accounted for without the assumption of an 
excited state at 31 kev, since we have not looked 
directly for the low-energy radiation resulting from the 
direct excitation of such a state, the evidence against 
the existence of this state is necessarily indirect. 
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C. Gamma-Ray Angular Distribution 


The total internal conversion coefficient, a7, must be 
known in order to relate the cross sections to the 
observed gamma-ray yields. For the transitions in Pt", 
the a7’s are rather large. As a result measurements of 
the gamma-ray angular distributions were necessary to 
establish the character of the gamma rays and the spins 
of the excited states. 

The angular distributions of the 240- and 210-kev 
gamma rays were measured with respect to the incident 
ion beam on a thick target of Pt with protons and a 
particles. In Table II we list the observed angular 
distribution coefficients (a,G,A,)exp along with (a2G2);, 
the product of the particle parameter and the multiple- 
scattering correction for a thick target.* The measured 
distributions agree with an assignment of 5/2(£2)1/2 
for the 240-kev transition and 3/2(£2+M1)1/2 with 
(£2/M1)*=— (6.0+0.5) or 0.37+0.02 for the 210-kev 
transition. Only the latter value for 6=(E2/M1)! is 
consistent with the K/Z ratio of 6 obtained by Bern- 
stein and Lewis.® 

The coincidence detection of the 140-kev gamma ray 
leads to a more precise measurement of its intensity 
than that deduced from the singles spectrum (see Fig. 
2). Therefore, the angular distribution of the 140-kev 
gamma ray with respect to the incident ion beam was 
measured in coincidence with the K x-rays from internal 
conversion of the 99-kev transition. The detector of the 
K x-rays was located at 235° and at h=4.5 cm. The 
detector of the 140-kev gamma rays was located at 
h=10 cm from the target. For a fixed angle of obser- 
vation of the 140-kev gamma ray, the distribution of 
K x-rays from internal conversion of the 99-kev transi- 
tion is isotropic with respect to the incident ion beam. 
As a result the distribution of the 140-kev gamma rays 
with respect to the incident ion beam and in coincidence 
with the K x-rays, which is a triple correlation, reduces 
to a double correlation. The measurements are con- 
sistent with a transition assignment of 5/2(#2+M1)3/2 


Fic. 4. Relative gamma-ray yields as a function of Ey. The 
solid curves are the predicted energy dependence of the yields 
for various excitation energies AE above the ground state of Pt!*5, 





COULOMB 


EACITAT LON 


OF STATES UN Pees 


TABLE IT. Gamma-ray angular distribution coefficients of the terms in the expansion of the correlation 
function in L ss _ nomials for a thick target. 


(Ad yy 


Ep or a(Mev) E, Spin sequence 


(a2G2A 2)exp 


(a2G2)¢ (A2)exp 8 =(E2/M1))> (asGsA sexp 





240 0.2857 
210 
210 
210 
240 
210 
140 


2.48 
2.4% 
1 
3.0" 
4.96 
4.96 
5.00 


1/2(£2)5/2(E2)1/2 

1/2(E£2)3/2(E2+M1)1/2 
1/2(£2)3/2(E2+M1)1/2 
1/2(£2)3/2(E2+M1)1/2 
1/2(E£2)5/2(E2)1/2 

1/2(E2)3/2(E2+M1)1/2 
1/2(£2)5/2(E2+M1)3/2 


0.2857 


* Protons. 


b For the definition of 6 see L. C. Biedenharn and M. E. 


with 6= — (0.13+0.03) or — (2.2+0.2). For 6= —0.13, 
the theoretical K-shell internal conversion coefficient, 
aX, is 2.07 and for 6= — 2.2, a* is 0.69. A crude measure- 
ment of a*, which was obtained from an intensity 
measurement of the 140-kev gamma ray and the K 
x-ray coincidence with the 99-kev gamma ray, favors 
the value of 6= —0.13. 

The distribution of 130-kev gamma rays is peaked at 
0° which is consistent with a transition assignment 
°°§/2(£2)1/2. At E,=4.08 Mev, a measurement of 
the 99-kev gamma-ray distribution yielded (A2)exp 
= — (0.19+0.01). Since this distribution is a composite 
correlation resulting from excitation of states at 240, 
130, and 99 kev, no attempt has been made to interpret 
the coefficient (A»2)exp. The measured K-shell internal 
conversion coefficient mentioned above for the 99-kev 
transition agrees with the prediction for an M1 transi- 
tion (6, =5.65). Since the ground state spin of Pt!® is 
1/2, £2 excitation of a state at 99 kev and decay of the 
state predominantly by M1 radiation uniquely assign 
a spin of 3/2 to this state. 


III. REDUCED TRANSITION PROBABILITIES 


To determine the total internal conversion coefficient, 
ar, the calculations of Rose! and of Sliv and Band” 
have been used. For the AK and L shells, these calcu- 
lations include the effect of the finite size of the nucleus. 
In the case of the M shell, the unscreened calculations 
by Rose" have been used together with an empirical 
screening factor (M¢/M unse) of 0.6 found for transitions 
in Hg’. For the NV and O shells we have used an 
(V+0)/L ratio of 0.06, which was obtained from the 
measurements of Cressman and Wilkinson.” 

To avoid confusion the reduced transition proba- 
bilities for excitation and for decay will be written as 
B(E2)exe and B(£2),4. In those cases, where the ratio 
E2/M1 is known, the reduced magnetic dipole transi- 
tion probability for decay is obtained. These quantities 

4 Tables of Internal Conversion Coefficients (privately circu- 
lated by M. E. Rose). 

#21. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 [translation: Report 57 ICCK1, issued 
by Physics Department, University of Illinois, Urbana, Illinois 
(unpublished) ]. 

13 P, J. Cressman and R. G. Wilkinson, Phys. Rev. 109, 872 
(1958). 


0.200-+0.014 
0.054+0.013 
0.069-+0.014 
0.041-£0.010 
0.244-+0.017 
0.079+0.011 
— (0.27040.020) 


— (0.04 +0. 02) 
— (0.011+0.017) 
0.022+0.018 
— (0.010+0.010) 
— (0.12 +0.03) 
— (0.016+0.015) 
0.089+0.040 


0.26 +0.02 oO 
0.076 
0.105 
0.068 
0.294+0.021 2 
0.792 0.099+0.014 0.37 or —6 
0.827 —(0.33 40.03) —0.13 or —2.2 


0.763 
0.710 
0.665 
0.600 
0.830 


0.36 or —5.5 


Rose, Revs. Modern Phys. 25, 729 (1953). 


are summarized in Table III. The values given for 
B(E2) and B(M1) are actually those for the quantities 
B(E2)/é and B(M1)/(eh/2mc)*. The error quoted for 
B(E2) ex in Table III is a standard deviation including 
the error from the gamma-ray yields and errors of +4% 
for dE/dpx and +3% in the numerical evaluation of 
the integral in the expression relating the cross section 
to the thick target yield of gamma rays, 


B(E2)exe * gol Eni )EdE 
cae =701X 10-80 =1/ f iE/d —, 
t/dpx 


where A» is the atomic weight of the normal element, 
m, is the mass of the incident bombarding particle in 
units of the nucleon mass, and 7 is the number of 
excitations per microcoulomb of singly ionized particles. 
The variable ~ and n; are defined as 


=*( 1 1 
h Us V; 


where Z,e and Ze are the charges of the impinging 
projectile and the target nucleus, respectively, and 2; 
and v,; are the initial and final relative velocities. The 
function go(é,n:) has been accurately evaluated.‘ FE’ 
= k?(E—AE/k), where AE is the energy of the excited 
state and k= M2/(Mi+M»), M, and Mz being the 
masses of projectile and target nuclei, respectively. 
The B(£2)4 for decay is obtained from the B(E2)ex¢ by 
multiplication by the factor (2/9+1)/(27+1), where 
I) and J are the spins of the ground state and the 
excited state, respectively. We have taken B(E2),, to 
be equal to (1/4m)|2R?\? where Ro=1.20X10-"A! 
cm. 

An energy level diagram of transitions observed from 
Coulomb excitation of Pt! is shown in Fig. 5. The 
B(E2)¢x- in Table III have been deduced from the yield 
of the gamma-ray transitions shown as solid lines in the 
level diagram. Judging from the magnitude of the 
B(M1)’s listed in Table III the transitions of 110 kev, 
shown as dashed lines in Fig. 5, from the 240- to the 
130-kev levels and from the 210- to the 99-kev levels 
could contribute appreciably to the excitation cross 


"4 J, M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), Chap. XII. 
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TaBLe III. Summary of quantities obtained from B(E2)exc. The value of B(E2)q is given in column 4 for the downward transition 
listed in column 3. From the values for cascade/crossover, ar, and E2/M1, the values of 7; and B(M1)qa are deduced. The ratio of 
cascade/crossover is the ratio of total transitions by cascade and by crossover. The last column lists the ratio of the observed B(E2)a 
to that expected for a transition between states of the independent-particle model. 


B(E2)a 
x10 ( 
(cm‘) 


E, B(E2)exe X10" 


7 


Cascade 
(kev) ) 


(cm) Transition crossover 


1.29 
0.11 
2.14 
1.0 


240 
140 
210 
130 
31 
99 


3.89+0.50 
4.28+0.43 ~() 


3.1 +1.0 
~9 


NNNNN wD 


18 +0.4 0.90 


section. A gamma ray of this energy would be difficult 
to detect in the presence of the other low-energy gamma 
rays. In addition the total internal conversion coefficient 
is 5.1. A transition of 110 kev could have been over- 
looked in the internal conversion electron measurements 
of Bernstein and Lewis*® because the Z line of a 110-kev 
transition would have coincided with the M line of the 
99-kev transition. We have found some evidence for a 
110-kev transition from coincidence spectrum measure- 
ments. 

A spectrum of the gamma radiation in coincidence 
with K x-rays from internal conversion is shown in 
Fig. 6. In these measurements the window of the single 
channel included 75% of the K x-ray peak and the 
detector was located at 6=55° and at h=4.0 cm. If 
there were no 110-kev transitions, the intensity of the 
99-kev full-energy peak should be given by the peak 
indicated by a solid curve at 99 kev. Also, the K x-ray 
peak contains 1.8 times too many counts. We have 
analyzed this spectrum on the assumption that there is 
a 110-kev cascade transition which is predominantly 
M1 radiation. At E,=5.0 Mev, we find (1.1+0.2) * 10! 
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Fic. 5. Energy-level diagram of transitions observed from 
Coulomb excitation of Pt. 
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transitions per microcoulomb for the intensity of the 
110-kev transition. A spectrum of the radiation in 
coincidence with the 99-kev gamma ray indicates the 
presence of a 110-kev gamma ray. From our measure- 
ments we were not able to determine how many cascade 
transitions result individually from the decay of the 
240- and 210-kev states. 
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Fic. 6. Spectrum of the gamma radiation in coincidence with K 
x-rays from internal conversion of nuclear gamma rays. 


If all of the 110-kev cascade transitions are from the 
decay of the 240-kev state, the B(E2)q of the 240-kev 
transition and the B(E2)a and the B(M1)qa of the 
140-kev transition in Table III should be increased by 
25%. The B(M1)a of the 110-kev transition would be 
0.66X10-*. The B(E2)exe of the 130-kev should be 
reduced about 10%. On the other hand, if the 110-kev 
cascade transitions are attributed to the decay of the 
210-kev state, the B(E2)a and the B(M1), of the 210- 
kev transition should be increased by 16.7%. In this 
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case the B(M1)qa of the 110-kev transition would be 
2.1X10-*. In either case the B(E2)ex-. of the 99-kev 
state should be reduced by 10%. 

As mentioned above, a crude measurement of the a* 
of the 140-kev transition favored the value of 6= —0.13. 
Using 6=—2.2, we obtain B(M1)a=2X10™ and 
B(E2)q/B(E2),,=108 for the 140-kev transition. The 
latter result is unreasonably large compared to the 
other B(E2),’s in Table III. As a result we are inclined 
to take 6=—0.13 as the correct assignment for the 
140-kev transition. 

The B(E2),x.’s of the 130- and 99-kev states are not 
very accurately determined. The ratio of cascade/ 
crossover, which is not well established for the decay 
of the 130-kev state, was taken from the work by 
de-Shalit ef a/.! In addition, the total internal conversion 
coefficient of the 31-kev transition is very senititive to 
the £2/M1 ratio, i.e., the total E2 internal conversion 
coefficient is about 1.2X10*. In Table III we have 
taken E£2/M1~0 for the 99-kev transition. From 
internal conversion data, Cressman and Wilkinson 
obtained E2/M1=0.014 for the 99-kev transition. 
Using this value, we obtain B(M1)2=4.4X 10 for the 
99-kev transition. 

Recently, Barloutaud!® has observed Coulomb exci- 
tation of states in Pt at 210, 240, 420, and possibly 
720 kev with protons. Our singles spectrum of the 
gamma radiation from a target containing 60.1% Pt!** 
when bombarded with protons of 3.5- to 5.0-Mev 
energy revealed a gamma ray of 420 kev. The yield, 


15R, Barloutaud, Ph.D. thesis, University of Paris, 1958 
(unpublished). 
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however, varied too slowly with E, for Coulomb 
excitation. The gamma-ray spectrum in coincidence 
with the 210-kev gamma ray did reveal possibly the 
weak excitation of a state at 420 kev. The thick-target 
yield for excitation of a state at 420 kev was determined 
at E,=4.5 and 5.0 Mev on the assumption that the 
ratio of cascade/crossover was large. The B(E2)q/ 
B(E2),», deduced from the yield, is 0.22, if the spin of 
the 420-kev state is 3/2, and 0.15 if the spin of the 
420-kev state is 5/2. The B(E2) ex. of a state at 720 kev 
must be smaller than the B(E2)exe of the 420-kev state 
because we did not observe any evidence for excitation 
of a state at 720 kev. 
Most of the quadrupole strength lies in the 3/2 and 
5/2 states at 210 and 240 kev. These states might 
possibly represent the one-phonon quadrupole excita- 
tions of the ground-state configuration. Since the ground 
state has spin Jy>= 1/2, these excited states should have 
spins 5/2 and 3/2 and energies of the same order of 
magnitude as the first excited state in the neighboring 
even-even nuclei.! However, the presence of levels at 
99 and 130 kev suggests that the actual situation is 
rather complicated. In such a complicated situation one 
can still apply a sum rule which states that > B(E2)cxe 
for the states of Pt!®® should be approximately equal to 
the B( £2, 0 — 2) for the neighboring even-even nuclei. 
The B(E2,0— 2) for the neighboring nuclei Pt and 
Pt are 1.95 and 1.27XK10~** cm‘, respectively. The 
observed >> B(E2)ex¢ for Pt! is (1.30.2) K 10-48 cm! 
where we have allowed for the uncertainty in the B(£2) 
values caused by the presence of the 110-kev transition 
see above). Thus, in this case, there is verification of 
the sum rule. 
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Production of Be’ in 30-42 Mev He-Ion Bombardment of Oxygen, 
Aluminum, and Copper*} 
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The production of Be’ in targets of oxygen, aluminum and copper bombarded with 30- to 42-Mev He ions 
has been studied using radiochemical techniques. At 40-Mev He-ion bombarding energy the formation cross 
sections are 2.4 mb, 0.22 mb, and 0.018 mb, respectively. For aluminum and oxygen targets the Be? frag 
ments are emitted sharply forward, implying a direct-interaction mechanism. Estimations of the energies 
of the Be’ fragments, along with the observation that for Al?’ target the yield of Na*! is equal to the yield 
of Be’, suggests that in this particular case interaction involves the pickup of a He’ fragment from the nucleus 
by the impinging He‘ ion with the deposition of less than 7 Mev of excitation energy in the Na* residual 


nucleus. 





I, INTRODUCTION 


MONG the very light nuclei Be’ is one of the few 
which are radioactive with a conveniently long 
half-life. The only detectable radiation which is emitted 
is a 0.48-Mev y ray, which along with its chemical 
properties makes it a rather easy species to identify 
radiochemically. The formation of Be’ has been studied, 
using radiochemical techniques, in nuclear reactions 
induced by rather high-energy protons'~® (E~30-3000 
Mev) and He‘ ions! (E>~50 Mev). Several possible 
mechanisms have been suggested to account for the 
yields of Be’ observed at these rather high bombarding 
energies. These include fragmentation and evaporation 
mechanisms,}:*.* as well as the formation of Be’ as the 
residuum from a spallation reaction,?** in the case of a 
light element target. 

In the present paper we present the results of some 
radiochemical measurements of Be’ produced in light 
elements by bombarding with moderate energy He ions 
(30-42 Mev). At least for oxygen and aluminum target 
nuclei the results show that Be’ was produced in some 
kind of direct interaction mechanism. The formation 
of Be’ probably occurs through the pickup of a He’ 
particle from the target nucleus by the impinging He’ 
particle. 


II. EXPERIMENTAL PROCEDURE 


Thin foils of Al, Cu, Ag, Au, Pb, or films of CuO on 
Ag or Au foil, when an oxygen target was required, were 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

t Part of a thesis submitted by G.H.B. in partial fulfillment of 
the degree of Master of Science. 
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bombarded for periods of several hours in the external 
beam of the University of Washington 60-inch cyclo- 
tron. The entire beam passed through the target foil and 
into an aluminum target plate to which the foil was 
clamped. The target plate was insulated so that the 
beam current incident upon it could be measured with 
a microammeter. In most cases, particularly for alu- 
minum or oxygen targets, 0.001-in.-thick silver foils 
were used to catch Be’ fragments which might have 
recoiled out of the target foil. 

Following a bombardment the target was processed 
radiochemically’ to recover Be’. Frequently the target 
foil, and each of the catcher foils placed on either side 
of it, were processed separately in order to obtain 
information on the angular distribution of the Be’ 
fragments emitted from the target. The heavy-element 
foils, Ag, Au, and Pb, also were bombarded separately 
so as to have “blanks” for those experiments where 
they served as catcher foils for light element targets. 
There was no detectable production of Be’ from these 
three heavy elements. 

Following the radiochemical separation procedure 
for Be, the sample was checked for the presence of 
particle radiations, which would indicate the presence 
of a radioactive impurity. (A 6*-emitting impurity 
would be particularly undesirable.) If no significant 
particle radiation was present, the sample was counted 
inside the well of a 2-inch Nal scintillation counter 
connected to a scintillation spectrometer. The spec- 
trometer was first calibrated by means of the 0.51-Mev 
annihilation photopeak of a Na” standard source, 
after which the spectrum of the Be sample was measured 
from about 0.7 Mev down to about 0.3 Mev. With a 
resolution of 12% for a 0.5-Mev photopeak, there would 
have been no difficulty in distinguishing the 0.48-Mev 
y ray of Be’ from a comparable intensity of 0.51-Mev 
annihilation quanta had the latter been present as a 
radioactive impurity. With the spectrum confirmed to 


7 Ball, Bouchard, Fairhall, and Mitra (unpublished; see Ap- 
pendix). 
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be that expected for Be’, the base line was set and the 
spectrometer window was opened so as to bracket the 
0.48-Mev photopeak of the y ray of Be’. Pulses oc- 
curring within the window of the spectrometer were 
fed into a conventional scaler. 

The strength of the Na* standard source was deter- 
mined by direct comparison with a Na” standard from 
the National Bureau of Standards. Using the same 
window width as for Be’, the base line of the spec- 
trometer was set so as to bracket the 0.51-Mev photo- 
peak. It was assumed that there was no difference in 
the detection efficiency of the scintillation spectrometer 
for 0.48- and 0.51-Mev 7 rays. Contributions from the 
tail of the 1.28-Mev Compton peak to the counting 
rate under the 0.51-Mev photopeak were estimated to 
amount to 17% by interpolation between the counting 
rates observed on either side of the photopeak. Losses 
of 0.51-Mev quanta owing to coincidences with comple- 
mentary 0,51-Mev annihilation quanta or with the 1.28- 
Mev coincident y rays were estimated to be negligible. 

As a further check on the radioactive purity of the 
Be samples, the activity of the samples was measured 
periodically for many weeks. The decrease in activity 
agreed very satisfactorily with the known 54-day half- 
life’ in every case. 

In order to try to learn more about the nature of the 
reaction producing Be’ in the He-ion bombardment of 
Al, Na was also separated radiochemically® in one ex- 
periment at one particular bombarding energy in order 
to look for Na*4 from the reaction Al*’(He*,Be’)Na*4. 
This species was indeed found ; and in addition, Na** was 
also observed. The former species was counted using a 
thin end-window counter and corrections were applied 
to the counting data for counter geometry and absorp- 
tion and scattering of the radiations. The yield of Na” 
was obtained by direct comparison in the y-ray spec- 

TABLE I. Yields of Be’ from targets bombarded with various 

energies of He ions. 


Average He-ion Cross section 
energy (Mev) cm? 
30.0 <5.6X 10-* 
33.8 2.1X 10-28 
CuO* 33.8 1.2X10 
CuO0* 39.4 2.4X 10 
Al 32.5 <2.7X10 
35.0 1.4X 10 
39.3 2.0X 10 
40.0 2.1 107 
40.0 2.3X10 
41.5 2.6X 107 
42.0 2.6K 10 
5 pe 13X10 
40.8 1.8X10™ 
41.0 <1.9X 107 
41.1 <5.2XK10™ 
40.0 <4.5Ki0 ~ 


Target 
material 


CuO* 
CuO* 


® Cross sections were computed under the assumption that Be’ came only 
from reactions with oxygen. 
> See text. 


8 Strominger, Hollander, and Seaborg, Revs. Modern Phys. 30, 
585 (1958). 
® Rudstan, Stevenson, and Folger, Phys. Rev. 87, 358 (1952). 
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Fic. 1. Cross sections for production of Be? from oxygen and 
aluminum targets by He‘ ions of various energies. 


trometer with the Na” standard source. The disintegra- 
tion rates of all species were then corrected for chemical 
yield, for bombardment duration, and for radioactive 
decay in order to compute reaction cross sections for 
the species being measured. The branching ratio for the 
decay of Be’ to the 0.48-Mev excited state of Li’ was 
taken to be 12%.8 
III. EXPERIMENTAL RESULTS 

Table I lists the targets which were studied and the 
cross sections for production of Be’ from them. For the 
three heavy elements, Ag, Au, and Pb, the tabulated 
values of the cross sections represent generous upper 
limits calculated on the assumption that 10 counts/min 
of activity within the window of the spectrometer might 
have escaped detection. The activity observed from 
electrolytic copper target was very much less than that 
observed for CuO target, which demonstrates the 
suitability of CuO as an oxygen target material. It is 
possible that the Be’ which was observed in the pure 
Cu target came from the activation of a trace of oxygen 
impurity on the surface of the Cu foil which was used. 
The oxide film that forms on aluminum is reported” to 
be less than 90 A thick, i.e., less than a few ug/cm? of 
oxygen. It follows from the data of Table I that this 
amount of oxygen impurity would give rise to a neg- 
ligible amount of Be’ from the aluminum target. The 
excitation functions for formation of Be’ from Al and 
oxygen targets, in which its production is unambiguous, 
are shown in Fig. 1. 

10 G, Hass, Z. anorg. Chem. 254, 96 (1947). 
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TABLE IT. Cross sections for the production of Na isotopes in 
40-Mev He-ion bombardment of AF’. 


Nuclide observed 


Na** 
Na” 


Cross section (cm*) 


2.5% 10-3 
5.2X 10? 


Table II gives the cross sections for production of 
Na” and Na™ in Al target by 40-Mev He ions. The 
cross section for production of Na” is a factor of 20 
larger than that of Na*‘. The reason for this is probably 
that the former species is produced by the reaction 
(a,2an), a rather simple reaction with a lower threshold 
than the reaction which produces Na*4 (see below). 

In the case of Na* it is necessary to show that this 
nuclide was not produced by fast neutrons in the reac- 
tion Al??(n,v)Na*™, which is known to proceed with a 
high cross section. That the Na** observed in the He- 
ion bombardment came predominantly from a He-ion- 
induced reaction was shown in a separate experiment in 
which a stack of several Al foils was bombarded with 
He ions: the last foil in this stack, which received the 
lowest He-ion bombarding energy and presumably the 
highest flux of fast neutrons, showed only a relatively 
small amount of Na*. The cross section for production 
of Na*™ by He ions in Table II has been corrected for the 
estimated contribution from the Al?’ (1,a)Na** reaction. 

Table III shows a breakdown of the yield of Be’ in 
which forward and back Ag catcher foils were processed 


separately from Al and oxygen targets. In both cases 
the high ratio of activity caught in the front catcher foil 
(fragments emerging at angles between 0° and 90° to 


the beam direction) to the back catcher foil is to be 
noted. However, with such light-target nuclei as these 
there is a considerable amount of forward folding of the 
angular distribution due to center-of-mass motion. 
Figure 2 shows the angular distribution of Be’ fragments 
to be expected for three selected cases, assuming iso- 
tropic emission of Be’ in the center-of-mass system. 


IV. DISCUSSION 


An examination of the data of Table III in the light 
of Fig. 2 indicates quite clearly that for Al target, at 
least, the Be’ fragments are not emitted isotropically 
in the center-of-mass system. Only if the Be’ fragments 
were emitted with very low kinetic energies could the 
distribution be strongly anisotropic, and in that event 
the ranges of the Be’ fragments would be very small 
and relatively few fragments would escape from the 


TABLE III. Distributions of Be’ fragments in Al and oxygen 
targets and Ag catcher foils. 
Counts, min of Be? for 
39.4-Mev He ions on 
10.0-mg/cm? CuO 


3963 
2014 


55 


Counts/min of Be? for 
40-Mev He ions on 
3.1-mg/cm? Al 


0° catcher 
Target 
180° catcher 


AND A. W. FAIRHALL 

target. This is contrary to the experimental observation 
that a large fraction of the Be’ fragments escape from 
even rather thick targets, and these must therefore 
have rather high energies. Even if the fragments were 
emitted at 90° in the center-of-mass system an appre- 
ciably smaller fraction of the fragments would be ex- 
pected to escape from the target foil than is observed 
experimentally. 

The absence of symmetry about 90° in the center-of- 
mass system implies that the mechanism of the reaction 
does not involve the formation of a compound nucleus. 
The sharply forward distribution of the Be’ fragments 
is evidence for their formation in some kind of direct 
interaction mechanism. One can imagine several 
different ways for this to happen. The simplest way 
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Fic. 2. Angular distributions of Be’ fragments in the laboratory 
system assuming isotropic emission in the center-of-mass system 
for three selected cases. Curve A: O'* target with residual C™ 
being left in its ground state. Curve B: Al?’ target with residual 
Na™ being left with 7 Mev of excitation energy. Curve C: Al?’ 
target with residual Na™ being left in its ground state. 


would be for the bombarding He‘ particle to pick up a 
He’ aggregate of nucleons, possibly part of an a particle, 
from the nucleus as it passes through the surface layers 
of the nucleus. This would correspond to the 
Al??(He*,Be?)Na™*_ reaction. The threshold for this 
reaction occurs at a He-ion bombarding energy of 25.4 
Mev. During the interaction it is reasonable to expect 
that some excitation energy would be deposited in the 
Na*™ residual nucleus. If excitation energy in excess of 
6.96 Mev were deposited during the interaction pro- 
ducing Be’, the Na* would probably lose a neutron 
and one would have the Al?’(He*,Be’)Na* reaction. 
This reaction has a threshold at a He-ion bombarding 
energy of 33.5 Mev. A closely similar result to this one 
would be obtained if the incoming He ion collided with 
an a-particle aggregate in the nucleus and the pair of 
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a particles came out of the nucleus in the form of a 
highly excited Be* fragment. Be® formed with an odd- 
number spin cannot decay into two a@ particles. If the 
excitation energy of the Be® aggregate is in excess of 
19 Mev a neutron will be lost, forming Be’. The 
threshold for this reaction occurs at 32.6-Mev He-ion 
bombarding energy. 

In addition to the thresholds for the various reactions 
which might be responsible for the observed production 
of Be’, the kinetic energies of the Be’ fragments have 
to be considered. The Be? fragments could scarcely be 
expected to have kinetic energies much less than their 
Coulomb energy at the surface of the residual nucleus. 
For Al’ target the Be’ fragments would be expected, 
on this basis, to have at least 8 Mev of kinetic energy. 
Addition of 8 Mev to the above-mentioned thresholds 
for the postulated mechanisms for producing Be? in 
Al target gives the bombarding energies below which 
the cross section for production of Be’ would be ex- 
pected to drop to zero very rapidly. From the effective 
thresholds calculated in this way it is evident that only 
the pickup of He* with deposition of less than 7 Mev 
of excitation energy in residual Na*™ is to be expected 
for Al?’ bombarded with 40-Mev He ions. This is in 
agreement with the observation that the yields of Na*4 
and of Be’ are the same, within 12%, for Al?” bombarded 
with 40-Mev He ions. The reaction proceeding ac- 
cording to the pickup mechanism would be expected to 
show a strong drop in cross section below about 33 Mev, 
the bombarding energy at which about 8-Mev Be’ 
fragments would be emitted leaving Na* in its ground 
state. The excitation function for production of Be? in 
Al target, shown in Fig. 1, would seem also to be in 
agreement with the pickup mechanism. 

The data of Table III can be analyzed to give 
information on the approximate energies of the Be’ 
fragments by providing approximate estimates of their 
ranges. Experimental observations indicate that the 
fragments are emitted strongly in the forward direction. 
If to a first approximation it is assumed that the 
fragments are all emitted at 0° to the beam, then the 
average range of the fragments in the target material 
is the same fraction of the target thickness as the 
fraction of all the fragments which escape from the 
target. If some of the fragments are emitted at oblique 
angles as well, which would seem very likely, then the 
average range of the fragments will be underestimated. 
By making reasonable assumptions about the range- 
energy relations of Be’ in various materials the average 
fragment kinetic energies or a lower limit thereto, may 
be computed. 

This was done for the data of Table III on the 
assumption that all fragments are emitted at 0°. The 
range of a Be’ fragment of energy FE was assumed, to a 
first approximation, to be 7g that of a He' ion of energy 
(4/7)E. This approximation is probably good for Be? 
fragments of energies greater than about 2 Mev. The 
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resulting lower limits for the average fragment kinetic 
energies were 8.2 Mev for the aluminum target and 
about 9 Mev for the oxygen target. 

Provided the sensitivity of the experiment could be 
increased somewhat so that thinner targets could be 
used, it would be interesting to look at the energy dis- 
tribution and angular distribution of the Be’ fragments 
in greater detail. Particularly intriguing is the possi- 
bility of studying a target element which gives a residual 
nucleus having widely spaced levels near the ground 
state, so that the Be’ fragments which leave these levels 
populated might be distinguishable from lower energy 
Be’ fragments. From such a study one might hope to 
learn more about the pickup mechanism leading to the 
production of Be’. 
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APPENDIX: RADIOCHEMICAL PROCEDURE FOR 
BERYLLIUM 


The target foil, or catcher foil, is dissolved in acid and 
10 mg of beryllium carrier is added. Hold-back carriers 
for Cu, Zn, Cd, In, Au, Hg, and Tl are added where 
silver catcher foils are used. (The presence of copper 
and gold impurities in the silver foil which was used 
gave rise to troublesome radioactive impurities which 
could be eliminated by the use of the hold-back carriers.) 
The acid solution is diluted with water, saturated with 
H.S, and the precipitated sulfides are centrifuged and 
discarded. The supernatant solution is then made basic 
with NH,OH, precipitating Be(OH). and more sulfides. 
After centrifuging the precipitate and discarding the 
solution, the Be(OH). is dissolved away from the 
sulfides by treatment with NaOH. After centrifuging 
and discarding the sulfide precipitate, the solution con- 
taining beryllium is then acidified and 5 ml of 10% 
versene solution is added. Beryllium is then precipitated 
with NH,OH. [Versene complexes most other metal 
ions except beryllium, and three or four precipitations 
of Be(OH). with NH,OH in the presence of versene 
gave a radiochemically pure product. | The final pre- 
cipitate of Be(OH)., contained in a lusteroid centrifuge 
tube, is dissolved in a small amount of 12V HCl, 1 ml 
of 48% HF is added, and the solution is diluted to 25 
ml with water. After heating on a water bath excess 
Ba** is added to precipitate BaBeF 4, isomorphous with 
BaSO,. The precipitate is centrifuged and the aqueous 
phase discarded. The precipitate is taken up in a little 
water and filtered through a Millipore RA filter. After 


washing, drying, and weighing, the sample is mounted 


for counting. 
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The energy and angular distributions of neutrons from the p+d — n+ p+> reaction have been measured 


for incident protons of energy 6.06, 7.15, 8.90, and 13.5 Mev. 


The peak in the neutron spectra near the 


maximum neutron energy is in qualitative agreement with the calculations of Heckrotte and MacGregor. 


INTRODUCTION 


HE simplest reaction involving three nucleons is 

the breakup of the deuteron by a proton or a 
neutron. Theoretical discussions of these reactions have 
been given by Frank and Gammel! and Bransden and 
Burhop.2 As_ reported previously’ the zero-degree 
neutron spectrum resulting from the disintegration of 
the deuteron by 8.9-Mev protons shows a peak near 
the maximum allowed neutron energy which is not 
predicted by Frank and Gammel. Heckrotte and 
MacGregor‘ have investigated the possibility that this 
peak can be accounted for by direct nucleon-nucleon 
scattering processes, including the final state inter- 
action of the two residual protons. Calculations for the 
n-d reaction have been made by Gluckstern and Bethe,' 
and by Migdal.* Using time-of-flight techniques in 
conjunction with the natural phase bunching of the 
Livermore variable-energy cyclotron, we have extended 
these measurements to other proton energies and angles. 
Neutron spectra measurements were made for incident 
proton energies of 6.06, 7.15, 8.90, and 13.5 Mev, with 
particular emphasis on the highest energy neutrons. 
The neutron spectra were also measured as a function 
of angle out to a laboratory angle of 30°. A summary of 
previous measurements may be found in a paper by 
Cranberg and Smith’ in which they present the zero- 
degree spectra of neutrons for an incident proton energy 
of 4 to 7 Mev as well as giving the angular distribution 
of the emitted neutrons at 6.5-Mev proton energy 


Q DETECTOR 


nt /GAS CELL 
: —— 





‘ 
odie 





~ aa 
COLLIMATORS: 


Fic. 1. Schematic drawing of the experimental geometry. 
* Work performed under auspices of the U. S. Atomic Energy 
Commission. 
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EXPERIMENTAL DETAILS 
Geometry 

The experimental geometry is shown in Fig. 1. The 
external proton beam from the Livermore variable- 
energy cyclotron is focused with a quadrupole lens 
and collimated before entering the deuterium gas 
target. The neutron detector is mounted on a remotely 
controlled angle-changer centered on the gas target. 
The detector was mounted 4 feet above the light 
aluminum flooring of the cyclotron pit and away from 
any massive structures. 


Electronics 


A schematic diagram of the electronics is shown in 
Fig. 2. The pulses in the plastic scintillator were viewed 
by a RCA-6342 photomultiplier. The anode signal of 
the photomultiplier passes through a cathode follower, 
linear amplifier, and into a discriminator gate unit. 
This relatively slow and stable channel sets the bias 
level. The fast channel consists of the output of the last 
dynode of the photomultiplier amplified by Hewlett 
Packard wide-band amplifiers and fed directly into 
the start channel of the “time-to-pulse height con- 
verter.”” An rf signal is picked up on a loop in the 
cyclotron tank, amplified, shaped and further amplified 
by wide-band amplifiers before entering the stop 
channel of the converter. The output of the converter 
is amplified and fed into an Argonne-type 256-channel 
pulse-height analyzer, which is gated by the output 
of the discriminator gate. 
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Fic. 2. Schematic diagram of the electronics. 
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Fic. 3. Typical time-of-flight neutron spectrum for p+d — p+ p-+n reaction at 0° for an incident proton energy of 13.5 Mev. The 
time scale is 1.01 mysec per channel. The gamma rays are produced by protons striking the collimator and the deuterium gas cell. The 
background run is taken on an evacuated target and also shows the gamma peaks. 


Detector Calibration 


The detector was a plastic scintillator 1 in. in diameter 
by 1 in. thick. The detector biases were set with 
reference to the Compton edge of the 0.511-Mev 
gamma ray (annihilation radiation) from a Na” 
source. Three biases were used: half, twice, and equal 
to the Compton edge. The detector efficiencies were 
measured absolutely using the D(d,n)He’* reaction® 
and the T(p,z)He*® reaction.’ The efficiencies were 
calculated and found to agree with the measurements 
to within 5% to 10%. 

The same gas cell and current integrator used in the 
D (d,n) He’ efficiency measurement were also used during 
the D(p,n)2p experiment. A BF; counter was used as 
an auxiliary monitor. 


RESULTS 


Typical time spectra for the signal and background 
are shown in Fig. 3. Background runs were taken by 
evacuating the De gas cell. To check that neutrons were 
not scattered in by walls, floors, etc. (such a contri- 
bution is not measured by a gas-out run), a copper slug 
was placed between target and detector. This “true” 
background was the same as the gas-out background 
corrected for capture gamma rays; this showed no 
appreciable inscattering of neutrons. The differential 
cross section (millibarns/sterad Mev) for neutron 
production was obtained by the following formula: 


1.92 10-*n g(At/AC)?(Co—Cz)8 


a (6) =— : (1) 
NagAe(E) 


5 L. Rosen (private communication). 
9J. L. Fowler and J. E. Brolley, Revs. Modern Phys. 28, 103 
(1956). 


where nz=counts in the channel corresponding to the 
neutron energy E, (At/AC) is the time calibration of 
the system in millimicroseconds/channel, Cg is the 
channel number corresponding to neutron of energy E£, 
and Co is the channel number corresponding to zero 
time. Co=C,+(R/k)(AC/At) (Cy corresponds to the 
channel number for target gamma rays, k is the velocity 
of light, and R is distance from target to detector), V, 
is the number of deuterons per cm? in target, g is the 
number of protons striking the target, e(£) is the 
efficiency of the detector for neutrons of energy E, 
and A is the area of the detector. Figures 4-7 display 
the cross sections for various proton energies and angles. 

The zero-degree spectra at 6.06 and 7.15 Mev are in 
good agreement with the measurements of Cranberg 
and Smith.? 


Errors 
Inspection of Eq. (1) indicates several sources of 
error. The statistical uncertainty in nz was less than 
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Fic. 4. 0° experimental neutron spectra at several bombard- 
ing energies, in the laboratory system and uncorrected for time 
resolution. 
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“1G. 5. 0° experimental neutron spectra plotted in c.m. system. The 
effect of a time unfold is shown as a dashed curve. 
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Fic. 6. The experimental neutron spectra plotted in c.m, 
system as a function of bombarding energy and c.m. angle. The 
variation of c.m. angle over the neutron energies plotted is less 
than +5°. 


10% and in general was only a few percent. The average 
value of At/AC over the channels occupied by the 
neutron spectra was determined by using a double 
display, that is, one stop pulse for every two rf cycles. 
In this way the spectra appeared doubly (Fig. 3) 
and the time between succeeding gamma peaks corre- 
sponded to the period of the cyclotron—an accurately 
known time. The variation of At/AC with channel was 
measured by feeding the start channel of the converter 
with a source and using the cyclotron rf to generate 
stop pulses, thus producing a random time spectrum. 
For a constant At/AC this spectrum should be flat, 
and it was measured to be flat within a few percent. 
(This operation was repeated during the experiment 
from time to time and indicated no reproducible 
structure.) The remaining errors in number of deu- 
terons per cm? in target, charge collection efficiencies, 
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Fic. 7. 0° neutron peaks calculated in Born approximation, 
which are to be compared with the experimental results shown 
in Figs. 5 and 6. 


and efficiency of detector may all be lumped together 
since the detector was calibrated using a D(d,n)He® 
source, i.e., the same gas, gas cell, current integrator, 
and associated gear were used in calibration as in the 
p-d runs. Therefore, the only error is in the cross section 
measurement for the D(d,n)He’® reaction. This is 
estimated to be about 5%. Secondary electron emission 
from the gas target and local beam heating effects in 
the De gas introduced less than 5% errors. The absolute 
errors on the cross sections are thus of the order of 10%. 


DISCUSSION 


From Fig. 5 it can be seen that the calculations of 
Heckrotte and MacGregor‘ give the correct shape and 
position for the high energy peak. If the Coulomb 
interaction of the two protons is neglected then the peak 
occurs at the maximum available energy. This is in 
agreement with the calculations for the nd reaction.>. 
Heckrotte’s and MacGregor’s calculations indicate that 
at 8.9 Mev the angular distribution of this peak should 
be relatively constant from 0° to 30° in the c.m. system 
and then decrease rapidly for larger angles. This 
prediction is in qualitative agreement with the data 
(Fig. 6). It is not surprising that the absolute cross 
section and the variation of cross section with energy 
are incorrectly given since Heckrotte and MacGregor 
have assumed that the incident proton collides with a 
“free” neutron. 
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Polarization of + Rays in Pb*”’ 
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Polarization-direction measurements have been made on the y-ray transitions in Pb”? resulting from the 
decay of Bi’, These measurements were made to obtain additional information on both the spin of the 
level at 2.34 Mev and the multipole character of the decay y ray. The observed polarization eliminates the 
possible spin assignment 9/2. It is concluded that the spin assignment is 7/2 and that the 1.77-Mev y ray 


is predominantly M1. 


INTRODUCTION 


HE decay of Bi*’ to levels in Pb’ has been of 

special interest because of the successful shell- 
model interpretation of the low-lying states of Pb?" 
A level diagram of Pb’ is given in Fig. 1. About 8% 
of the time the decay of Bi’ populates the state at 
2.34 Mev.** This state decays predominantly by a 
1.77-Mev y ray to the first excited state at 0.57 Mev. 
There has been some question as to whether the state 
at 2.34 Mev should be designated as the f72 or the 
hg)2 state.> Lazar and Klema’ made an accurate meas- 
urement of the angular correlation of the 1.77-0.57 
Mev decay to obtain information on the spin of this 
state and the character of the 1.77-Mev y ray. The 
values obtained for A» and A, (the coefficients of the 
Legendre functions P, and P,) are given in Table I. 
The observed correlation did not give a unique assign- 
ment. The observed value for A» selects the four possi- 
bilities listed in Table I. On the basis of a comparison 
of the observed value for A, with the values expected 
for the different possibilities, one concludes that the 
most likely assignment is 1, although 3 is a possible 
assignment. The possibilities 2 and 4 give increasingly 
strong disagreement for the value of A 4. 

From a careful study of the decay of Bi*’, Alburger 
and Sunyar* found convincing evidence for assigning the 
2.34-Mev state as f7/2. In addition, from a comparison 
of the observed K-shell conversion coefficient with 
possible theoretical values, they concluded that the 
1.77-Mev transition was predominantly £2. This was 
in strong conflict with the results of Lazar and Klema 
since it required the extremely unlikely assignment 4 
(with 6=—4.2). However, the interpretation of the 
internal conversion measurement by Alburger and 
Sunyar was made before Sliv’s important ‘“‘finite 
nuclear size’? correction to M1 K-shell internal con- 
version was generally recognized. When the new value 


*Summer research from Purdue University, 
Lafayette, Indiana. 
1M. H. L. Pryce, Proc. Phys. Soc. (London) A65, 773 (1952). 
2 —D. E. Alburger and M. H. L. Pryce, Phys. Rev. 95, 1482 (1954). 
3N. H. Lazar and E. D. Klema, Phys. Rev. 98, 710 (1955). 
4D. E. Alburger and A. W. Sunyar, Phys. Rev. 99, 695 (1955). 
5 See references 3 and 4 for additional references to the extensive 
earlier experimental work on this decay scheme. 
6. A. Sliv, Zhur. Eksptl. i Teoret. Fiz. 21, 77 (1951); L. A. 
Sliv and M. A. Listengarten, Zhur. Eksptl. i Teoret. Fiz. 22, 29 
(1952); and L. A. Sliv and I. M. Band, Leningrad Physico- 


participant 


for the theoretical K-shell M1 conversion coefficient of 
3.4X10-* is compared to the experimental value of 
(2.5+0.5)10-* it seems possible that the 1.77-Mev 
y ray could be mostly M1. In that case, one would have 
the much more likely assignment 3 of Lazar and Klema 
which requires spin 7/2 and mostly M1 radiation. 

We have previously found that linear polarization- 


cael 





























Pp20? 
Fic. 1. Level diagram for Pb®’. Energies in Mev. Note.—The 
number 1.79 should read 1.77, 
Technical Institute Report, 1956 [ translation: Report 57 ICCK1, 
issued by Physics Department, University of Illinois, Urbana, 
Illinois (unpublished) ]. 
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TABLE I. Possible angular correlation coefficients. The first column contains the number which identifies the possible assignment of 


the 1.77 


0.57 Mev cascade based on the angular correlation measurement of Lazar and Klema. These assignments are listed in columns 


2 and 3. The expected values for Az and A, (the coefficients of the Legendre functions P2 and P,) are given in columns 4 and 5. The 


experimental values of Az and A, are given at the bottom of the table. 


Assignment Spin sequence 


9 
) 


E24 M3)5/2(E2)1) 2 
E2+ —2.8 
£24+M1)5 (2 
E2+M1)5/2(E2 


erimental 


2( 
2( 
2( 
2( 
x] 


‘ 
7 
Ex 


direction correlation measurements were useful in 
resolving ambiguous assignments resulting from angular 
correlation measurements.’:"’ We therefore calculated 
the expected polarizations of the y rays for the possi- 
bilities listed in Table I. These are given in Column 4 
of Tabie II. It is seen that the expected polarizations 
are quite large and are sufficiently different to allow a 
unique assignment of the spin and character of the 
decay of the 2.34-Mev state. We wish to report this 
additional information obtained from some linear 
polarization-direction correlation measurements. 


METHOD AND APPARATUS 


Biedenharn and Rose® have given convenient formu- 
las for the expected linear polarization-direction correla- 
tions. For the case of a y-y cascade with one pure 
multipole radiation (Z;) and one mixed multipole 
tadiation (Le, Ze+1), one has W(0¢)=W1teWu 
+ 26W 111, where 6 is the ratio of the intensities of Z2+1 
to Le multipoles in the mixed transition. W1, W11, and 
Wi are the linear polarization-direction correlation 
functions for pure 2 pole-pure 2 pole, pure 2” 
pole-pure 2/+1 pole, and the interference term, respec- 
tively, Here @ is the angle between the directions of 
propagation of the two y rays and ¢ is the angle between 
the direction of walaxinntion and the normal to the 


TABLE II, Expected and observed y-r 
cascade. 


+0.184 


—0.085 


ray polarizations. Columns 1 and 2 
The y ray whose polarization is measured is designated by italicizing the y-ray energy. The expected value for the polarization, 


As 


“+40. 0315 
—0.014 
— 0.0002 
—0.068 

+ (0.029+0.014) 





— 0.0087 
— 0.0087 
— 0.0087 
— 0.0087 
— 0.0087 +0.0089 


plane defined by the directions of propagation of the 
two ¥ rays. 

Our polarimeter, which is based on the Compton 
scattering mechanism, has previously been described.’ 
The polarimeter is arranged so that 2= 90°. We measure 
Niui/N,, the ratio of the triple coincidence rate for the 
position when the detector of the Compton scattered 
photons is in the plane of the two y rays to the 
triple coincidence rate for the perpendicular posi- 
tion. Therefore, the polarization, P, is given by 
W (90°,90°)/W(90°,0°). The ratio N;,/Ny and P are 
connected through the relation 


Nu/MNi=(P+R)/(1+ RP), 


where R is the sensitivity of the polarimeter. For ideal 
geometry, R is simply the ratio of the differential 
Compton cross section averaged over the polarizations 
of the scattered photon, i.e., 


R= (do/dQ) g—2j2/(da/dQ)p~0, 


and @ is the angle between direction of polarization of 
the incident photon and the plane of scattering. The 
finite extent of the detectors will reduce the value of 
the asymmetry ratio R. The actual values for R have 
been measured for y-ray energies of 200 to 800 kev by 


identify the possible spin sequence. Column 3 lists the y-7 


P=W (90°,90°)/W (90°,0°), is given in column 4. Column 5 lists the polarization to be expected when one takes into account the finite 


geometry of the detector which detects the Y 
polarization. 


ray whose polarization is not measured. Column 6 shows the observed values for the 


(1) , (3) (4) (5) (6) 
7 rays Theoretical Theor pol Observed 
Spin sequence (Mev) polarization with finite geom polarization 
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7P. H. Stelson and F. K. McGowan, Phys. Rev. 105, 1346 (1957). 
8 F. K. McGowan and P. H. Stelson, Phys. Rev. 109, 901 (1958). 


*L. C. Biedenharn and M. E. Revs. Modern Phys. 25, 729 (1953). 
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POLARIZATION OF y 


the use of known polarizations from Coulomb excitation 
7 rays.* By comparison of these values with those for 
an ideal geometry, the experimental curve has been 
extrapolated to 1.77-Mev y-ray energy. For the three 
¥ rays of interest here, viz., 0.57, 1.061, and 1.77 Mev, 
we have taken the following values of R, respectively ; 
3.5+0.2, 2.10.1, and 1.57+0.07. 

The polarization of either y ray in a cascade can be 
measured. In the case of the 1.061-0.57 Mev cascade, 
only the polarization of the 1.061-Mev y ray was 
measured. The polarizations of both y rays in the 
1.77-0.57 Mev cascade were measured. The expected 
polarizations for the different possible spin assignments 
given in columns 1 and 2 are listed in column 4. The 
ray whose polarization is measured is designated by 
italicizing the x-ray energy. 

The finite extent of the y-ray detector which detects 
the y ray whose polarization is not measured attenuates 
to some extent the coefficients which enter into the 
calculation of the expected polarization. When these 
attenuation factors are introduced, one obtains the 
values of P expected for the finite geometry and these 
are given in column 5 of Table II. 

The general arrangement of the electronic gear has 
previously been described. The only change for the 
present experiment was that for some of the measure- 
ments a reduction was made in the resolving time to 
27=0.10 microsecond. 

The source for these measurements was bismuth 
nitrate dissolved in water. 


RESULTS AND DISCUSSION 


1.06-0.57 Mev Cascade 


The main decay of Bi®”’ is to the metastable state at 
1.63 Mev which in turn decays by a 1.061—0.57 Mev 


y-ray cascade. The nature of this cascade is well- 
established as 13/2(M4)5/2(£2)1/2. We have measured 
the polarization of the 1.061-Mev y ray in this case to 


check out our apparatus. The measured value of 
N,,/M, is 1.184+0.020. The random coincidence rate, 
which has been removed, amounted to 15% of the total 
coincidence rate. This value for Ni,/Ny leads to an 
experimental value for P of 0.620.04 and this com- 
pares with the expected theoretical value of 0.635. 


Pb207 


RAYS IN 


1.77-0.57 Mev Cascade 


An inspection of the expected theoretical values of P 
for the 1.77—0.57 Mev cascade shows that the measure- 
ment of the polarization of the 1.77-Mev y ray offers a 
better chance of making a unique assignment than does 
the measurement of the polarization of the 0.57-Mev 
y ray. Polarization measurements were made on both 
y rays but considerably more counting time was devoted 
to the polarization of the 1.77-Mev y ray. 

The result of the measurement of the polarization of 
the 0.57-Mev y ray is Ni,/Ni=1.00+0.07 and this 
leads to an experimental value for P of 1.00 +0.11. This 
result is consistent with assignments 1, 3, or 4 but 
makes assignment 2 unlikely since the difference is 
greater than two standard deviations. 

The coincidence counting rate during the determina- 
tion of the polarization of the 1.77-Mev y ray was about 
7 counts/hr. The random coincidence rate was 12% of 
the total coincidence rate. The observed value for 
Nii/N,, corrected for the random rate, is 1.086-+-0.037. 
The corresponding value for P is 0.680.11. This result 
clearly eliminates assignments 1 and 2 both of which 
have spin 9/2. It also makes assignment 4 unlikely since 
this differs by two standard deviations. The ob- 
served polarization agrees reasonably well with assign- 
ment 3 which requires 7/2(E2+M1)5/2(£2)1/2 and 
5= —0.085. 

The observed result that the 1.77-Mev y-ray transi- 
tion between the fz: and the fj2 states is 99.3% M1 
and 0.7% (£2) agrees with the following theoretical 
estimate of this mixture. It is known that the decay of 
the first excited state of Pb*’ by a pure £2 transition is 
much faster than that expected for a shell-model 
neutron” and this indicates the importance of collective 
motion for £2 transitions in Pb”’. From this evidence 
it is reasonable to assume that the B(#2)qa for the 
1.77-Mev transition also results from collective motion. 
If one takes the B(£2)q equal to that observed for the 
0.57-Mev transition one obtains a partial half-life for 
E2 decay of 4X10-" sec. On the other hand, one 
expects the M1 decay rate to be given reasonably well 
by the shell model transition rate. This estimate gives 
a partial half-life for M1 decay of 5X10-" sec. The 
estimated ratio of 80 for M1 to £2 intensities agrees 
well with the observed value. 


0 P. H. Stelson and F. K. McGowan, Phys. Rev. 99, 112 (1955). 
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Evidence for the Polarization of B'* Nuclei Produced in a (d,p) Reaction* 
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(Received March 2, 1959) 


Evidence is presented that a lower limit for the polarization of B" nuclei produced in the (d,p) reaction 
at 2.8 Mev is 17+5%. The sign of the polarization Pp is in disagreement with the Newns model, and it is 
in agreement with a modified classical model. The sign of the proton polarization determined by Hillman 
and by Juveland and Jentschke is also in agreement with the modified classical model. 


EASUREMENTS of proton angular distributions 
from (d,p) reactions have been interpreted in 
terms of stripping theory.’ More recently the polariza- 
tion of protons from (d,p) reactions has been observed?“ 
and interpreted in terms of final-state interactions.°-” 
Newns' correctly predicted that the protons produced 
in a stripping reaction should be polarized. He intro- 
duced a classical model to illustrate the expected direc- 
tion of polarization of the proton. This is illustrated in 
Fig. 1(a) for a proton scattered to the left and the total 
angular momentum of the absorbed neutron j, equal to 
—4, where / is the orbital angular momentum carried 
into the nucleus. The sign of the proton polarization P, 
is negative. The vector polarization is defined as 
P,=P, (k,Xka)/|k,Xka| where k, and k, are the mo- 
menta of the proton and deuteron respectively. In 
Fig. 1(a) k, is perpendicular to k,, the momentum of 
the neutron. Newns stressed that the classical picture 
would be approximately correct only for large k,,ka 
and for a well-localized deutron. He also pointed out 
that the m=0 component of the deuteron spin function 
is neglected, and that it is a two-dimensional model. If 
the latter two conditions are removed, the sign of P, 
is unchanged. It is interesting to note that the Newns 
model also predicts that the recoil nucleus with mo- 
mentum kz should be polarized. In Fig. 1(a) the recoil 
nucleus polarization Pr is positive. 

The sign of P,, measured by Hillman in the C"(d,p)C" 
reaction with deuteron kinetic energy 7; of 4.05 Mev 
and by Juveland and Jentschke‘ in the C(d,p)C" and 
Si°*(d,p)Si** reactions (7);,= 11.9 Mev) is opposite to the 
prediction of the Newns model. The sign of Pr obtained 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t Now at Lockheed Aircraft Corporation, Missile Systems 
Division, Palo Alto, California. 

t Now at the University of Heidelberg, Heidelberg, Germany. 

' See, for example, S. T. Butler and O. H. Hittmair, Nuclear 
Stripping Reactions (John Wiley and Sons, Inc., New York, 1957) 

? P. Hillman, Phys. Rev. 104, 176 (1956). 

’J. C. Hensel and W. C. Parkinson, Bull. Am. Phys. Soc. 2, 
228 (1957). 

‘A. C. Juveland and W. Jentschke, Phys. Rev. 110, 456 (1958). 

°H. C. Newns, Proc. Phys. Soc. (London) A66, 477 (1953). 

® J. Horowitz and A. M. L. Messiah, J. phys. radium 14, 731 
(1953). 

7 W. B. Cheston, Phys. Rev. 96, 1590 (1954). 

* J. Sawicki, Phys. Rev. 106, 172 (1957). 

*Q. Hittmair, Z. Physik 144, 499 (1956). 

 H. A. Weidenmiiller, Z. Physik 150 389 (1958). 


in the B'(d,p)B™ reaction (7;,=2.8 Mev) described in 
this paper also is opposite to the Newns model. 

The calculations of Newns,> Horwitz and Messiah,® 
and Hittmair® are based on a model in which the proton 
wave is distorted but the deuteron wave is a plane wave. 
All three give the wrong sign for the polarization. The 
Newns model [Fig. 1(a) ] also implicitly assumes that 
the mean free path of the deuteron \q is greater than 
the nuclear radius 7 and that the proton mean free path 
A, is comparable to r. 

The correct sign of P, is obtained by Cheston’'* and 
Weidenmiiller’® who use distorted wave functions for 
proton and deuteron. Weidenmiiller pointed out that 
the distortion of the deuteron wave function must 
exceed that of the proton wave function. The polariza- 
tion produced by deuteron distortion is opposite in sign 
and must be larger than the polarization produced by 
the proton distortion to account for the experimental 
sign of the polarization.” 

These considerations suggest the modified classical 
picture§ illustrated in Figs. 1(b), 1(c), and 1(d) which 
yields the correct signs for P, and Pr. In Fig. 1(b) the 
same scattering event depicted by the Newns model 
(Aa>r, 4p&r) in Fig. 1(a) is described by the modified 
classical model (Agr, A\a<A>). The (d,p) reaction does 
not occur in the hatched area, since the deuterons will 
not penetrate so far into nuclear material. Events occur- 
ing in region 1 and region 2 will contribute oppositely 
to P, (and Pr). Since region 1 is larger than region 2, 
the polarizations P, and Px will have the signs indicated 
in Fig. 1(b). The magnitudes of Pr and P, will be small 
and opposite in sign to those in Fig. 1(a). When 
A»>Aa<r, region 2 disappears and larger values of Pr 
and P, are expected. In Fig. 1(d) a proton scattering 
to the right and j,=/+3 for \,>Aa<r is depicted. 

The elastic scattering cross sections for deuterons on 
heavy nuclei break away from the Rutherford value at 
large apsidal distances. This has been interpreted by 
Porter! as evidence that \a<r. The mean free path for 
nucleons is large compared to r at low energies and 
reaches a minimum value comparable to the radius of 

§ Note added in proof.—Professor Jentschke kindly pointed out 
to the authors that the modified classical model had been proposed 
earlier in the unpublished thesis report of A. C. Juveland at the 
University of Illinois. See also G. R. Satchler, Comptes rendus du 
congrés international de physique nucléaire (Dunod, Paris, 1959), 


p. 101. 
1C, E. Porter, Phys. Rev. 99, 1400 (1955). 
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a light element.” Therefore Fig. 1(c) and Fig. 1(d) 
where A,>Aa<r represent the correct classical picture. 
Further considerations of the model shows that P, is 
zero in the forward and backwards directions, and it 
decreases rapidly for larger angle scattering. Cheston has 
shown that the relative sign of P, and Pr predicted by 
the classical models is correct." 

The polarization of the B” ions was determined by 
looking for an asymmetry in the angular distribution 
of high-energy beta particles emitted in the decay of 
B”. A pancake-shaped, 18-inch diameter scattering 
chamber was specially constructed for this purpose 
(see Fig. 2). When protons in the stripping peak are 
produced in the plane of the scattering chamber on 
opposite sides of the beam line, B™” ions recoil at a maxi- 
mum angle of 53° with respect to the beam direction 


(a) j, #t-), (b) j, t= 


P=P (kpx ky) 
Ikpxkgl 


Fic. 1. The symbols@ and X stand for the directions of polariza- 
tion of the recoil nucleus with momentum kg or of the proton 
with momentum k, which are produced when a deuteron of mo- 
mentum kg is stripped of a neutron of momentun k,,. The symbols 
@ and X denote polarization parallel to or antiparallel to k,Xka. 
In Fig. 1(a) the Newns model (Ap<Aa; Ap==r) predicts “spin-up”’ 
recoils and “‘spin-down”’ protons when the protons are scattered 
to the left and j,=/—}. In Fig. 1(b), the modified model 
(Ap>Aa, Ar) predicts opposite signs for the polarization, since 
region 1 is larger than region 2. The polarization will be small. 
In Fig. 1(c) the modified model (Ag>Aa<r) predicts large polari- 
zations opposite from the Newns model under the same conditions. 
Figure 1(d) illustrates proton scattering to the right for the case 
i,=1+4 and Ap>Aa<r. The (d,p) reaction does not occur in the 
shaded regions of the nucleus. 


2F, L. Friedman and V. H. Weisskopf, Niels Bohr and the 
Development of Physics (Pergamon Press Limited, London, 1955), 
p. £59. 

13 W. B. Cheston (private communication). 


PRODUCED 


IN A (d,p) REACTION 


Fic. 2. (A) depicts a cut-away drawing of the front of the pan 
cake-shaped scattering chamber showing the beam line, ion col- 
limator, the Faraday cup, the 7g-in. Al covers, and the counter 
telescope. (B) and (C) are special views of the counter telescope 
and ion collimator, respectively (see text). In (A) the counter 
telescope is in a position for a measurement at a point on the 
+53° line. 


and are stopped in the chamber in hydrogen gas at a 
distance of several inches from the boron target. In 
subsequent decays of B"” nuclei, beta particles emitted 
in a direction normal to the thin Al covers of the 
pancake-shaped scattering chamber may be detected 
by a counter telescope. The collimator in the counter 
telescope restricts the gas volume in which beta par- 
ticles can originate and still reach the detectors to about 
one cubic inch. Measurements are made over those 
regions of the scattering chamber where the recoil ions 
from the stripping reaction stop in order to delineate 
the spatial distribution of recoil ions. Two broad dis- 
tributions are found on opposite sides of the beam line 
along the +53° radial lines (see Fig. 2). The counting 
rates for beta rays emitted along the +53° lines were 
found to differ. The relative values reversed when the 
counter telescope was moved to the opposite side of the 
chamber. 

In this experiment, a collimated 1/2-uamp beam of 
2.8-Mev deuteron ions from the Stanford cyclotron 
was incident on a 5-ug/cm? layer of enriched boron 
(>99°% B") deposited on a 0.00002-in. Ni foil."* The B” 
recoil ions produced in B"(d,p)B™ reactions when the 
proton comes off in the stripping peak are energetic 
enough (7,~200 kev) to pass through the 5-ug/cm? 

44 The enriched boron layer was prepared by the Atomic Energy 
Research Establishment, Harwell, Berks., England 
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Fic. 3. The relative 
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layer of boron and lose less than 10% of their total 
kinetic energy in the process. The remainder of the 
kinetic energy is expended in collisions in hydrogen gas. 
The B” ions are brought to rest in the hydrogen gas 
with a reasonably well-defined range. Figure 2(A) shows 
a schematic diagram of the 18-inch diameter recoil 
chamber in which the B® ions are slowed down by col- 
lisions with hydrogen. As shown in Fig. 2(C), the recoil 
ion collimator (b) stops all recoil ions produced in the 
boron layer (a) which would otherwise strike the sur- 
faces of the recoil chamber. The gas pressure was main- 
tained at about 22 mm Hg (7~ 20°C) during the experi- 
ment. The deuteron beam was pulsed on for 16 msec in 
order to produce B” ions. During the periods (16 msec) 
between pulses, the B® ions were detected by observing 
the beta particles resulting from the beta decay of B” 
(4}=25 msec; 7=13.4 Mev). A counter telescope con- 
sisting of a Pb collimator, two plastic scintillators, each 
thick enough to reduce the energy of a relativistic elec- 
tron by 1 Mev, followed by a plastic scintillator large 
enough to stop most of the electrons in the beta spec- 
trum of B” is used [see Fig. 2(B) and 2(A) ]. In order 
to be counted, the beta particles must produce a triple 
coincidence and must have an initial kinetic energy of 
at least 3 Mev. The electronic circuitry has been de- 
scribed previously.'® 

Although the counting was done during the periods 
between beam bursts, there was still a serious triple- 
coincidence background counting rate due to the re- 
sidual B™ radioactivity in the ion collimator and a 
general neutron-induced background. The B® radio- 
activity background produced in the ion collimator was 


15H. I. West, Jr., and L. G. Mann, Rev. Sci. Instr. 25, 129 
(1954). 
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strongly peaked in the vicinity of the boron target (this 
background correction was only important for the 2-in. 
point, see Fig. 3) whereas the neutron-induced back- 
ground was uniform over the scattering chamber. Back- 
ground counting rates were determined by repeating 
the experiment with no gas in the chamber and by using 
the total integrated charge and the singles counting rate 
in the large scintillator as monitors for the former and 
latter kinds of backgrounds. The background counting 
rates were carefully determined to be equal at corre- 
sponding distances along the +53° radial lines, both on 
the front side and back side of the chamber. The align- 
ment of the recoil ion collimator with the chamber face 
also was performed with sufficient care so as to rule out 
the possibility of misalignment of the system to explain 
the magnitudes of the asymmetries found. 

Figure 3 summarizes the results of this experiment. 
The counting rate is plotted as a function of radial dis- 
tance along the +53° lines on both sides of the chamber. 
It is seen that the asymmetry in the beta counting rate 
along the +53° line reverses direction when the counters 
are placed on the opposite side of the chamber. When 
the integrated counting rates are compared, the quan- 
tity (Vi,—N_)/(N4+N_) is found to be +27+10% 
and —14+6% on opposite sides of the chamber. The 
quantity Vy, is the integrated counting rate along the 
+53° line. A polarization of the B” nuclei of at least 
17% is required to yield the measured asymmetry in 
the angular distribution of the beta decays.'* Since de- 
polarization effects are extremely difficult to estimate, 
the magnitude of our result is, strictly speaking, a lower 
limit.!7 

In summary evidence is presented for a lower limit 
Pr of 174+5% for recoil B” ions produced in a (d,p) re- 
action. Because the measured asymmetries are small 
and the experimental uncertainties are large, the polari- 
zation is only a few standard deviations away from a 
null value. Therefore measurements employing higher 
beam fluxes are highly desirable. Final-state interactions 
must be evoked to account for our result. With polarized 
B® nuclei, a measurement of the magnetic moment of 
B" becomes possible. 
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16 T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 

17 The B® ions may be depolarized during the stopping process 
and during the ensuing thermal collisions which occur before beta 
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(y,2n) Reactions in Light Elements* 


J. O’ConneEtt, P. DyaL, AND J. GOLDEMBERGT 
Physics Research Laboratory, University of Illinois, Urbana, Illinois 
(Received May 4, 1959) 


The yields at several energies for the reactions C#(y,2n)C, O'%(y,2n)O™, F!(y,2n)F!7, Na®3(-y,2n)Na?!, 
P31 (-7,2p)Al*, and P*!(y,2pn)Al?8 were measured using the x-ray beam from the University of Illinois 300 
Mev betatron. It was found that the ratio of integrated cross sections of the (7,2) to (y,m) reactions in F¥ 
and in Na® is of the order of 0.1 and approximately 1-2 orders of magnitude smaller for C and O'*, The 
small (y,2m) yields for C* and O" are consistent with statistical competition between emitted particles if 


the gamma-ray absorption decreases rapidly with energy above the giant resonance. 


INTRODUCTION 


2 the medium-weight elements where the (y,2v) 
cross section has been measured, it is found that 
S-oy,.2dE is about 10% of fo,,,dE and agreement is 
found between the measured ratio of o,,2,/oy,n and that 
calculated from a statistical theory.' In light elements 
the fo,.2,dE might not remain a constant fraction of 
Jo,,.dE both since neutron binding energies vary 
rapidly, and since statistical theory may not be appli- 
cable. This experiment measures some (7,2) yields 
relative to (y,2) and indeed finds that the ratio of 
S oy.2ndE to fo,,,dE is not constant from element to 
element. 


MEASUREMENTS 


The (y,2m) and other reactions measured were 
studied with the 300-Mev betatron of the University 
of Illinois. The yields were measured by detecting the 
radioactivity of the residual nucleus in a 5-in.X4-in. 
Nal crystal connected to a 100-channel pulse-height 
analyzer; since some of the reactions involved short- 
lived products, a pneumatic system was used to transfer 
the samples from the 300-Mev machine to the counting 
room. The reactions investigated were C!?(y,2n)C", 
O!6 (,2n)O"," F!9(-y,2n) F!7, Na*3(-y,22) Na”, P?!(-y,2p) Al’, 
and P*!(y,2pn)Al’’. Table I contains data on the nuclei 
involved. 

TABLE I. Data for the reactions investigated. 


y radiation 
measured 


Daughter 
nucleus 


Parent 


nucleus Reaction Half-life 


0.511 Mev 
0.72 Mev 
0.511 Mev 
2.3 Mev 
0.511 Mev 
0.511 Mev 
0.511 Mev 
0.511 Mev 
1.28 Mev 
1.78 Mev 


Cc (y,n) cu 
Cc (y,2n) Ce 
o's (y,n) O's 2.1 min 
O16 (y,2n) oO 76 sec 

Fs (y,n) Fis 112 min 
Fis (y,2n) Fu 70 sec 

Na” (y,2n) Na?! 
ps! (y,n) px 

ps (y,2p) Al® 
p# (y,2pn) Al?s 


20.5 min 
10 sec 


23 sec 
2.5 min 
6.6 min 
2.3 min 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

ft Visitor from University of Sao Paulo, Sao Paulo, Brazil. 

1 Montalbetti, Katz, and Goldemberg, Phys. Rev. 91, 659 
(1953). 


The half-lives were checked using an Esterline-Angus 
chart recorder and found to be correct to within 10%; 
the (y,2) yields were compared and found to be con- 
sistent with the Perlman and Friedlander? results. To 
obtain the ratio of the integrated cross sections, 


100 Mev 
; van | f 


from the measured yield ratios, rough activation curves 
(Fig. 1) were taken to locate the positions of the 
maximum cross sections; a spectral and a counting 
efficiency correction were then applied to the yield 
ratios to give the integrated cross sections. Table II 
contains the integrated cross sections of the different 
reactions relative to (y,v). The nitrogen results of 
Panofsky and Reagan* are included. Subsidiary in- 
formation is included in the last column. 


100 Mev 


Cy whe, 


TABLE IT. Relative integrated cross sections. 


Position 
of the 
peak for 
(y,2n) 


42 Mev 


Position 

of the 

peak for 
Element (y.”) 


C2 23 Mev 
N‘4 24 Mev 
Or 22 Mev 
Fs 20 Mev 
Na 20 Mev 
p#i 20 Mev 


(y,") (y,2m) 


0.003 

0.0078 
0.002 

0.14 

0.05 

0.06 (y,2p) 
0.08 (y,2pn) 


40 Mev 

32 Mev 

32 Mev 

45 Mev (y,2p) 
50 Mev (y,2pn) 


> (y,n) integrated cross section was taken from reference 4. 


TABLE III. Thresholds.* 


Element (y,2n) 
C2 i 32 

N'4 5 - 30.9 
oe 5. 28.9 
Fi * ; 19.5 
Na” , : 23.5 
psi é bi 23.6 


& Masses from Li, Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 512 
(1951); C. W. Li, Phys. Rev. 88, 1038 (1952); A. H. Wapstra, Physica 21, 
367, 385 (1955). 

b Semiempirical mass for F# was used. 

¢ This is the threshold for the reaction P#!(y,2pn)Al**. 

2M. L. Perlman and G. Friedlander, Phys. Rev. 74, 442 (1948). 

3 W. K. W. Panofsky and D. Reagan, Phys. Rev. 87, 543 (1952). 
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Fic. 1. The energy dependence 
of several photonuclear reactions. 
The relative yield scales of dif- 
ferent graphs are independent. 
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DISCUSSION 


The fluctuations in the ratio of integrated cross 
sections for (y,2”) reactions as one goes from C”, N", 
O'8, (~0.2%) to F® and Na* (~10%) are rather 
striking. The main difference between these elements 
appears to lie in the location of the thresholds as can be 
seen in Table III. The (y,2”) threshold for C”, N*, 
Q'* is ~30 Mev and the threshold for F'® and Na® is 
~20 Mev. 

The low (y,2n) yield in N™ might be attributed to 
competition with (y,p) * since this reaction has such 
a low threshold. One way the low values of fo,,2.dE/ 
Jo, .dE in C® and O' can be explained without 
involving special reaction mechanisms or giving up 
statistical theory, is by noting that if the gamma-ray 
absorption cross section falls off rapidly enough at 
energies above the giant resonance, any high-threshold 
multiple-particle process will be suppressed. Since the 


‘E. R. Gaerttner and M. L. Yeater, Phys. Rev. 77, 714 (1950). 


(y,2pn) 





20 30 40 50 6 % 60 90 
(MEV) 


peak of the giant resonance is about 20 Mev for the 
elements investigated, the (y,2m) process sets in “off 
resonance” in C” and O!® but still inside the giant 
resonance in F!* and Na*’; if the absorption cross section 
falls off sufficiently 10 to 20 Mev above the peak of the 
resonance, the contribution of the (y,2m) process can 
be quite negligible in C”? and O"* but still appreciable in 
F'’ and Na*™. We tried several shapes for the absorption 
cross section with tails (above 35 Mev) of the type 
E“, E~*, and E~ and calculated the ratio of the 
integrated cross sections assuming statistical com- 
petition to be valid and further considering only the 
competition of (y,7) and (y,2n); this seems to be justi- 
fied in the above elements considering the thresholds 
involved. This calculation, admittedly rough, shows 
that we can explain the results for the integrated cross 
sections assuming a tail of the type E~* above 35 Mev 


although E~ is not excluded; actually the results are 


not very sensitive to a power law between E~ and E™. 
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Direct-Interaction Effects in Medium-Energy Fission of Uranium* 


W. J. NicHotson AND I. HALPERN 
Physics Department, University of Washington, Seattle, Washington 


(Received May 5, 1959) 


The fraction of the fission events which occur after direct interactions rather than after compound nucleus 
formation has been determined in a number of bombardments of uranium. The projectiles used were 10.5 
Mev protons, 21-Mev deuterons, and 42-Mev alpha particles. The fraction of post-direct-interaction 
fissions was obtained from measurements of the angular correlation of coincident pairs of fission fragments 
which emerged at approximately 90° to the incident particle beam. The results indicate that (243)% of 
fission events in 42-Mev alpha particle bombardments and (5+5)°% in 21-Mev deuteron bombardments 


follow some type of direct interaction. 


N the interpretation of fission experiments performed 
at medium bombarding energies it is often of 
interest to know the relative amount of fission occurring 
after direct interactions (rather than after compound 
nucleus formation). An estimate of this fraction of 
events has recently been made on the basis of obser- 
vations of the fission-product mass distribution.! One 
can also obtain an estimate by multiplying each of the 
cross sections for known types of direct interactions in 
heavy nuclei by the chance that the reaction leads to 
fission. The sum of such products, divided by the total 
fission cross section, would give the fraction of fissions 
which follow direct interactions. 

The following measurement describes a more direct 
way to determine this fraction.’ A “direct interaction” 
means, for purposes of this experiment, a reaction in 
which the forward momentum of the struck nucleus at 
the time of fission is different from what it would have 
been if the incident particle were initially completely 
absorbed. Information about the momentum of the 
fissioning nucleus is obtained from a measurement of 
the angular correlation of coincident pairs of fission 
fragments as shown in Fig. 1. It is seen from the 
diagram that tan@ is P/P,, where P and P, are the 
components of the momentum of the fragment reaching 
counter 2. If a compound nucleus is formed, P has an 
average value equal to that of the incident momentum, 
P7n; otherwise it can be different, generally smaller. 
In any case, the observed values of P must be expected 
to be somewhat spread out about their average value. 
The main cause of this spread is the momentum given 
to the fissioning system by the neutrons which are 
evaporated before and after fission. Because the angle 
6 is very small at the energies in this experiment, the 
magnitudes of P; and P2 are very nearly equal to P,, 
the momentum of the fission fragments in their center- 
of-mass system. Indeed, it is true to a very good 
approximation that 6=P/P;, where P is the average 
forward momentum of the fissioning nucleus. The object 


* Supported in part by the U. S. Atomic Energy Commission. 

1 T. T. Sugihara et al., Phys. Rev. 108, 1264 (1957). 

* This technique has been used previously in bombardments 
with high-energy projectiles. V. I. Ostroumov, Doklady Akad. 
Nauk. S. S. S. R. 103, 409 (1955). 


of this experiment was to determine the value of P. 
This was done by measuring @ and estimating P,. 

To find 6, we measured the angular correlation 
between pairs of fission fragments. A natural uranium 
target was used in the experiment with each of the 
three projectiles available at the University of Wash- 
ington cyclotron, 10.5-Mev protons, 21-Mev deuterons 
and 42-Mev alpha particles. The target was a thin 
(0.1 mg/cm?) deposit of UO; on a VYNS? backing. 
The fragments were observed in a pulse ionization 
chamber (counter 1) and in a proportional counter 
(counter 2). They entered each counter through a 
1/20-mil nickel window. Each window was covered 
with a collimator subtending an angle of about 0.8° in 
the plane of the counters. The opening of the collimators 
was about 3° in the perpendicular direction. With these 
apertures and normal beam intensities (~4 mya), a 
coincidence rate of one count per minute was obtained 
at the peak of the angular distribution. The counters 
were able to discriminate against all particles other 
than fission fragments. As a result, the number of 
accidental coincidences was in all cases totally negligible 
even though the coincidence circuit employed had only 
a moderate resolving time (5 usec). 

Figure 2 shows the angular correlation obtained with 
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Fic. 1. The arrangement of the fission counters with respect 
to the beam. The angular correlation between fission fragments 
was measured with counter 1 at right angles to the incident beam 
and counter 2 movable. The relevant momentum relationships 
under these conditions are shown in the lower sketch. 


3B. D. Pate and L. Yaffe, Can, J. Chem. 33, 15 (1955). 
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Fic. 2. The angular correlation between coincident pairs of 
fission fragments in the alpha-particle bombardment of uranium. 
The angle @ is defined in Fig. 1. 


42-Mev alpha particles. It is based on four independent 
runs. Similar curves were obtained in the proton and 
deuteron bombardments. In the latter case, where the 
neutron background was expected to be the most 
serious, it was verified that only a negligible fraction of 
the fissions were being produced by neutrons. The 
angle 6=0 was located both with a jig constructed for 
the purpose and on the basis of the proton bombard- 
ments. The latter determination, which was the more 
precise, was based on the assumption that all of the 
fissions in bombardments with 10.5-Mev protons, follow 
compound nucleus formation. Both methods of locating 
6=0 agreed within 0.1°. 

In order to obtain a value of P from the measured 6 
it is necessary to have information about the value of 
P, and about any angular dependence that P; may 
have. For this reason complete pulse-height spectra of 
the fission fragments were taken in counter 2 at all 
angles. It was found, as one would expect from kine- 
matic considerations, that the average value of Py, 
decreased as 6 increased. The effect on P was small and 
was easily taken into account. For the protons, an 
appropriate value of P; was determined from the 
assumption that the average kinetic energy release, 
roughly twice (1/2M)(P,)?, with M the mass of a 
typical fragment, was 169 Mev. This value is the 
average of the measured values‘ in the thermal neutron 
fission of U** and Pu. In using a value for P; based 
on low-energy measurements, we are using the apparent 
fact that the mean kinetic energy release is quite 
insensitive to the bombarding energy.® Although it was 
not possible for us to measure absolute values of the 
kinetic energy release, it was possible to show, from 
measurements of fission pulse-height spectra, that this 
energy release changed by less than 3 Mev when the 


*W. E. Stein, Phys. Rev. 108, 94 (1957). 
® J. Jungerman and S. C. Wright, Phys. Rev. 76, 1112 (1949). 
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energy of bombarding alpha particles was raised from 
26 to 42 Mev. In the same way it was possible to show 
that P, for the proton, deuteron, and alpha particle 
bombardments in this experiment had the relative 
values 1.0 to 0.995 to 0.995 where the error of the 
measurement was about 1%. 

The first column in Table I lists the observed values 
of 6 with their estimated errors. The second column 
gives the computed values of the same quantity based 
on the assumption that all reactions leading to fission 
are taking place through compound nucleus formation. 
In computing the “compound nuclear” 6, exact kine- 
matic expressions were used in place of the small angle 
approximations with the above mentioned value for 
the mean fragment kinetic energy. The estimated 
uncertainty of the computed values of 6 is about 13%, 
or roughly the same as the errors in the measurements 
of 6. It comes mostly from uncertainties in the values 
of the kinetic energies of the fission fragments. 

Column 3 in Table I gives the measured widths of 
the angular correlations between fission fragments (see 
Fig. 2). The fourth column gives the expected widths 
on the basis of the geometry of the experiment and the 
calculated smearing of the correlation due to the neu- 
tron evaporation which takes place before and after 
fission. In each case at least half the estimated width 
is due to the neutron evaporation. It is seen from the 
table that the actual widths are within 10% of the 
estimated ones. The small discrepancy may indicate 
that the mean kinetic energies of the neutrons or their 
angular distribution (assumed isotropic) with respect 
to the fragments was misestimated. It is clear that, 
desirable as it might be to learn about higher moments 
of the P distribution by measuring the higher moments 
of the angular correlation, it would be difficult to do so. 
The loss in angular resolution due to the evaporation 
of neutrons is too severe at the bombarding momenta 
of the present measurement. 

It is seen from the table that the estimated values 
of 6 agree with the measured ones within their errors in 
all three cases. Within 2 to 3% for deuterons and about 
13% for alpha particles, the average forward momentum 
deposit is therefore the same as it would be if compound 
nuclei were always formed. Any difference in the two 
values could be expressed as a product of two factors: 
(the fraction of the fission events that follow direct 


TABLE I. The average angle in degrees between coincident fission 
fragments and the widths of the distributions in angle. 


Ga 6 Half-width Half-width 


Bombardment measured computed measured computed 


1.86 1.86 1.43+0.10 
3.6640.08 3.74 1.72+0.12 
7.3340.08 7.43 1.99+-0.07 


1.32 
1.59 
1.78 


10.5-Mev protons 
21-Mev deuterons 
42-Mev alpha particles 


«@ is the difference between the average angular separation of a pair of 
coincident fission fragments and 180° (see Fig. 1). 

b The @=0 position was chosen such that the measured and computed 
6 for protons were equal. 
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interactions rather than compound nucleus formation) 
X (the difference between the mean forward momentum 
deposit in the direct interactions and compound nucleus 
formation). For example, if the direct interactions 
happened to result in deposits of the same average 
momentum as in the normal reactions, they would not 
be detectable in the present measurement. 

It is reasonable to assume, however, that the forward 
momentum deposits in direct interactions are appreci- 
ably smaller than compound nuclear deposits. Angular 
distribution measurements of some specific direct inter- 
actions like stripping and inelastic scattering tend to 
support this assumption. We have found, for example, 
that the inelastically scattered alpha particles in (a,a’ f) 
reactions appear predominantly forward of 60°, leaving, 
on the average, only about } of the incident momentum 
with the nucleus. According to all indications, this 
number, {, should apply in good approximation to all 
of the direct interactions which are induced by alpha 
particles. Using this number, the figures in Table I 
imply that (2+3)% of the fission events follow direct 
interactions of some sort. This conclusion is consistent 
with one based on the summation of those reactions 
reported by Vandenbosch e/ al.° that appear, from the 
nature of their excitation curves, to involve direct 
interactions. 

It would appear from an analysis of deuteron strip- 


§ R. Vandenbosch ef al., Phys. Rev. 111, 1358 (1958). 
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ping angular distributions’? that at most half of the 
incident momentum is left in the nucleus of these 
reactions. This, together with our measurements of 6, 
leads to an estimate of (5+-5)% for the amount of direct 
interaction preceding fission for the deuteron bombard- 
ments. 

It would be desirable to relate the above results to 
the quantity op/or, the ratio of the direct-interaction 
cross section to the reaction cross section. However, 
because we use fission as an indicator, we can at best 
learn something about (op/or)>s, where the subscript 
means that the measurement involves excitation ener- 
gies which lie above the fission threshold (~6 Mev). 
Actually we measured (cpr/orr)>6, that is, the ratio 
of the fission-producing parts of the direct and total 
cross sections. But one can easily show that in the 
alpha-particle bombardment, for example, (¢p/cr)>6 
~1.3(cpr/orr)>s. The factor 1.3 is obtained from the 
known fissionabilities* of the nuclei involved in the 
reactions. On the basis of our result that (opr/orr)>s 
= (2+3)%, it follows that (op/or)>6= (344)%. 
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Measurement of Primary Directions in Extensive Air Showers* 


C. B. A. McCusker 
Dublin Institute for Advanced Studies, Dublin, Ireland 
(Received March 24, 1958) 


The abilities of various extensive shower arrays to detect possible departures from isotropy of the direc- 
tions of incidence of very high-energy cosmic-ray primaries are analyzed. The effects of angular resolution, 
selectivity of total energy and sensitivity to the nature of the primary are discussed. A simple method of 
analyzing variation in intensity with declination is given and applied to some recent experimental results. 
It is shown that in two well-known cases these are not consistent with the hypothesis of isotropy of in- 


coming directions. 


I. INTRODUCTION 


XTENSIVE air showers of cosmic radiation are 
due to primary particles of great total energy. The 
assignment of the lower limit to this energy is a matter 
of definition of what constitutes an extensive air shower. 
One might reasonably choose 10" ev. No upper limit 
to the total energy is known. Showers whose total 
energy was as high as 10'%ev. have been reliably 
reported and even higher energies have been claimed. 
* This work was sponsored by the Office of Scientific Research 
of the Air Research Development Command, U. S. Air Force 
through their European Office. 


The origin of particles of such high energy is of great 
interest and an obvious way to obtain information about 
this is to study the directions of arrival of these showers 
and to try to see if any particular directions in space are 
preferred or not. The experiment, however, is greatly 
complicated by a number of factors, one being the 
very small flux of high-energy particles. 


II. NATURE OF THE PROBLEM 


The nature of the primaries producing extensive air 
showers is not known. Conservatively one may expect 
that these include all nuclei from hydrogen to iron 
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TABLE I. ‘The table gives the time in hours and minutes taken for a small area of the sky of declination 6 
to pass through the 30° acceptance cone of an array at latitude X. 


Latitude of \ Declination 
station \of source 0° » 20° 


0° : 3:43 2:56 
10° a ; 3:56 
20° an Ke 4:16 
30° 3: 4:15 
40° 3:28 
50 0 
60° 


since these are observed in cosmic radiation at lower 
energies. It has been suggested! that as the energy in- 
creases the ratio of heavy primaries to protons also 
increases and that possibly extremely energetic showers 
are caused by uranium nuclei. Other suggestions have 
included high-energy neutrons, antiprotons, Dirac 
monopoles, and dust particles. Even on the most con- 
servative estimate, one can expect to be dealing with a 
rather bewildering array of primary particles: namely, 
all nuclei from hydrogen to iron of all total energies 
from 10" ev upwards. One cannot expect that if one 
component, say protons of 10" ev, shows a particular 
variation in intensity over the sky, that all other com- 
ponents will show a similar variation. To take an 
example from more conventional astronomy, photo- 
graphs of a galaxy in red and in blue light can be very 
different. Thus in investigating this problem one would 


ideally like to be able to select showers generated by 
one particular type of primary particle in one fairly 
narrow energy band. 


III. ARRAYS OF GEIGER COUNTERS 


The great majority of experiments performed in this 
field to date have been made with unshielded arrays of 
Geiger counters. These arrays have three major dis- 
advantages. In the first place it has not been found 
possible to discriminate with them between showers 
of the same total energy produced by different types 
of primary. Secondly, they generally can be triggered 
by any shower whose energy is greater than a certain 
minimum and this minimum is not sharply defined. 
Thirdly their angular resolution is very poor. 

For most of the arrays it has been found that the 
intensity decreased with respect to the angle from the 
vertical according to a law of the form 


I(8) < cos"6, 


where m can be from 4 to 10. It must be remembered 
that even for the largest exponent the greatest number 
of showers observed per unit angular interval tends to 
be in the interval around 20° to the vertical because 
of the increasing area of the annuli as one goes out from 
the vertical. A simple approximation to this zenith 
angle dependence is to assume that showers can be 


1 B. Peters, Proceedings of the Varenna Conference, June, 1957; 
Nuovo cimento 8, Suppl. 2 (1959). 
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detected within a cone of half-angle 30° to the vertical 
but not outside. This is adequate for most applications. 

Using this approximation one sees that this sort of 
array can say nothing about the declination of the 
apparent point of origin of a shower other than that it 
lies between the values \+30° where d is the latitude of 
the array. The latitude also greatly affects the accuracy 
of the determination of the right ascension of the point 
of origin, if a determination of this is attempted. This 
is shown in Table I which gives the time in hours and 
minutes per sidereal day that a small area of declination 
6 spends within the 30° cone of an array at latitude X. 
For a station on the equator the maximum time that 
an area can spend within the cone is 4 hours. As one 
moves away from the equator this maximum time in- 
creases until for a station at either pole all areas within 
the cone remain within it forever. 

It is obvious that for a given area to produce a 
variation in the rate of showers detected by such an 
apparatus with sidereal time, the area must be either 
very large, or its intensity very much above background. 


IV. IMPROVEMENT OF THE ANGULAR 
RESOLUTION 


This unsatisfactory situation has lead to attempts 
to improve the angular resolution of the system. 
Attempts to do this by arranging the Geiger counters 
in some particular way have not been markedly success- 
ful. But two other methods have resulted in consider- 
able improvement. The first of these continues to use a 
Geiger counter array as the triggering device but in- 
corporates one or more Wilson cloud chambers into 
the set.2 The cloud chambers photograph the extensive 
air shower and in favorable cases the direction of the 
shower through the array can be determined to within 
a few degrees. Knowing the local sidereal time at which 
the event occurred, one can then compute the right 
ascension (R.A.) and declination of the apparent point 
of origin. 

The second method uses large scintillators spaced 
out on some horizontal grid to detect the showers* and 
determines the direction of the shower through the 


2 Rothwell, Wade, and Goodings, Proc. Phys. Soc. (London) 
A69, 901 (1956). 

’ Clarke, Kraushaar, Linsley, Rossi, and Scherb, Nature 180, 
353 (1957). 
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apparatus by observing the difference in time of arrival 
of the shower front at the various scintillators. 

In the two experiments quoted it has been found 
possible to obtain the directions of about 1200 showers 
in a reasonable time (~1 year) and to measure the 
direction of the shower with an accuracy of about 
+7° (standard deviation) in one plane.‘ It thus becomes 
of great interest to enquire into the theoretical per- 
formance of an apparatus with these characteristics. 

It has been suggested by Rothwell et al. that if an 
area 10° in R.A. by 10° in declination contained the 
apparent points of origin of 14 showers where, on the 
assumption of uniform intensity over the sky only 
5.5 were to be expected, then that area could be 
regarded, with some probability, as containing a local- 
ized source. Adopting this criterion, one sees that if a 
source (of area say 1°X1°) were fortuitously centered 
on the 10°X10° area it would have to contribute 25 
events to the total counted by the apparatus in order to 
get 8.5 into the area. The remainder, because of the 
lack of perfect angular resolution, would fall outside 
the area. Thus the source could be detected by the 
apparatus providing that its intensity were 


25/(1X 1) 
5.5/(10X 10) 


= 450 times that of the background. 


A source of greater area would require correspondingly 
lower intensity and vice versa. Astronomically, 1°X1° 
is a rather large area; the solid angle is about five times 
that subtended by the full moon. 

To enquire into the possible detection of broader 
anisotropies, one can imagine a situation in which all 
areas of the heavens have a uniform intensity with 
the exception of one strip, one hour wide in right 
ascension, which has twice the intensity of the rest. 
An input of this type will be distorted by the array (a) 
because of its lack of perfect angular resolution which 
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Fic. 1. The lower histogram represents the calculated response 
of an array measuring the directions of about 1200 showers with 
an accuracy of +7° (standard deviation) to the type of input 
shown by the upper curve. 

4 The smaller figure in reference 2 is not consistent with Fig. 3 
in the same paper, 


EXTENSIVE AIR SHOWERS 179 
will tend to smooth out the “square pulse” and (b) 
because of the Gaussian fluctuation of the rather small 
number of events expected per hour of right ascension. 
The upper curve in Fig. 1 shows the imagined input; 
the lower curve shows the calculated output. This was 
obtained using a constructed Gaussian distribution. 
The numbers in each hour of right ascension were 
chosen by chance using one trial and one trial only 
after the position of the pulse had been assigned to the 
hour 12-13. The smearing of the pulse was computed 
assuming a standard deviation of +7° in the angular 
measurements. Using a x? test to determine the prob- 
ability of the output being due to the chance fluctua- 
tions of a uniform distribution, one finds P=0.08. This 
would normally be considered as a quite possible occur- 
rence and thus one sees that the apparatus could not be 
relied upon to detect such a marked departure from 
isotropy. 
V. TESTS OF THE DISTRIBUTION 


Table I shows that for stations between 0 and 55° 
the average time of traversal of a small area through 
the acceptance cone of a Geiger counter array is about 
4 hours. There is thus not much point in using rates 
averaged over a period much less than 4 hours and it 
may even be useful to determine average rates over 
even longer times—perhaps even over two periods 
each twelve hours wide. 

For the improved type of apparatus giving a measure- 
ment of angle to +7°, the analogous smallest worth- 
while strip is 1 hour in right ascension. If one believes 
that the direction of a shower may be appreciably 
changed during its passage through the atmosphere, 
this strip would need to be somewhat wider. 

The improved type of apparatus has, of course, the 
advantage that it gives much more information about 
the declination of the apparent point of origin. This, 
however, is not always easy to use. If one plots the 
points on a Mercator projection of the celestial sphere, 
one finds a decrease in the numbers on either side of the 
line traced out by the zenith at the station. This is due, 
in part at least, to absorption of the showers by the 
atmosphere and it complicates the analysis. However, 
there is one simple way in which information can be 
obtained. 

The zenith at a station traces out a curve of declina- 
tion 6=), where X is the latitude of the station. This 
curve, which appears as a straight line on a Mercator 
projection, is, in fact, a small circle about the pole. 
This small circle intersects the small circle about the 
zenith defining the acceptance cone so as to define two 
areas, that nearer the pole being the smaller. Assuming 
a uniform intensity of the primaries over the celestial 
sphere, one can compute the ratio of the expected 
number of events with 6>A and with 6<A for any 
station. If we call the smaller area A, then the ratio 
between the two areas is 


k= A/[2n( 1—cosB)— A } 
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TaBLE II. R is the ratio, assuming isotropy, of (expected 
number of counts from the area with 6>A)/(expected number of 
counts from the area with 6<A). 


Latitude of station 
0° 
42° 
53 
90 


where £ is the half-angle of the acceptance cone. A is 
given by 


A =2n(1—cosa)+4[ cosa tan~ (cosa tan6;) 
—6; cos?($B) |, 


provided that 6 < 2a, where a is given by a=90—X, and 
cos,= tan(48)/tana. This ratio R is given in Table IT. 
It will be remembered that this involves an approxima- 
tion to the zenith angle dependence. If, however, the 
true zenith angle dependence is used no great change 
occurs. The error involved for a station at 53°N is less 
than 5%. 

This test of isotropy is of immediate interest since, 
if it is applied to the results in references 2 and 3, one 
finds that in neither case are these consistent with the 
hypothesis of isotropy. Table III shows the expected 
numbers of events assuming isotropy for all three classes 
of shower in reference 3 and also for all showers in 
reference 2. It also gives the observed numbers of 
showers in the two areas® and the probability, obtained 
using a x” test, that the result is consistent with the 
hypothesis of isotropy of direction. It is, of course, 
possible that there may be some explanation of the 
discrepancies other than the existence of a real effect. 


VI. IMPROVEMENT OF THE APPARATUS 


If a large array with many counters or scintillators 
is used, it becomes possible to group the showers 
according to their total number of particles. Care must 
be taken, however, in correlating this number with the 
total energy of the shower, for large fluctuations are 
possible in the depth in the atmosphere at which the 
first interaction occurs. 

As far as selecting different types of primary goes, 
it is possible that a device triggered by the nucleonic 
component of the showers may be helpful. To take an 
extreme example: a primary proton of energy 10” ev 
has a finite chance of producing a 10'*-ev proton at sea 
level. A primary iron nucleus of total energy 10!’ ev 
has not. For a device selecting nucleons of smaller 


5T am indebted to Dr. Kraushaar for sending me the exact 
count for his experiment. 
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energy, the case becomes less clear-cut but nevertheless 
some resolution may be possible. 

As for the angular resolution, it seems likely that 
a device using two cloud chambers with their axes at 
right angles can give an angular resolution better by 
a factor of about 10 than that obtained in reference 2. 
An experiment running in Dublin for the last eighteen 
months has an angular resolution of +2.3° (standard 
deviation) in one plane. The use of larger cloud chambers 
might improve this a little, but it is hard to imagine 
that an improvement by another factor of 10 is possible 
using this method. 

The number of events recorded can always be in- 
increased by either running the experiment for a longer 
time or by increasing its size. For the very large showers 


TABLE III. The observed numbers of showers of a given total 
number with declinations greater than and less than J the latitude 
of the observing station for two recent experiments. The expected 
numbers on the assumption of isotropy are also given together 
with the probability that the result could be consistent with the 
hypothesis of isotropy. 


Expected No. Observed No. 


Class of shower of events of events Probability 


Clarke et al.*: 587 661) 
>2X 10° particles 699 625 
Clarke ef al.*: 40 49 
>3X 10’ particles 47 
Clarke et al.*: 5 
> 108 particles 6 
Rothwell et al.®: 
all particles 


0.00004 
0.05 
0.06 


<0.00001 


* See reference 3. 
» See reference 2. 


some new method of detection which results in a much 
larger effective collecting area would be very useful. 


VII. CONCLUSION 


It can be concluded that many possible departures 
from uniformity of intensity of high-energy cosmic 
radiation over the sky could not have been detected 
by the experiments already made. Considerable im- 
provement on the apparatus used so far seems possible 
both in the ability to select showers resulting from 
different types of primary particles and in angular 
resolution. 
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Directional Properties of an Extensive Air Shower Array* 
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The directional properties of an extensive air shower array consisting of three Geiger-Miiller counter 
telescopes have been examined. It is shown that the directional properties of this array show no great 
improvement over more conventional arrangements. Possible ways of improving the performance of the 


device are suggested. 


I. INTRODUCTION 


HE origin of the high-energy cosmic radiation 

which produces extensive air showers is not yet 
known. One possible method of gaining information 
about this origin is to study the variations in the rates 
of extensive air showers with sidereal time. A normal 
Geiger counter array, however, has a very poor angular 
resolution. Recently! an array has been described which 
is easy to build and for which the authors claim a much 
improved angular resolution. The present paper de- 
scribes a test of this array and some suggestions for 
possible improvements. 


II. EXPERIMENTAL APPARATUS 


The apparatus consisted of a sixfold Geiger counter 
set similar to that described by Shen and Singer. The 
six counters (each 45 cmX3.3 cm) were arranged in 3 
pairs. Each pair of counters could be separated vertically 
by from 15cm to 68 cm; or the telescopes could be 
turned so that all the counters were in the one horizontal 
plane. The three telescopes were placed at the apices of 
a triangle of sides 4.0, 3.3, and 2.2 m. Normally a sixfold 
coincidence of the six counters produced a master pulse 
and the event was recorded. 

For part of the experiment it was arranged that the 
master pulse from this set should be fed into a large 
extensive air shower array that has been running for 
some time. This enabled the electron and the penetra- 
ting particle densities of the showers to be measured 
at a number of points. It also caused cloud chamber 
photographs to be taken of the shower by two cloud 
chambers whose axes were at right angles. The axis of 
one of these chambers was parallel to the axes of all 
six Geiger counters in the telescopes. 

The apparatus was housed in a thin-roofed hut 
whose temperature was thermostatically controlled. All 
voltages, including the heater voltages for the tubes, 
were stabilized. A Servomex AC7 voltage stabilizer was 
used for this purpose. This stabilizer incorporates a 
servo operated variable transformer controlled by an 
ac bridge. The output wave form is undistorted; the 
output voltage is 220+0.5 volts; the maximum correc- 


* This work was sponsored by the Office of Scientific Research 
of the Air Research Development Command, U. S. Air Force 
through their European Office. 

1K, Y, Shen and S. F. Singer, Phys. Rev. 106, 555 (1957). 


tion rate is 12 volts per second. In addition to this, 
high voltage for the valve circuits and extra-high 
voltage for the Geiger counters was obtained from 
stabilized power packs taking their input from the 
Servomex stabilizer. 

The twofold rate through each telescope was tested 
twice each week and pulses through the circuit in- 
spected from time to time. Barometric pressure was 
continuously recorded. 


III. RESULTS 


When the telescopes are vertical, an apparatus of 
this type can be set off by three particles which traverse 
the telescopes in a direction whose projection is close 
to the vertical in one plane. This is the feature of the 
apparatus which makes it attractive in the study of air 
shower directions. For if the axes of the counters point 
north and south, showers of this type which discharge 
the apparatus must originate in a rather narrow band 
of sky about the meridian. The width of the band will 
depend on the width of the counters and their separation. 

However, it is also possible that the counters may 
be discharged by six independent particles coming from 
any direction. The purpose of this experiment was to 
determine the proportions of events of these two 
different types. Accordingly the rates of showers with 
four different arrangements of the counters were ob- 
tained. These arrangements were (a) telescopes vertical, 
15 cm separation; (b) telescopes vertical, 67 cm separa- 
tion; (c) telescopes horizontal, 15 cm separation; and 
(d) threefold coincidences between the top three 
counters in each telescope. These rates, corrected to 
1010 millibars pressure, are shown in Table I. 

It will be seen that the decrease in rate observed by 
Shen and Singer when the counter separation in the 
vertical telescopes was increased was also found in this 
experiment. However, when all six counters were 

TABLE I. The rates corrected to a pressure of 1010 millibars 

for four different arrangements. 


Average barometric 
pressure of the run 
(millibars) 


1004.2 
1011.4 
1011.8 
1004.5 


Rate corrected to 
1010 millibars 


0.692+0.029 per hr 
0.605+0.039 per hr 
0.644+0.035 per hr 
1.62 +0.08 per hr 


Description 
of apparatus 


Vertical: 15 cm 
Vertical: 67 cm 
Horizontal: 15 cm 
Threefold 
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TaBLe II. The numbers of events having directions at various 
angles to the vertical as measured by the cloud chambers. 


25°-30° >30° 


5 4 


arranged horizontally no further decrease in rate was 
observed. Thus only a very small proportion of the 
events observed with the counters separated by 67 cm 
vertically can be due to the three telescopes each being 
set off by one particle whose direction is near vertical 
in the appropriate plane. It follows that with the smaller 
separation about 86% of the events are due to showers 
which send six independent particles through the six 
counters and which have the normal dependence of 
intensity upon zenith angle and that 14% are due to 
showers of lower electron density whose directions are, 
in fact, close to the vertical in the appropriate plane. 

This conclusion was checked by two further experi- 
ments. 146 showers triggering the array with the 
telescopes vertical and separated by 15 cm were photo- 
graphed using the two cloud chambers. In 83 cases it 
was possible to obtain the direction of the shower 
through the hut with an accuracy of +4° (standard 
deviation). Table II gives the distribution of the 
projected angles to the vertical in the plane of the 
cloud chamber whose axis was parallel to that of the 
counters. This distribution is not noticeably an im- 
provement upon that obtained with a normal un- 
shielded array. 45% of the showers were at angles to 
the vertical greater than 12° which is the maximum 
allowed if the pairs of counters are triggered by only 
one particle each. 

The second experiment checked the electron density 
of the showers triggering this arrangement. A tray of 
12 counters each of the same size as those used in the 
telescopes was placed with its center 6.5 meters from 
the center of the array. Each counter was connected to 
a small neon lamp via a hodoscope circuit and thus it 
was possible to determine how many of these counters 
were hit whenever the telescope array was discharged. 
The results of this experiment are shown in Table III. 
It will be seen that the most common type of event is 
that in which all 12 counters of this tray are discharged 
corresponding to a shower of high electron density. 

Finally the absolute rate of the horizontal array was 
checked by measuring the rate of a similar array but 
with only 3 counters in coincidence. The ratio of these 
two rates can be calculated easily using the well-known 
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integrals.2 The calculated ratio was 2.44:1, in good 
agreement with the experimentally observed value of 
2.51+40.14:1. 

IV. DISCUSSION 


It will be seen that there is no serious disagreement 
between the experimental results reported above and 
those of Shen and Singer. However, the rate observed 
with the horizontal array, the angular distribution of 
the events seen in the cloud chamber, and the high 
average electron density of the showers require us to 
place quite a different interpretation upon these results. 
The great majority of the showers observed (86%) 
with the vertical array are just those that are observed 
with a similar array placed with all counters in one 
horizontal plane. Thus there is no great improvement 


TABLE III. The number of events discharging from 0 to 12 
counters in an unshielded tray of 12 counters placed 6.5 meters 
from the center of the main array. 


No. of counters 
discharged eS 4.2 4 4 { eS: ow 8 ) 


13 10 6 15 10 21 


No. ofevents 3 6 6 


in the angular resolution of the apparatus; the vertical 
arrangement leading at the best to a 14% “enrichment” 
of showers coming from the near vertical direction. 

It seems possible that the angular resolution might 
be improved in either of two ways. The first method 
would be to use a tray of counters in anticoincidence 
with the telescopes in order to reject the high density 
showers coming from all directions. This would con- 
siderably reduce the counting rate but, if the size of 
the anticoincidence tray was suitably chosen, might 
lead to a set detecting rather low density showers 
coming from near the vertical. 

The second method would be to encase the telescopes 
at both sides and ends in lead. If the walls were made 
thicker than 20 cm it is possible that side showers 
might be rejected. This second method has the ad- 
vantage that high-density showers arriving from near 
the vertical would not be rejected. Experiments along 
these lines are in progress. 
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By using Schiff’s high-energy approximation, a sum rule is developed which relates the scattering of 
high-energy electrons from heavy nuclei to the two-particle correlation function for the nucleus. It is shown 
that correlations due to the Pauli principle give a large effect in the region of momentum transfer from 
100 to 300 Mev/c, and that correlations with a range of less than 10~" cm do not make appreciable con- 


tribution. 


I. INTRODUCTION 

N this paper we investigate the effect of two-nucleon 

correlations on the scattering of high-energy electrons 
from heavy nuclei. It will be shown that a certain sum of 
experimental cross sections depends directly on the 
double Fourier transform of the two-nucleon distribution 
function, p(£,=’). Here p(£,&’) is the probability of 
simultaneously finding nucleon No. 1 at &— and nucleon 
No. 2 at &’; where & and &’ are vectors measured from 
the center of the nucleus. Correlations between nucleons 
No. 1 and No. 2 are reflected in p(&,é’). 

This problem has been considered previously by 
Smith,! Lewis,? and Schiff.* All of these authors treated 
the electron relativistically, the nucleus nonrelativisti- 
cally, and chose a Coulomb electron-nucleus interaction 
of the form 


Z 
> (—e*y0/| r— R;!) 
i=] 


where r is the election coordinate, the R, are the coor- 
dinates of the nuclear protons, and yo is one of the 
Dirac matrices and is given in the notation of the book 
by Schweber, Bethe, and de Hoffmann.‘ Smith con- 
sidered the problem in first Born approximation and we 
shall use his results to illustrate the role played by the 
two-nucleon distribution function. 

He showed that the cross section for scattering an 
electron from an initial momentum kp to a final mo- 
mentum ky,, and exciting the nucleus from the ground 
state mo to the final state uy has the form 


1 Z 
a(f)«<—| (up| > exp(iq- R,)| m0) |? 
4 


q i=0 


1 
(ato| >> exp(—iq- R,) | uy) 
4 
q ; Retaceeat , a 
X (uy| do | exp(iq-R,)| mo), (1) 


r 
where q=ky—ky. 
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He then considers an experiment in which the angle 
of scattering is held constant and the sum of the cross 
sections, }°y o(/), for all final nuclear states is measured. 
Here we note that both the direction and magnitude of 
q are functions of the energy of the final nuclear state. 
However, if this dependence of q on | uy) is ignored, we 
can use the closure relation for }¢s| uy)(uy| to give 

1 
> a(f)«- 


J q 


1 
-{2-+-2(2Z— 1) uy! expL— iq: ( R,- R») }| uo}, 
Hy 


q 
(2) 


where we have used the fact that the nuclear protons 
are identical particles. 


Now 
(uo| exp —tq: (R,— R,) ]| uo) 


(tol 2 expl —iq: (R:— R,) ]| wo) 


= foe d®’ expl—iq: (E—£’) | 
X (uo |6(Ri— R—&)6(R,— R—&’)| uo) 
- fee d*t’ expl—iq: (E—&’) ]o(&,8'), (3) 


where R is the coordinate of the center of the nucleus. 
Thus, 


1 
Er o(f« =| 7420-1) fare ase! 
F q' . 


Xexpl—iq: (E—&’) |p(E,£’) ; (4) 
and we see that the experimental result does indeed 
depend upon the two-particle distribution function. 

Lewis considered the same problem in second Born 
approximation and Schiff, using a high-energy ap- 
proximation® summed the Born series. Both of these 


2 R. R. Lewis, Phys. Rev. 102, 544 (1956). 

3 L. I. Schiff, Nuovo cimento 5, 1223 (1957). 

4 Schweber, Bethe, and de Hoffmann, Mesons and Fields (Row 
Peterson and Company, White Plains, New York, 1955), Vol. 1. 

5L. I. Schiff, Phys. Rev. 103, 443 (1956). 
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authors in addition made use of the “adiabatic approxi- 
mation” which will be discussed in Sec. II. 

In Schiff’s high-energy approximation the electron 
is pictured as propagating through a sequence of very 
small-angle scatterings along a line parallel to ko. This 
is followed by a single large-angle scattering in which 
the electron transfers momentum q=k»o—k, to the 
nucleus. The electron then propagates through a 
sequence of very small-angle scatterings along a line 
parallel to ky. Thus, there is a single large-angle scatter- 
ing with a large momentum transfer and a sequence of 
very small-angle scatterings accompanied by very 
small momentum transfers. As discussed by Schiff, the 
high-energy approximation is valid for this problem if 
(RoRo), (R-Ro)>1, or E>>40 Mev, where Rp is the nuclear 
radius. 

Using this approximation Schiff obtained the follow- 
ing expression for the scattering amplitude to a final 
nuclear state |u;) with a momentum transfer q, 


Fy = — (2m/4a) 0; | yo! v0)(uy|_M | U0), (5) 
where 


M= fa ¢;(r—R,) exp(iq: r) 
X¥ V(r—R,ido(r—R,). (6) 


Here |v) and |2,) are the initial and final electron 
spinors, respectively, the R; are the coordinates of the 
nuclear protons, ko and ky are unit vectors in the direc- 
tion of the initial and final electron momenta, respec- 
tively, and V(r—R,)=—e?|r—R;,|. The effect of the 
small-angle scatterings is reflected in the slowly varying 
phase factors 


6(r-R)=exp| -if V(r—Ri+hs)ds, 


¢o(r—R,)= p| -if > V(r—R,—hos)ds ; 
0 k 


while the term >>; V(r—R,) comes from the single 
large-angle’scattering. He then used the same sum rule 
as Smith to obtain an expression for }0; 0(/). 

The object of the present work is to extend Schiff’s 
work in three ways: (1) We introduce a more general 
electron-nucleus interaction, (2) we develop a more 
accurate sum rule to express the result as a matrix 
element between nuclear ground states, and (3) we 
choose a reasonable form of p(&,&’) and evaluate the 
result numerically for a typical nucleus. 

In Sec. II it is shown that for the small-angle scat- 
terings the Coulomb interaction is the dominant one 
while for the single large-angle scattering a Mller 
interaction should be used. The second step is covered 
in Sec. III and involves defining a sum over experi- 
mental cross sections in which the magnitude g of q, 
rather than the angle of scattering, is held constant. 
In Sec. IV an expression for p(&,&’) is chosen which 
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reflects the fact that the nuclear density is constant 
throughout most of the nuclear volume, but still takes 
into account the finite size of the nucleus. The results 
are discussed in Sec. V. 


II. ELECTRON-NUCLEUS INTERACTION 


To introduce a more general electron-nucleus inter- 
action we consider the Mller potential.® This potential 
includes the effects of both retardation and current 
interactions, and in Born approximation is the elec- 
tronic potential with which the nuclear particles inter- 
act. It is given by 


4ire 
A, (Ri) =—(ty| ¥u| 20) exp(iq- Ri) 
qu 


ff .. exp(iq-r) 
= —e(tr alta) far one 
r—R, 


Xexp(—iAE|r—R;!), (8) 


where g,?= (AE)’—g* is the square of the 4-momentum 
transfer. 

We treat the nuclear particles nonrelativistically and 
thus the electron-nucleus interaction has the form 


> i{ — (e/2m)[_p;- A(R;) + A(R,)- p; ]+eA 0o(R,) 
+y,o;-H(R,;)+ (e/2m)A2(R,)}, (9) 


where H=¥V XA. 

The Moller potential differs from the Coulomb poten- 
tial in two ways: first, through the inclusion of re- 
tardation effects in the term exp(—iAZ|r—R,|); 
second, in the inclusion of current interactions through 
the vector part A. These effects are important for the 
large-angle scattering for which both g and AE are 
appreciable, however, we wish to argue that neither of 
these effects is important for the small-angle scatterings. 

As discussed by Schiff,’ for the small-angle scatterings 
the “adiabatic approximation” is valid and the only 
transitions which contribute to the scattering are 
between states of collective excitation, for which AE is 
less than 1 Mev. Thus for these scatterings retardation 
can be neglected. Further he has shown’ that the mag- 
nitudes of the current and magnetic interactions relative 
to the Coulomb interaction are given, respectively, by 


gRo(v/c)(Q”/Q), (10) 
and 


(11) 


where g is the momentum transfer, v is the nuclear 
velocity, m is the nucleon mass, Q”’2 is the total current 
involved in the transition, Q’/m is the total magnetiza- 
tion involved in the transition and Q is the total charge 
involved in the transition. For small-angle scattering Ro 
is of the order of one, while for the excitation of col- 


gRo(q/m) (2/2), 


6C. Mdller, Z. Physik 70, 786 (1931). 
7L. I. Schiff, Phys. Rev. 96, 765 (1954). 





NUCLEON CORRELATION 


lective modes Q” is of the order of e, and Q” and Q are 
both of the same order and much larger than e. Thus 
for the excitation of these modes both (10) and (11) 
are small compared to one, and the current and mag- 
netic interactions can be neglected. 

The A? term in (9) can be neglected compared to the 
second-order Coulomb term. This follows from the fact 
that the first-order term in A? is proportional to Z, 
since it is of the form >> ;~,7 A?(R;) while the second- 
order Coulomb term is quadratic in }>;.;7 4o(R,) and 
is thus proportional to Z?. Thus we expect the A? term 
to be smaller than the second-order Coulomb term by 
a factor of Z. 

It thus appears justified to treat the small-angle 
scatterings using only the Coulomb interaction, while 
using the Mller interaction for the large-scale scat- 
tering. Substituting into (6) we obtain 


Fy= — (2m/4a) (04 | y*| v0)(uy| M,| uo), 


where 
1 


M,= for ¢;(r—R,) exp(iq-r) >> 
i |r—R, 


Xexp(—iAL) r—R;!)j,(Rido(r—R,), (12) 


and (v,| “| v0) j,=a"j, is an abbreviation for 
—(e/2m)(a-p+p-a)+eaot+yueo-H. 


III. SUM RULE 


In this section we wish to develop a sum rule which 
will allow us to express an experimental result accur- 
ately in terms of the two-particle distribution function 
of the ground state of the nucleus. 

Before proceeding to this we first reduce the scattering 
amplitude given by (12) to a more tractable form. Our 
first step is to approximate the two slowly varying 
phase factors ¢¢(r— Rj) and ¢o(r— R,) by ¢(r— R) and 


¢o(r—R), respectively, where 


o (r— R) = (uo! oy (r— R,) | 0), 
do(r— R)= (uo! bo(r— Rx) | wo), 


and R is the coordinate of the center of mass. 

As discussed by Schiff, this should be a good ap- 
proximation, first because the Coulomb potential of 
an excited state should be roughly the same as that of 
the ground state, and second, because the integration 
over s further smoothes out the dependence on r. 

Our next step is to commute j.(R;) through ¢o(r— R). 
This involves neglecting terms in Vao/m~1/mpRo<1. 


We thus have 

exp(7q: r) 

lr—R,; 

Xexpl—1(/)— Ko) | r—R;| ]X 7,(Rd), 


M,=e)>. fer a4(r—R) 


(14) 


EFFECTS 


where 


u(r—R)=¢,(r— R)gdo(r—R). (15) 


We now express this in terms of the new variable 
r—R; to obtain 


inc’ fe r—R,)u{(r—R,)-+(R,—R)] 
| exp[ —i(Ey— Eo) |r—R,| ] 
XexpLiq: (r—R,) ] 
|r—R,| 


Xexp(iq- R,)7,(R,). (16) 


Expanding wl (r—R;)+(R;—R)] about r= R; yields 
u(R:—R)+(r—R,)-Vut+::-. 


But Vu~1/Ry and (r—R,)/Ro~1/qRo because of the 
exponential term exp[iq: (r—R,) ]. In the high-energy 
approximation we can replace u(r—R) by u(R;—R) to 
obtain 


M,=e>, fe- R;)u(R;— R) 


XexpLiq: (r— R,) —i(Fy— Fo) | r— R;| +iq- R; ] 
X ju( Ri) 


— dre 
- > u(Ri;— R) exp(iq- R,) 7, (R,), 


(17) 
Qué 
where g,’=(Hy;—E)?—q’ is the square of the four- 
momentum transfer. 

Inserting this in (12), the scattering amplitude 


becomes 


2me 
| / <x \ 
(Uy y" vo) (uy | >~ u(R,— R) 


Yue 


Xexp(iq- R,) j,(Ri)| mo). (18) 


We now sum |F;|? over final and average over initial 
electron spin states, and in addition sum over final and 
average over initial azimuthal quantum states of the 
nucleus to obtain 

1 2 


e- 
o(i;) p> { Roke (1+) | Jo” 
D mn gut 


[Toho J¥e" ky) +I ot" hy (J - ko) +.c. ] 
+ kyke(1—p)| Jm"!? 
+[(Jv"- ky) (J*""- ky) +c.c. J}, (19) 
where 
Opa 
Jmn. 


(up| >>; u(R;— R) exp(iq- Ri) jo(Ri)| uo"), 
(ay™ |S ; u(R;— R) exp(iq- R;) j(R,) | m0"), 
u=ko-k;/kok;; 





186 ws Me, 


c.c, stands for complex conjugate, and D is the de- 
generacy of the ground state. 

In order to see most easily the symmetries of this 
expression we resolve J™" into components parallel to 
perpendicular to the momentum transfer, q. We define 


q p @ 
J,~"=- a”, j,*=- pm, J.=—y™", 
q q qY 


(20) 


where p is a vector perpendicular to q in the plane of 
scattering, i.e., in the ko, ky plane, with magnitude 
|p|=g, @ is a vector perpendicular to the plane of 
scattering with magnitude |@|=g and 


a™" = (uy™| D0; u(R,— R) exp(iq- Ri) j,(R,) | uo"), 
pm = (uj™| >; u(R:— R) exp(iq- Ri)jp(Ri)| m0"), (21) 
ym" = (uy™ | u(Ri— R) exp(iq- R;)7..(R,)| uo"). 


We note that the expression 7,4“ is an abbreviation 
for the interaction 


joAo— (e/2m)(p-A+A-p)+yuo- (VX A) 


where p is the momentum operator. Thus j(R,) in (21) 
is to be understood to consist of a part corresponding 
to the particle current and a part corresponding to the 
particle spin. The part involving the particle spin is 
given by 

uo (qX A)=yA- (0X q)=A-: ju, 


and thus j, only has components perpendicular to q, 
and hence j, involves no spin terms. The part of j-A 
which corresponds to the particle currents is 


(—e/2m)(p-A+A-p). 


Thus in (21) exp(iq-R,)7(R;) is to be understood to 
mean exp(iq- R;)j(R;)+7(R;) exp(iq-R;) for the cur- 
rent parts of j(R;). 

We now wish to make use of the fact (proved in 
Appendix A) that a™" and Jo™" are zero in the high- 
energy approximation unless m=n, and that 6™" and 
y™" are zero unless |m—n|=1. This means that in 
(19) all cross terms in J9*8, Jo*, Jo*y and a*8, a*y are 
zero. Using this result and the further result (proved in 
Appendix A) that }¢mn|8™"|?=Domnly™"|?, we can 
rewrite (19) in terms of a”" and 8”" to obtain 
1 2e? 


a (Ey) = 


| | ko— ky é 
kok; (1+); Else ( ‘am 


eg mn | 


q 


sie) 


We now wish to examine the dependence of the term 
in curly brackets in (22) on the vector q. We consider 
first the term 
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Tl Jom" |2=D | dk deh! f*(k) f(k’) 


X{¥ (ao"| exp[—7(q+k) - (R:— R)]| a”) 


mn 
x (uy| expli(qt+k’)-(R;—R)]| wo")}, (23) 
where u(R;—R)= f dk f(k) exp[iq-(R:—R)], | uw”) 
=exp(ipo-R)| io"), |uy")=exp(ip,-R)| a"), and | to"), 
\ay™) are the initial and final nuclear states, respec- 
tively, with the center-of-mass motion removed, and po 
and py=q+po are the initial and final nuclear momenta, 
respectively. The expression in curly brackets in (23) is 
a function only of (q+k)?, (q+k)-(q+k’), and (q+k’)? 
where k and k’ refer to Fourier components of the slowly 
varying phase factors u*(R;—R) and u(R;—R), and 
since these functions have their maximum variation in a 
distance of the order of the nuclear radius, we expect 
that the maximum values of k and k’ will be of the 
order of 1/Ro. Thus we have k=kXO(1/Ro) where & 
and k’ are unit vectors in the direction of k and k’, 
respectively. 
Using this result, we may rewrite the matrix elements 
in (23) as 


fil (q+k)*, (q+h):(q+k’), (q+k’)?] 
= f[g2(1+9-RXO(1/gRo) 
+4-k/XO(1/qRo))]. (24) 


This allows us to judge the dependence of Jo? on the 
vector q. We see that it depends in the main only on 
the magnitude of q and that its dependence on the 
direction of q only appears in terms of order 1/g¢Ro. In 
the same way it can be shown that }> mn Jo*a, Domn |B)?, 
demnl|y|? depend in the main only on q?. This suggests 
that we rewrite (22) as 


quto (Ey) os =) 2 
Se {| J pm—[- am” 
2ekok (1+) D mnl| q 


. 1—p\ | kotk;\? | 
some) (MEL, es 
1+4u/ | q 


and sum both sides over Fy holding g constant. The 
difficulty with this is that the coefficients (ko—ky)/q 
and [(1—)/(1+) ]{1+[(kotky)/q ?} depend on £;. 
However, we can largely avoid this difficulty by in- 
corporating some of these as operators depending 
only on the Hamiltonian. For example, the term 
> mn(ko— ky/q) (a™")*Jo™™ can be written as 


L_mn 


> dC wo"| u*(R;— R) exp(—iq- R,) 


ij mn 
H-E,\ | 

x ju(R)(— ) un) 
q | 


x (uy™| u(Rj;— R) Xexp(iq- Rj) | a0"), (26) 


which depends in the main only on q’. 
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If we now sum over F/; we have }oz )im= dy and 
therefore (26) becomes 


, eal 4 ii die , lll Ey 
 ¥C uo"| u(R;— R) exp(—iq: R,) 
ij on q 


x u(R;— R) exp(iq: R) uw), (27) 


Further if we assume that the nuclear Hamiltonian, 
H, has no velocity-dependent potentials we can 
commute [(H—E)/q] through u(R;—R) exp(iq: R;) 


to obtain 
=i; En(uo"| u* (Ri— R) exp(—i,: Ri) 7, (Ri) 
x u(R;—R) exp(iq: R;)j,(R;)| 0"), 
where we have neglected Vu~1/Rpy compared to q. 
Inspection of (28) shows us that this is just 


— Yr Lmnla”"|?. Thus the term | Jo""—[(ko—ky)/q] 


Xa™"|? in (25) can be rewritten as 


| Jom |2--2 la™”" |2-+-[ (Ro— ky), ‘g Flam" |? 


(28) 


(29) 


It is to be shown in Sec. IV that the contribution of 
the term | J9”"|? is of the order Ze? and the contribution 
of the |a”"|* term is of the order (g/m)*Ze*. Thus the 
contribution of the [(ko—ky)/q ?|a™"|? term is of the 
order Ze*[ (ko—ky)/m ?~Ze?/100 since we expect the 
cross sections for energy losses > 100 Mev to be neg- 
ligible. Thus we can neglect the [(ko—ky)/g Pla™"|? 
term. 

The coefficient [(1—)/ (14+) ]{1+[(ko+h,)/¢ P} on 
the other hand is almost a constant over wide ranges 
of Ey and we can replace it by an average value, A. 

With the above in mind we can sum both sides of 
(25) over Fy, holding gq? constant, to obtain 


Quis ( F;) 


A scomoiie 
Ey 2e*Rok; (1+) 


1 z 
=— D> >{| Jom |?+2 am" |2+ 4 pmn|2) 
Don ft 


1 
=> — DY {(uo"| u*(R:— R)u(R;— R) 


x exp —iq(Ri— Rj) }jo(R,) | #0”) 

+2(u"| u*(R;— R)u(R;— R) exp(—iq-: R;) 

X jy(R,) exp(iq- Rj) j,(R,) | wo") 

+A (uo"| u*(R;— R)u(R;— R) exp(—iq: R,) 
X jp(Ri) exp(iq-R,)jp(R,)|m0")}, (30) 


where we have again used Va~1/Ro<q. 
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Fic. 1. Nuclear charge distribution. 


IV. TWO-PARTICLE DISTRIBUTION 


In this section we wish to calculate the matrix ele- 
ments appearing in (30). The model we use to do this 
reflects the fact that the nuclear density is constant 
throughout most of the nuclear volume, but still takes 
into account the finite size of the nucleus. 

We begin by examining the two-particle distribution 
function p(&,é’). If both particles are away from the 
surface of the nucleus, they both find themselves in 
uniform nuclear matter, and thus we might expect that 
correlations between the positions of these two particles 
are to a large extent the same as correlations between 
two particles in an infinite sea of nuclear matter of the 
same density, and which depend spatially only on the 
distance between the two particles. Thus we may 
approximate the distribution function for two particles 
away from the surface of a heavy nucleus by the dis- 
tribution function for infinite nuclear matter. 

However, the distribution function, p(£,£’) for two 
particles in a nucleus is zero if either |&{ or |&|>Ro, 
and this must be reflected in any distribution function 
we choose. 

The charge density for heavy nuclei, as measured by 
Hofstadter’ and others, is shown in Fig. 1. This charge 
density is thought to be a convolution of the distribution 
of proton centers and the charge density of the indi- 
vidual protons and thus we expect the distribution of 
proton centers to drop off somewhat more rapidly, as 
shown in Fig. 2. What we propose to do is to idealize 
the picture by approximating the center density by a 
constant out to a radius, Ro, and zero beyond that, as 
shown by the dashed curve in Fig. 2. We then choose 
our two-particle distribution function for the particle 
centers to be the two-particle distribution function for 
infinite nuclear matter whenever both | £| and | £’| <Ro, 
and to be zero whenever |£| or |£’| >Ro 


o(&,é’)=po(E,E'); § e<Ro 
=0; gor t’>Ro. (31) 


In dealing with particles of finite size we must 
modify our expression for the electromagnetic inter- 


8 R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 
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Fic. 2. Proton-center distribution. 


action. The net effect of this is that matrix elements 
calculated with respect to the particle centers are 
multiplied by the square of the particle form factor. 

We must now select a form for p,(,¢’). This is 
chosen to be the two-particle distribution for a Fermi 
distribution of noninteraction particles in plane wave 
eigenstates. 

This choice for p,,(¢,é’) thus includes correlations due 
to the Pauli principle, and has been calculated by 
Wigner and Seitz.? They found 


px (E,€’)=1+p%(|E—&’|), (32) 


where 


1 sin(br) — (br) cos(br)\ 7 
ro enon 
2 (br)’ 


and 6 is the highest momentum in the Fermi distribu- 
tion. To introduce very short-range correlations such 
as those due to a repulsive core interaction of range ro, 
we simply multiply p.(&,&’) by zero for |——&'| <r 
and by 1 for |——&'|>ro. The effect of this on the 
normalization can be shown to be small.’° Thus for 
our complete two-particle distribution function, we 
obtain 
p(E,E)=0; |E-8'| <0 
=1+p%((E—-8'|);  |E—-8'| >r0, 

lel, |&|<Ro 
=0; |&| or |E’|>Ro. 

We now proceed to the evaluation of the terms in 
(30) for the case of a nondegenerate ground state. The 
first term of (30) is just 
d*td5¢’ 
ze+2(7—1)e f - - - expl[—iq: (E—£’) ] 


Ku*(E)u(E)[1+p7(|E—-#'|)] (34) 


where we have used the fact that for i= 7, u*(£)u()=1 
and V is the nuclear volume. 

To evaluate the second term of (30) we first consider 
the terms for which i= 7. These give us 


9 E. P. Wigner and F. Seitz, Phys. Rev. 43, 804 (1933). 
10S. D. Drell and K. Huang, Phys. Rev. 91, 1527 (1953). 


gt+2p,(Ri) g+2p,( Ri) 
seis | bai) 
2m 2m 


> q p,(R:) 
= rze! (=) +=(w — wo) 
| 2m m m 


a" ( R; 
+(W% = : ) q (35) 
oe 


The term (uo| pg(R1)| ao) will vanish by symmetry 
and thus the contribution of the terms with i= 7 is 
2Ze*{ (g/m)?+ (uo! po?/m?| uo)}. (36) 
For a heavy nucleus p,?/m?= }p?/m?= tb°/m?0.01. 
Thus the p,”/m? term can be nelgected compared to the 
first term of (34), and the contribution of the i= 7 
terms is just 


Leg?/2m’. (37) 


The i# 7 part of the second term of (30) is 
2Z(Z—1)e*{ (g/2m)*(uo| u* (Ri— R)u(R.— R) 

x exp — iq: (Ri— R») }} #0) 

+ (g/2m) uo! u*(Ri— R)u(R.— R) 

X (exp — iq: (Ri— R2) ](p,/m)(R2) 

+ (p,/'m)(R,) exp[—iq: (Ri— R2) ])| um 

+(u| u*(Ri— R)u(R2— R)(p,(Ri)/m) 

X exp —iq: (Ri— R:) ][p,(R2)/m]| u)}. 


The second term inside the curly brackets in (38) 


(38) 
can be written 


q 
1 u*(R,— R)u( R,— R) 
2m| 


a(R) (Ri) 
xexpl ia: (R—R)I(~ <e ) w) 


m m 


q 
——(uo| u*(R,— R)u(R.— R) 


m 


Xexpl—iq- (Ri— R,) ]} w) ; (39) 


The first of these two terms is zero if we neglect the 
variation in u*(R,— R)u(R2:—R). This can be seen as 


follows: First reflect the coordinate system, assuming 
that «*u is a constant, to obtain 


[= (1 u*u exp[ —iq: (Ri— R2) | 
Pa(Ri)  p,(R2) 
Xx ( ahs Sonam ) ") 
m m 


=— (1 ut exp[ tiq: (Ri— R.) } 


ba(Ri) — pg( Re) 
(tA 
m m | 
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and then interchange the subscripts 1 and 2 to obtain 


[= — {ne u*u expl—iq: (Ri— R.) | 
Pa(Ri)  pa( Re) 
rs) 
m m 


Thus the difference between this term and zero depends 
only on the variation of the slowly varying functions 
u*(Ri—R)u(R.—R) and we neglect it in comparison 
to the second term. Thus the first and second terms in 
the curly brackets in (38) give a contribution of 
—Z(Z—1)e*(q/2m?)(uo| u*(Ri— R2)u(R2— R) 
Xexp[—iq- (Ri— R2) J| uo). 
We estimate the third term in the curly brackets in 
(38) by setting p,(R1) and p,(Rz) equal to the average 
momentum, k, of the particles in the Fermi distribution. 
This term then gives a contribution of the order 


=-I. 


(40) 


2Z(Z—1)e*(k ‘m)?(u9| u*(Ri— R)u(R.— R) 


Xexpl—iq:(Ri—R:)]| mo). (41) 


For a heavy nucleus K2175 Mev/c. Thus (41) is of 
the order 
(0.07)Z(Z—1)e*(uo! u*(R,— R)u(R.— R) 
<expl —iq(Ri— R:) }} 1), 
which can be neglected compared to the second term 
of (34). Therefore the second term of (30) gives a total 
contribution of 


9 


q a 
Ze’— — Z(Z—1)e®>—(uy| u* ( R,— R)u( R.— R) 
2m? 2m? 


Xexpl—ig(Ri—Rz)]| a). (42) 


The third term in (30) involves the interaction 
exp(—iq: R;)j,(R:) exp(iq: R.)7j,(R2), 
and since j, involves no derivatives in the q direction, 
this can be written as 
exp —iq- (Ri— R:) ]7>(R1)7,(R2), 


where 


Jnl R:) jp( R,) 


¢ | u(1) 
= |- p»(R1)+- “a (o(1)a)>| 
m 


zm 


e p(2) 
x ——p,(R.)+—(e(2)X 0} (43) 


m 2m 


We choose the z-axis along q, the y-axis along p. Thus 
[o(1)Xq],»=—go,(1). The operator j,(Rj)j,(R2) thus 
becomes 


EFFECTS 


i u(1) 
(-) Py(R1) py (R2) +— eqpy(R2)oz(1) 


m 2m 


u(2) u(1)u(2) 
+—egp,(R1)o,(2)+ - q’ax(1)o,(2). (44) 
m 


2 (2m)? 


For i= 7 we then obtain terms of the form y?(qg/2m)’, 
where we have neglected terms of order (p,/m)*<<1, and 
the cross terms vanish by symmetry. 

For #7 we consider first the terms linear in the 
spin operator. These are of the form 


(uo| u* (4, —re)u(re—r) expl —iq: (r1— Fe) | 
X py(Ri)o2(2)| uo), 


where uw is now taken to be the property antisym- 
metrical plane wave eigenfunction of the Fermi dis- 
tribution and r;=R,—R, r2=R.—R. 

If we now integrate over all coordinates except r 
and rz the result is 


Bf ar d®r u*¥(ry)u(te){ > gis* (11) ojr* (12) 


X py(Ri)o2(2) [eis (11) $ jr(T2) ns ¢is(T2) ¢jr(T1) ]} 


Xexpl—iq:(t—r12)], (45) 
where B is a suitable normalizing constant, ¢is(r)) 
=exp(ik,;-r,)X,(1), and Y,(1) is the spin function of 
particle 1. 

This, if we remove the operators p,(Ri)o.(2) is just 


far dry u*(1y)u(12) expl— iq: (t1— F2) ] 


XLi+e%({m—r)], (46) 


where p“ comes from the exchange term. 
Evaluating the term in curly brackets in (45), we 


have 


> or Xe*(1)X,(1)X -*(2)02(2)X,(2) =0, 
(47) 


Dore X0*(1)X,(1)X,*(2)02(2)X (2) =0. 


Thus the terms linear in o, in (44) give no contri- 
bution. The terms in p,(R:)p,(R2) can be estimated 
in the same way as the terms in p,(Ri)p,(Rz) and lead 
to a negligible contribution. 

The terms in o,(1)o,(2) can be calculated from 


Bf ar dry u*(r,)u(re) expl—iq: (r1— 12) | 


x { 2. Gist (11) jr (f2)o2(1)02(2) 


a),7r8 


X Leis (11) ¢ srl %)> Pia ro) ¢ jr(r1) }}. (48) 
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The nonexchange terms give no contribution and the 
exchange terms give a contribution 


Bf ar, d®r. u*(r;)u(r2) expl—iq: (11— 12) | 
xL~ ) Gie* (81) oir (81) ojr* (Ke) 


ij.re 

X ¢is(t2)(1—5,.) ], (49) 
which is identical with the exchange contribution that 
would have occurred if the operator ¢,(1)o,(2) had not 
been present Thus, the exchange terms for o,(1)c,2(2) 
are the same as those for jo(R;)jo(R2) and simply give 


d*r; dry 
f expl —iq: (t1— 12) ] 
y2 


Xu*(r,)u(re)p"(|r—re|). (50) 

In the above derivation we have assumed that 1 and 
2 are identical particles. This, however, is not neces- 
sarily true for the spin terms. If one is a neutron and 
the other a proton the wave function after integrating 
over the coordinates of all the other particles is a simple 
product wave function and we have 


dz ) v(ug!o2(Z)a,(N) Uo) 


=> zn(uo|o2(Z)o.(N)| uo). (51) 


This is of order 1, and can be neglected. 
Thus, the total contribution of the third term in (30) 


2 


is at 3) 
24 AZ(Z—1)y*— 


4m? 4m? 
x far d*t’ exp[ —iq: (E—£’) Ju*(&) 


x u*(E’)p,"(| E—F'|) +. A(A—Z)(A—Z-1) 


9 


q 
- fee d®t’ exp[—iq: (E—&’) ] 


4m? 


Xen" 


XK u* (E)u(E)pn7(|E—E'|). (52) 


Collecting all the contributions to (30), and multi- 
plying by the appropriate nuclear form factors to take 
account of the finite size of the nuclear particles, we have 

gua (Ey) 
by e*kok (1+n) 
=Z|F,|*[1+(Z—1)G,(q) ] 
XZ | F,|?(q?/2m*)[1—(Z—1)G,(q) ] 


+A (q°/4m*) {Zy,°[1+ (Z—1)H,(q) ] 
+(A—Z)u,2[1+(A—-Z—1)H,.(9)]}, 
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where 
G,(9)= f de d°t! u*(8)u(k’) 
Xexp[—iq: (E—&’) [1+ "(| E—#'|) J, 
Hy alg f de ae w(ule) 


Xexpl—iq: (§— E’) |p», ra | t~€ | ). 


We must now evaluate the integrals appearing in 
(53) and we consider first 


dé dig’ 
Fpl f — exp[—iq: (E—&) ]u*()u(t’) 


d3t 2s 
=|F, | — exp(—iq-&)u*(&), =|F(q)|?, (54) 
| V | 


where | (q)|* is just the nuclear form factor for elastic 
scattering. As discussed in Sec. III this is not solely a 
function of q? but depends on the direction of q through 
terms of order 1/gRo. However, the change in the 
direction of q involved in the sum of experimental 
cross sections is only of the order of 0.1 radian, and we 
should not introduce an appreciable error if we use the 
mean value of |F(q)|? in this range. Moreover for 
large g, Z(Z—1)|F(q)|? turns out to be small in com- 
parison to the other terms in (53) so that we do not 
need to know it with great precision. 

The remaining integrals appearing in (53) are all of 
the form 


dé dig! 
f —— expL—iq: (E—&’) Ju*(E)u(k’)p"( | E— 


The function p“'(|&—&’|) describes the short-range cor- 
relations due to the Pauli principle and is rapidly 

; ; : ; 
varying, being large only in the neighborhood of —= &’. 
Thus in (55) we can evaluate the slowly varying 
functions u*(&) and u(£’) at E= &’, to give u*(E)u(E)=1. 
(55) then becomes 


(56) 


dE dit’ 
[ $ ol-ia Ebel t-¥). 
V2 


We now recall that we have p“(|&—&'|)=0 if 
|&| > Ro or | &’| > Ro. This restriction can be introduced 
by simply limiting the integration to the region |&|, 
|’| <Ro. If we introduce the new variable 4=&’—é 
we then obtain 


dt par 
f - f — exptia:2)0"0); 
V V 


EE) < Ro, |E+2! < Ro. 
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The restriction on the 2 integration can be removed 
by eo the function 


—f Savini (€2+2E-A+d— R,?) ] 

” Oni «0 wie 
=1, |A+E|<Ro 
=Q, |A+E|>Ro, 


(57) 


and (56) becomes 


~ f= f- dw ft 
"Qe wtihe 


Xexp[iq: 2+ iw('+2E-A+A— Ro*) Jo"(A). (58) 


Integrating first over dQ; and then over dQ), we obtain 


1 /4r\? dw sing 
™ ih. ede a { —— 
2mi \V t<R atti ga 
sin2wér y 
X——p"(A) exp[tw(#2+A— Ro?) J. (59) 
Qwé 
The integral over w can be evaluated by residues to 
obtain 
1 dw sin2wéd 


— exp[iw(#+)\?— Re?) 
2wtr 


wtie 
(E+A)?— RP? <0 


2ri 


=1, 


O< (E+A)?— Ro? < 4d 


1 
=—[R?—(t—2)"], 
4 


=0, (€—A)?—Ro?> Ro. 


Inserting this in (59), we obtain 


4r\? singA 
(*) {f ede f \*dA ——p"(A) 
V £<Ro (E+A)? <Ro? gy 


singy 
+ eae f \*dd - 
§<Ro O <(€+A)?—Ro? <4£A gv 


Ro’— (~-» r 
x( . ’) v0}. (61) 
4£y 


Interchanging the order of integration and integrating 
over & yields 


3 2qRo 
—— f ada sinap"(a/q) 
(qRo)' 


9 2qRo 
a’da sinap” (a/q) 


+ (qRo) ‘ 
3 


2qRo 
7 no f a‘da sinap"(a/q), (62) 
16(qgRo)® © 


where a= qa. 
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The integrals appearing in (62) can all be evaluated 
in terms of the tabulated functions 
 COSx 
-{ ——dx. 
x 


z 


** sinx 


The first two integrals give substantial contributions, 
but the third integral is not large enough to overcome 
the coefficient 3/16(qRo)® which stands in front of it. 
Moreover the function p“(a/g) drops off so rapidly 
that the first two integrals can be closely approximated 
by letting the upper limits become infinite. Carrying 
out the integrations, we obtain 


D 


f adx sinap" (a, ‘q) 


? 
J 


. 
= ——(q/b)*[16—12(g/b)+(g/b)*], g<2b 
64 


D 


f a’da sinap" (a/q) 
3 soy" i tes 
OL Hba0-0) 
16\o/ | b} \o 
g+2b q+2b q q\? 
(0 p-90)-() 
q q b b 
g—2b q—26 | 
x( - ) In|— f 
q Y 


Inserting these integrals in (62), we obtain 


Or qg q\? 
|16-n(? )+() pa—20 
~ 64(gRo) b b 

27 2 
sal bo()-() 

64(gRo)$| b b 

g+26 g+2b q q\? 
x( ) nf )+|2-2/ )-€)| 

q q b b 7 

q—26 
x(—): 
q 


6(q—2b) if g<2b; 
0, g22b. 


(64) 


p* ( q) = 


where 
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q(Mev/c) 


100 
200 
300 
400 
500 


(Z —1)p(q) 


0.013 
0.027 
0.002 
0.0072 
0.01 


Inserting these expressions into (53) yields 
q=const gy 4a (Ey) 
Ey Detkok (1+p) 
Z[| Fp|?+(Z—1)| F|?+(Z—1)| Fp|2op%(q) J 


q° 
+—ZAZL | F,|?—(Z—1)| F|?—(Z—1)| Fp|*o97(q) ] 


+A—{Z|Fp|*u,°[1+ (Z—1)pp"(q) ] 


4m? 
+(A—Z)|F,,.|\2u,2[1+(A —Z—1)pn(q) J}. (66) 
To include the effects of additional correlations with 
a range, ro, of less than one Fermi we set p(&,£’)=0 for 
&—£'|<ry. Thus from the integrals appearing in 
(29), we must subtract 


fes dt'( ), &, 


For |&—E£'| <ro, p"(|o—€'|) may be approximated 
by —4, and w*(&)u(E’) may be approximated by 
u*()u(é)=1. Thus the integrals have the form 


t’< Ro, E—E'| <1. 


eer 
E<Ro, 


fesoe expl—iq- (E-¥')]; & 


Using the same method that leads to (62), this 
becomes 


1 (9 
2p(q)= (1+X,") 
X,6l2 


9 f ao 3 9 
+ sina 3X °- ( )xot ay>— | 
Oe 4 2 


9 


+ cosa os 3aoX 9? + a? ( 1 +X 07) 
4 


9 3 | 
on (4X) ——ae' | (67) 
2 1 J) 


where Xo=2qRo, @o= ro. 

The function (Z—1)p%(q) is tabulated in Table I 
for r9>=0.5X10-" cm and we see that it is small com- 
pared to (Z—1)p(q) and can be neglected. 

Thus the final result is given by (66). 
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V. CONCLUSIONS 


The first term in the brackets in (66) comes from the 
Coulomb interaction and is essentially the same as 
that obtained by Schiff. For g/m~0.1 this is the domi- 
nant term. The effect of the Pauli-principle correlation 
term, pp“(q) is to reduce this by about a factor of two 
for g/m~0.1. 

The second and third brackets in (66) come from 
charge-current interference and magnetic scattering, 
respectively. For g/m>0.1 these become important and 
for g/m>0.5 they are the dominant terms. Further, 
for g/m>0.5p," and pn“ can be neglected and the 
right-hand side of (66) reduces to 


Z\ Fy \*(1+ (q/m)?(4+4Ap,*)] 
+(A—Z)(q/m)?| F,|*Apur?/4. 
It might be expected that in this region of momentum- 
transfer correlations with a range of less than one Fermi 


would be important. However, as shown in Sec. IV such 
correlations give a negligible contribution. 
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Fic. 3. The correlation contribution — (Z—1)p,"(q) 
as a function of momentum transfer gq. 


To illustrate the result, (Z—1)p,“(q) for the nucleus 
Au'*’ is shown in Fig. 3. The Pauli correlation is thus 
seen to have a large effect for g/m~0.1. This decreases 
as qg increases becoming negligible for g/m>0.5. 

The effect of meson exchange currents can be esti- 
mated by introducing an exchange potential. For 
reasonable values of this potential the exchange 
currents give a negligible contribution. 
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APPENDIX 


In this appendix we prove some theorems used in 
Sec. III, namely, that /,”" and a" are zero in the high 
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energy approximation unless m= n, 6”"" and y™" are zero 
unless | m—n| =1. 
We first consider 


(A-1) 


am" = (uy™|u(Ri— R) exp(iq: Ri) jo(Rs) | 4) 


~% J dk f(k)(iiy| expLi(q+k)-(R.—R)] 


X ja(Ri)| to"), (A-2) 


where we quantize along the q axis. 
We wish to rotate the coordinate system of the 


matrix element 
M =(tiy" | expli(qt+k)-(R:—R)]j,(Ri)| Ho"), (A-3) 


through an angle « about the (q+k) axis. Under this 
rotation 


| tip™) > Ym Dinm'(Q-+k, ©)| uy’), 
| tip") > Yow Dani’ (q+k, €)| tio”’), 
ja Da Aalatk, Nj, 
(q+k)-(R;—R) > (q+k)-(R:—R), 


(A-4) 


where the Dmm’, Dyn’ are the matrices of finite rotation, 
and A,, is the rotation matrix for a vector. 

The unit vector denoting the axis of rotation is 
(q+k)/|q+k). Since k corresponds to a Fourier com- 
ponent of the function “(R;—R), and since u(R:— R) 
has its maximum variation in a distance of the order 
of the nuclear radius we expect the largest value of & 
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to be of the order of (1/Ro), where Ro is the nuclear 
radius. Thus 


(q+k) _Lat+kxO(1/Ro) ] 


_ = k ) ‘Ko 
lqtk| |q+kXxO(1/Ro)| aidaaiiattin 


(A-5) 





where k and g are unit vectors in the direction of k and 
q, respectively. This shows that the unit vector in the 
direction of (q+k) differs from the unit vector in the 
direction of q only by terms of order (1/qgRo), which can 
be neglected in the high-energy approximation. It 
follows that 


Dim’ (q+k, €) = Dinm'’ (qe) + O(1/ gRo), 
Dan’ (q+k, €) = Dan’ (q,e)+O(1/gRo), 
Aa(qt+k, €) = A q(q,e-)+0(1/qRo). 


(A-6) 


Thus we obtain 


M=exp[ —i(m—n)e Kay”| expli(qt+k)-(Ri—R) ] 
X ja( Ri) | uo") (A-7) 
=exp[ —i(m—n)e |M 


=() unless m= n. 


The proof for Jo””" is similar. For B™", y™" we note 
that 7, and j, transform in the high-energy approxima- 
tion like a combination of spherical harmonies with 
m= +1. The result is that 6""=y""=0 unless m—n=1. 

By using the foregoing arguments and the fact that 
u(R,—R) is invariant to reflections through the w axis, 
one can similarly show that 


Eon B™|2= Twn ly" |? (A-8) 
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Dispersion Analysis of Possible Parity Nonconservation in Low-Energy 
Pion-Nucleon Scattering 
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An attempt is made to analyze the possible parity nonconservation in low-energy pion-nucleon scattering. 
The use of relativistic dispersion relations enables us to relate such effects to the possible parity nonconserva- 
tion in strange-particle production from pion-nucleon collisions. We show that large violations of parity con 
servation in strange-particle production are indeed compatible with small effects in low-energy pion-nucleon 
scattering. It is suggested that our result might be useful in order to understand the very good evidence 


for parity conservation in nuclear physics. 


I. INTRODUCTION 


HE question of parity conservation in strong 
interactions is still an open one both from the 
theoretical and experimental! point of view. We have 
no longer any fundamental theoretical reason for 
believing in parity conservation in any interaction. On 
the other hand there is a strong experimental evidence? 
in low-energy nuclear physics where parity conservation 
has been tested within a factor 10~* in amplitude. A 
way of understanding such a situation without explicitly 
assuming parity conservation was recently found. It 
was shown*~ that for pion and electromagnetic inter- 
actions, charge symmetry and gauge invariance are 
enough to insure parity conservation. Those arguments 
do not apply to interactions involving strange particles 
and it is in effects involving such particles that the most 
significant violations of parity conservation are to be 
expected. So the problem arises whether such parity- 
nonconserving strange-particle interactions could be 
reconciled with the actual experimental evidence in low- 
energy nuclear physics and pion physics. 

In this paper we shall try to study the possible 
violation of parity conservation in low-energy pion- 
nucleon scattering using the method of dispersion rela- 
tions. The central point in our approach is that, under 
the assumption of time-reversal invariance and charge 
symmetry, there is no pion-nucleon renormalized coup- 
ling constant for parity violation. This means that if 
the strange-particle contributions are neglected, our 
dispersion relations yield a solution where there is no 
violation of parity conservation in pion-nucleon scat- 
tering. The possible parity nonconservation in the 
pion-nucleon interaction is therefore related to the 
amplitudes for strange-particle production. 

Our dispersion relations will relate the parity noncon- 
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servation in low-energy pion-nucleon scattering to that 
of the process 


a+N — K+ Y-+pions. 


Since no parity nonconservation in this reaction has yet 
been directly observed, we shall only be able to give an 
upper bound to such effects by using an optical theorem. 

We shall show that in any case, the parity violation 
in pion-nucleon scattering must be expected to be very 
small. Our results confirm the view that large violation 
of parity conservation in strange-particle production is 
indeed compatible with small effects in low-energy pion 
physics and therefore, probably also in low-energy 
nuclear physics. 


II. KINEMATICS 


We use the same approach and notation as that of 
Chew et al. Many of the formulas of reference 6 are 
repeated for completeness. 


1 


The four-vector momenta of the incident and out- 
going pion are gq; and ge, respectively, while those of 
the nucleon are pf; and 2. Conservation of energy- 
momentum gives 

pit g=p2t@. (2.1) 
Using the mass-shell restrictions on these vectors we 
are left with two independent scalars which we choose as 
v=—P-O/M, K?=}(a—q)’, (2.2) 
where 
P=}(pitp2), Q=3(qit@). 
We also find the following relations holding: 
K?=}3q°(1—cos6), 
v=v,—(K?/M), 
vip= (W?— M?—p’)/2M, 
= M?(v7?—p?)/(M*+w?+2M rz), 


6 Chew, Goldberger, Low, and Nambu, Phys. Rev. 106, 1337 
and 1345 (1957). 
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where q’, cos#, and W are the momentum, angle of 
scattering, and total energy in the center-of-mass 
system and vz is the incident meson energy in the 
laboratory system. 


2 
The 7-matrix is defined by 


S=68;;— (24) i8(pot+qe— pi-—q) 


M? 4 ' 
x(- —..} eT, (2.7) 
4E Eww 


where £; and £» are the initial and final energies of 
the nucleon and w, and ws are the corresponding quan- 
tities for the meson. Our spinors are normalized to 


ot2= \u,= 1, 
T is the Lorentz-invariant function and may be written 


T= —A(v,K*)+iy-QOB(v,K*)+iy:-OysC (v,K?) 


—7sD(v,K*). (2.8) 


These are the only invariants involving y matrices 
which remain as independent scalars since any other 
terms can be reduced with the help of the Dirac 
equation 


(ty: pitM)m=0, ti2(iy- pot M)=0. (2.9) 


The two terms with ys are permitted since our theory 
no longer conserves parity. 


3 


In order to simplify our calculations we shall assume 
charge independence, which means we can write 


A Ba At(v,K?)6gat+. { ~(v,K?)3[ 78,7], 


and the same for B, C, and D. It is important to note, 
however, that our arguments in Sec. 10 about the 
nonappearance of a Born term in the dispersion relation 
for C depend only on the much weaker assumption of 
charge symmetry for our theory. 

The amplitudes (+) can easily be related to the 
amplitudes in terms of total isotopic spin by 


At+=}(2A;+-Aj), 


(2.10) 


A-=3(A,;—A}), (2.11) 


etc. 


4 


In the center-of-mass system we can write 
| o°qi o° qe oq. 0°q) : 2 
lJ ie + fe i) ) 
q1 q2 9241 
(2.12) 


where >> is a sum over initial and final spin states. It is 
understood that the appropriate combination of am- 
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plitudes of different isotopic spin is to be taken. One 


finds 
E+M At++ (W—M)B+ 
f =(- — \C wo ) (2.13) 
2wW dr 


i—M —A++(W+M)B+ 
~_ ). any 
4or 
(2.15) 


D++WC+ 
4 ), 


| q ) ~D++WCt 
~\ow ( le ), 


where £ is the nucleon energy in the center-of-mass and 
qg=V/q@. One finds from the usual scattering analysis’ 


h=X fuPur(X)-¥ fr-Pr(X), (2.17) 
l=2 


l=0 


Fat Yh — fr) sa?" (2.18) 


=> (gu—g-)Pi'(X), (2.19) 
l=] 


ge=—D guPus(X)+D gi-Pv-1'(X), (2.20) 
10 I=2 


where X=cos@. If gi=g2=0, then fi, is the scattering 

amplitude in the state of parity —(—1)! and j=/+}. 

elt sind 14. 

fi= 
q 


(gi=g2=0) (2.21) 


where the phase shifts are to be introduced for the 
amplitudes of given total isotopic spin. 

giz is, except for a factor 2ig, the S-matrix element 
connecting the states / to the states 41 through the 
angular momentum J=/+3. (See Sec. 6.) Also 


a 


tes 1\/| loy | 1o4 | lo1 |} 12 
Gs= 4m Dd (J+4)(| fue lP+| frr-|?+ | gee |? + | ge_|*), 
J=} 
(2.22) 
where ész is the elastic scattering cross section summed 
and averaged over spins. 


5 


Invariance of our theory under time reversal says* 
that 
D+(v,K?)=0. (2.23) 


7J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, New York, 1952), p. 426. Note, however, 
that for the proper conditions of unitarity and symmetry of the 
S-matrix one must have $,y =i!~"niy where ni is defined in the 
above. The extra i!~” makes no difference in a parity-conserving 
theory. 

8 We thank Dr. D. Geffen for discussions on this point. 
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This means 

£1= £2 =g= (g/8r)C, 
which in turn implies 

8144 = 8u41- =f, 


and means our S-matrix for a given J is symmetric. 


6 


Unitarity of the S-matrix, combined with the sym- 
metry property above means that we can relate the /’s 
and g’s for a given J and isotopic spin state T (T= 3, 3) 
through two characteristic phase shifts and a real 
mixing parameter. Thus, 


where R is a real rotation, 


cose sine 
R . ’ 
—sine cose 
if S is symmetric, i.e., S$; =S_,. 6, are the charac- 


teristic phase shifts and are real numbers (for elastic 
scattering) to ensure the unitarity of the matrix 


(2.27) 


Thus we find 


e”®+ cos’e+e?'® sin*e 
Sy7.7= 
5 (e€ 


2i16+_ 2i6-) sinde 


5 (e716+— @2i8 — 


§— coste+e?'+ sin? 
(2.28) 


where 6, and « all carry an index J and T and, from 
their method of introduction’ 


A = dig fi, 1 + 1 . 3... _= 2ig fi ot. 1 . 
S, = S_4= 2iggi, = 2iggiy:— = 2iggs. 


(2.29) 


We note that for small € (i.e., keeping only first order) 
we can take the characteristic phase shifts to be the 
measured phase shifts. The phase of the off-diagonal 
matrix elements is then known as in photoproduction. 


7 


, . e . rr . 
We include the formula for calculating’ the longi- 
tudinal polarization of the recoil nucleon. If 


do daQ=> (f a+b-oa/i)!2, 
a= fit fe cos6, 


qit qe i qoXqi 
b=e( )+ir( : ), 
qY , 


AND 
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we find 
do/dQ=} Tr(a*+b*-o)(a+b-o)=|a|?+|b/? 
| fal?+| fo|?+2 Re fi* fo cosé 
+2! g|?(1+cosé). 


Introducing projection operators for the longitudinal 
polarization of the recoil nucleon, 


py=(1t+o-f2)/2, p= (1—o-p:)/2 
po= de, 


(2.31) 


(2.32) 

where f2 and g, are unit vectors in the directions of ps2 

and qe. The polarization is 

2 Tr(a*+b*-«)(p,—p_)(at+b-o) 

4 Tr(a*+b*-o)(p,+p_)(at+b-o) 
2 Rea*(b- f2)+ip2: (bX b*) 


la|?+/b!? 


P= 





(2.33) 


do 
—= —2(1+cos#) Reg*(fi+ fe). 


dQ 


(2.34) 


8 


It is also of interest to generalize the optical theorem 
for the case of parity nonconservation. We find 


4 


o.= (2.35) 


T 4 Popa 
Im f(0)=—{Im(fit+ f2)+ 20, Img ]o—c. 
q q 
This is the total cross section for pions on aligned 
nucleons in a given state of isotopic spin 7. ¢, is the 
value of the nucleon spin in the incident direction. One 
thus has 


4 F 
t= —[{Im(fit+ fe) +2 Img ]6—0, 
¢ 
d (2.36) 
4 
C4 =— [Im(fit+ fe)—2 Img |o—0, 
q 


so that Img} oo is a directly measurable quantity. By 
demanding that our cross sections be positive, one finds 


| Img! 0 < (q/8m)é:, (2.37) 


where 6; is the total unpolarized cross section. 
This analysis can be extended to each J state by 


writing 
= ow OJ; 


der . (2.38) 
oy=—(J+})[Im( fi t+ fins_)— 20, Imgy J, 
q 


and also to any reaction channel. This gives another 
inequality 
q 


ore | (2.39) 
84(J+4) 


Imgy| < 
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III. THE DISPERSION RELATIONS 
9 

We now proceed to write the dispersion relations. We 
must first relate values of the T matrix on the negative 
v axis to those on the positive axis. To do this we make 

use of the crossing symmetry of our theory, that is 
T';P*(v,K?) = (Tiga (—v*, K*) }* (3.1) 
for v=Vyeaitie. f and 7 designate the final and initial 


nucleon states, and # and a the final and initial isotopic 
spin states of the meson. In terms of A, B, and C one has 


A+(v)=+[A+(—»*)}*, (3.2) 
B+(v)=F[B+(—v*)}*, (3.3) 
C+(v)=#[C+(—1*) }*, (3.4) 


V= Vrealt1€. 


10 


To calculate the contribution of the pole, we must 
evaluate 


(b| ja(O) | a)= igo G(Ap?)+F (Ap*)y5 |r atta, 


where ja(0) is the meson current, a and b are one- 
nucleon states, go is the unrenormalized coupling 
constant, and G and F are arbitrary functions of the 
square of the four-momentum transfer at the vertex 
which in the case of interest is 


Ap’= —p’. 


The above form of the matrix element is written from 
invariance considerations. If we ask that our theory be 
invariant under time reversal we arrive at 


(5.5) 


(3.6) 


(b| ja(O)| a)=nrigots_G(—p*?)— F (—w)¥5 Jr ata, (3.7) 


where nr is the intrinsic parity of the pion under time 
reversal and is —1. We thus conclude that 


G(—j*)=0, (3.8) 


and define 

gol’ (—u2)=g,, (3.9) 
the renormalized coupling constant. Thus we see that 
there is no contribution of this term to the dispersion 
relation for C, that is, there is no pole in the dispersion 
relation for C. The above argument is just a restate- 
ment of a well-known theorem about -meson inter- 
actions.*~* For the sake of completeness, we shall show 
that this argument actually only depends on the 
assumption of charge symmetry. With charge symmetry, 
we must retain an invariance under rotations about the 
3 axis in isotopic-spin space and reflections in the 1-2 
plane. This means we can write 


(b| 73(0) | a)= igo’ mLGY (—p?)+F* (—p?)¥5 |r sta, 
(b| ja(O) | a) = igo’ m.Go(—p?)+FO(—p)¥5 rata, (3.10) 
a=1, 2. 
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Again we apply invariance under time reversal and find 

with nr= —1 for the charged and neutral pions 
GOL nm pS \ en ON ~~ en 

th ( Me) a ( ie : (3.11) 
goNFN(—p2)=g,%, go°F°(—u2) =g,°. 


11 
Our dispersion relations are thus 


ReA+(v,k?) 


1 * 1 1 
= Pf dv' ImA “| —+_-— | 
Tr Yn v—v vty 


ReB+(v,k?) 


(3.12) 


= 2) 


gr 4 1 1 
= - +-- J: pf dv’ 
2MLvp—v vetvd oe 


vo 


1 


xX ImB | 


, 
Vv 


ReC+(v,k°) 


1 I I 
=-P f dv’ ImC4 oe] + | 
Te y'—yp v’+y 


vo 
where 


vo=m—(K°/M), ve=— (uw?/2M+K?/M). 


These dispersion relations are written using the no- 
subtraction philosophy, i.e., by requiring that the high- 
energy dispersion integrals are convergent. It will 
become apparent that our results depend only on the 
convergence of Eq. (3.14) for C. We feel this assump- 
tion is justified since from Eqs. (2.24) and (2.36), we 
have’ 

ImC(v,0)=3 (014 —ou). (3.15) 


We can write the dispersion relations in the laboratory 
system by using (2.4). We give the result for C. 


P 


2 


2D 


dv,! Im¢ ral : (v,’,K?) 


1 
Je rete k2, 


+ (3.16) 
v,!-+v,—2K?2/M 


x 


dv, ImC jnet t(p,’ K?) 
i =inelastic 
threshold 


1 1 
x| - } (3.17) 
vp — vr vy,’ +v.—2K?2/M 


recall that by using the analogous relation involving 
one gets a very good determination of 6;—43. 


Tw 


We 


o me 
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We have explicitly separated the contributions to the 
integral coming from the elastic and inelastic parts. 

In order to utilize these dispersion relations, we fol- 
low closely the methods and approximations which have 
been used successfully in reference 6. 

We make the usual one-meson approximation to A 
and B and neglect the inhomogeneous terms coming 
from inelastic processes since these contributions are 
negligible compared to the term in g,’. 

For C, however, the situation is different. The only 
inhomogeneous term is given by the inelastic con- 
tribution. The fact that the dispersion relation for C 
does not contain any pole is of the utmost importance 
for it leads to the conclusion that in the one-meson 
approximation the trivial solution C=0 satisfies all the 
requirements of causality and unitarity. This means 
that the possible parity violations in low-energy pion- 
nucleon scattering must be induced by the contributions 
of inelastic processes to ImC. We shall therefore keep 
the term /*(v,,K*) in our dispersion relations. We note 
that for low-energy scattering we can neglect vz with 
respect to vz’ in the denominators of our integral for /* 
since the v,’ start at the inelastic threshold and thus 
the 7+ become constants independent of vz, in this 
limit (see Sec. 19). 


12 


(a) We are looking for a solution to our system of 
dispersion relations, in terms of the constants g,? and /, 
which has small parity nonconservation at low energies. 
In order to do this we introduce in these equations a 
small « and see if they are satisfied. For small ¢ the 
characteristic phase shifts and the usual phase shifts 
coincide and the analysis of reference 6 goes through 
as before. 

(6) Under the integral for the elastic scattering part 
we keep only the contribution of" 


£33> (f33? — fas? ess, (3.18) 


since this is the only term which will have a large 
imaginary part because of the resonance. We therefore 
have 


Sr 
ImC.,*(¥1,K?) = - Imge1.* 
q 


9 


167 3K? 
z ™ mgy+(~ -1), (3.19) 
q qv 


as the integrand for the elastic scattering part of the 
dispersion integral. Eventually we use 


gr = — dens. 


oe 
3° = 3833, 


AND 
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We are now interested in low-energy pion-nucleuon 
scattering so we keep only the contribution of J/=} and 
3 to g and project out dispersion relations for each J 
amplitude. 

2K? 
= s1-1-3ei(1-— ) 40-9. (3.20) 


i 
Therefore 
6 
—g,=g'(0), (3.21) 
¢ 
—gy=g(0)+ 3978" (0), 
where the derivatives and the 0’s refer to the variable 


R?. 


(3.22) 


q° 
Regy=—— ReC’(v,,0), (3.23) 
48 


Tv 


q ; 
— Reg; =—[ReC(vz,0)+ 3g? ReC’(vz,0)]. (3.24) 
Tv 


8 
Inserting the dispersion relations, one has 


q [4 A , Imgy*dv1 
ps - a —_ _ 


Reg;+ = 
48x rv, fs 


1 1 — 
x| a a | (3.25) 
vyp'—vL vp ty 3M (vz'+vz,)? 


P f Img;*dv,’ 


q 
t=—[I*+ 3q°I*"]+2g 
8a i 


rv, gq 
1 1 ¢ 
x|(——= -)( 
ve'—vy vr +v,/ \q” 

| (3.26) 


To facilitate the handling of these equations we reduce 
to the static limit using (2.5) and w=W-—M, wo’ =W’ 
—M: 


g P ¢® Img;*do’ 
Reg;+=—I?#’+ ¢ f — 
4 $ 


Sr rv, 


q 
Renters 


Tv 
P fr? Imgy*dw’ sw 
Ef 
” *e q” w 
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To use unitarity, we must find expressions for the 
characteristic amplitudes (in J and TJ). Using the 
notation 


=—% 
wo —f IY -F")], ne —1-F], 

48a 8r 
(3.29) 


—1 —1 
m=, w=—Lr 420], 
Sr 


48x 


one finds 


| dw 
Reg33= —prste— [ = 
T q’ 


1 ) A 
x Imgo| — --— | 
w’—w 30’+w 


41 7® do 1 
Regs1= — gai-— - f — Img;3| — | 


3 rd, g’ w’+w 


4g 7” (2w+w’) 
Regis=qyst 2PA3s+ — Img3;dw’, 
3 


wy gq’? 


&¢ 2 uy—,' 
ala Img33dw’. 
ae, 


Regu=qrit2¢rit 


Equations (3.30) to (3.33) can give one a determina- 
tion of the g’s in terms of only the constants y and X. 
These constants will be estimated in the next section 
and turn out to be small. Therefore, we can satisfy those 
equations with a small ¢ justifying the ansatz 12(a). 


15 
Keeping only /;3, we must solve the equation for gs; 
which is 
/ 


P ¢? dw 
€33 Ref33= grA3st * om f 
eS Va q’ 


it | 
xImfol — es -| (3.34) 
w—w 30'+w 


Substituting 


€33(w) = quwa(w), (3.35) 


et Imjs 


/2 
e Y 


> du’ ie! ocd 
eRe im fa 79 | 
q” w’—w 30'+w 
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while from reference 6 we know 


2 


Repo "["() 


P ® do’ 1 1 1 
+o f —Imfal — + — | (3.37) 


rv, ¢* w’'—w Iw'+w 
We see that to the extent to which we can consider the 
effect of the crossed terms as small, we have a solution 
for a= constant. 


A3 2 © dw’ ; 


4/f\? 
as —Imja=-(~) P 
a 3r m q? 3 M 


—+ (3.38) 


Using® 
Im f33= (4a, 3)(f/n)?q’6(w’ —wr), (3.39) 
we find 
gun 
€33> va mie Nt . 
(4/9) (f/m)? 
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(3.40) 


Inserting this solution in the other equations, that 
is, using 


Img33= — 3rwgq®35 (w— wr) (3.41) 


and neglecting D waves, we find 


q 
é1=—— : (3.42) 
Refs: 
€13>= - {yst+ 2A3L¢’— 2wr(wrt 2w) ]}, (3.43) 

Re(fis— fs) 
q 
iT Nia pi a [yi t8rswr(wr—w)+2¢7A1 |. (3.44) 
Re(fu— fi) 


Equations (3.40) to (3.44) are the solutions to our 

problem. Since we are only able to give order of mag- 

nitude estimates to these quantities, we approximate the 

formula further in order to gain a simple orientation. 
(a) We keep only the Born term for Refs: ° 


2/fry¢ 
Refsi= — () rm, 
3\u7 w 


(b) We keep only the S-wave amplitudes in the de- 
nominators of €,;3 and €;;,° 
Re fs = fs —0.11 ‘My 
Re fi= fi=+0.16/u. 
(c) For the constants 7, we note that a prime puts 
an extra power of g’ in the denominator of the integral 
and therefore the constants y (or at least the limits we 


are able to put on them) are much larger than the X. 
We therefore drop the constants A in €13 and €3). 


(3.45) 


(3.46) 
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These approximations give us the following simple 
expressions : 


gwd 3 
(4/9)(f/u)? 


[aan 7 
, wtwr 


(3.47) 


(3.48) 
(3.49) 


(3.50) 


€1=- 


ce je 
—0.16/pu 
IV. NUMERICAL RESULTS 
17 


The quantities y and A are connected with noncon- 
servation of parity in high-energy interactions of pions 
and nucleons and in principle can be measured. Since 
no experimental information is yet available on those 
effects, we have to resort to some theoretical consider- 
ations in order to give an upper bound to these quan- 
tities. The most obvious upper limit is obtained by 
using the total pion-nucleon cross section (2.37). This 
gives a rigorous upper limit on Img but certainly not 
a very stringent one since, when the equality sign holds, 
either o+ or o4, must be zero. 

Since we are primarily interested in answering the 
question whether large parity nonconservation in 
strange-particle production is compatible with small 
effects in low-energy pion physics, we shall keep only 
the contributions to Img coming from this process. A 
justification of this can perhaps be given as follows. 
Parity nonconservation is induced in our dispersion 
relations for pion-nucleon processes through the in- 
elastic strange-particle production."' We will also have 
contributions to the inelastic integrals coming from such 
processes as multiple pion production. There will, how- 
ever, be further dispersion relations for these processes 
and the inhomogeneous terms in these relations will 
again be given by the strange-particle production ampli- 
tudes. When one inserts these results into our original 
expression, one will find two integrals over inelastic 
processes and one hopes that the extra denominators 
will make these terms small or at least the same order 
of magnitude as the direct production amplitude. We 
therefore use 


ImC (0)! <éyx (4.1) 


in either state of 7. 

We also have to obtain a limit for ImC’(0). This can 
only be done by introducing a phase-shift analysis and 
using the inequality (2.39) for each partial wave. 

4! We remark that our equations are analogous to those of photo- 
production® where the strange-particle production amplitude plays 
the role of the Born terms involving the charge and magnetic 
moment, 
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Because of extra convergence factors in the denomi- 
nators coming from the differentiation with respect to 
K?, the expressions for C’(0) are dominated by the 
low-energy behavior of r+.V — Y+K. Therefore we 


shall keep only the contributions of the low-angular- 


momentum states J=}, J= 3. We find again 


2K? 
p= -a-3u(1-— )+ou- 2), 
¢ 

6 
g'(0)=—g. 


9 


@° 
We thus have from (2.39) 
3 3 
ImC’(0)| < —yx(J= 2?) <—@rk. 
q? 


We have 
(4.5) 


(4.6) 


+ is the total cross section for r++ p—2*+ AK‘, 
is the total cross section for r~+ p—2'+ K°, 
\2-4+-E%, 
o, 4 is the total cross section for r+ p—A+ R°. 
From the last CERN conference” we find 
o,*st~0.3 mb, 
ox, y~0.5 mb, 
oy a~0.7 mb, 
as an estimate of the cross sections, and therefore 
'M?, (4.8) 


‘M?. (4.9) 


ee $)~0.3 mb=0.75/ 


T= 
6yx(T=43)~1.3 mb=3.25, 
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In order to estimate the A and 7, we first notice that 
the threshold for II-+p — A+K° is 


vy, min = 6.6, (4.10) 


and therefore we can neglect vy, with respect to vz’ in 
Eq. (3.17) over quite a range of v,. 

There is just one further difficulty and that is if we 
try to put bounds on the integrals /;,; using the esti- 
mates (4.8)-(4.9) for the cross sections, the integrals 
diverge logarithmically. However, under our no-sub- 
traction philosophy the original integrals are con- 
vergent and therefore we can integrate up to some 


12 Proceedings of the 1958 Annual International Conference on 
High-Energy Physics at CERN, edited by B. Ferretti (CERN 
Scientific Information Service, Geneva, 1958), pp. 147-157. 
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Vi max With only negligible error. We arbitrarily choose 
Vi max=7M but since it enters in a logarithm, the 
precise value is not very important. It is interesting to 
note that, as in reference 6, only the determination of 
the J=} mixing parameters depends on the use of no- 
subtraction philosophy. We thus find 


2 ¥L max dvz/ 
1,(0)= f Im[C;—Cy], 


2 
oT ¥L min Vi 


(4.11) 


4h max dyz! 
1,(0)= | —Im[C;-C;], (4.12) 


3 “VL min VL 


1 
f — Im[C;—C,]' 
vy! 


¥L min 


1 
= Iml2cy +c) on! (4.13) 


VL 


D 1 : 
f — Im[C;—C;]’ 
vy 


¥L min 


1 
4 Im[C\—4C; fr, (4.14) 


2Mv;,” 
where the subscript denotes isotopic spin. Using (2.6), 
(4.1) and (4.4) 


4 VL 
T,(O)< Leyn(T=})+éryxn(T= >) J In ’ 


or VL min 


’ : VIL max 
T;(0) <<—[érx(T=3)+erx(T=3) ] n—_, 


or VL min 
2 
T,'(0)<— | arx(t=)teret=2) 


9 
TWVL min” 


VL min 
+ [3avx(T=})+169rx(T= 3) (4.17) 


34 


1 
T;'(0)<— 


9 
TVL min” 


[ara 3)+oyxn(T= 5) 


2vr min : 
-+ [Sayx(P=§) +76rx(T=3)]]. 
3M : 


These equations imply 

(4.19) 
(4.20) 
(4.21) 
(4.22) 


wy <3.0X 10-3, 
wy3<1.5X 107%, 
uw <4.5X 10-5, 
pis < 2.5 10-5, 


Finally, inserting these results in the equations for the 
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Nucleon 
eee Hyperon 


~— srw Pion 


- : ars K Meson 











ain 
i= 
Bion 


Fic. 1. Graphs contributing to nuclear forces. 











e’s, (3.47)—(3.50), one has" 
€33< 7X10 (g/u) (w/p), 
€1<2X10-*(g/u) (w/u), 
€13<0.01(g/x), 
€11:<0.02(g/y). 


(4.23) 
(4.24) 
(4.25) 
(4.26) 
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To relate these quantities to observables, we give the 
equation for the longitudinal polarization of the recoil 
nucleon (2.34) in certain simple cases: 

(a) Keeping only S waves and S—P coupling in the 
T= 3 state, 

P= —2e,3{ 1+ cos6 ]. (4.27) 
(6) Keeping only the 3-3 state and P—D coupling, 


} — 2e33[1-+cos6 ][1—3 cosé }? 


1+3 cos*0 
Vv. CONCLUSION 


The main conclusion of our investigation is that, 
under very general assumptions, violations of parity 
conservation in low-energy pion physics are expected 
to be small even if large violations of parity conser- 
vation are found in strange-particle interactions. 

Another interesting feature of our results is the fact 
that the most important violations of parity conserva- 
tion are expected in the /=4, S~P mixing parameters, 
whereas the effect is very small for the terms involving 
the 3-3 resonance. The reason for this is that the parity 
nonconservation is due to strange-particle effects. These 
effects take place at a very small distance from the 
nucleon where only S-wave pions can have any chance 
of penetrating." 


(4.28) 


18 Tf one uses equality signs in Eqs. (4.23) to (4.26), assumption 
12(b) is still valid. 

144We thank Professor G. Bernardini for a very illuminating 
discussion on this point. 
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One might object to the fact that our limits are based 
on only the strange-particle production cross-section. 
However, we point out that we have essentially only 
used the assumption that 


(or —on)/(ort+tou)~0.03. 


Since no violations of parity conservation have yet been 
observed, for example in x-+ p — A+ K°," we feel that 
this estimate is not unreasonable. 

It is also interesting to discuss the possible implica- 
tions of our results for low-energy nuclear physics. The 
possible causes of parity nonconservation in N—N scat- 
tering are expressed in graphs of the form (6), (c) of 
Fig. 1. The contribution of the graphs (a) are excluded 
by the Soloviev-Thirring argument. 

The contributions of the graphs of type (c) give a 
potential of very short range and therefore give rise to 
small violations of parity conservation.‘ 

Our results could be used to estimate the contribution 
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of all graphs of the type (6) which give rise to potentials 
of range 24 and are obviously closely connected to 
pion-nucleon scattering. Our results indicate that these 
contributions too are small. Therefore our paper 
supports the view that the very good experimental 
evidence for parity conservation in nuclear physics 
could be reconciled with possible parity nonconservation 
in strange-particle physics. 
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The general form of the equations of motion of a particle possessing multipole singularities of a neutral 
vector or pseudovector meson field has been found by Harish-Chandra under the assumption of a divergence- 
less current. In a recent paper a more general form of the interaction was proposed, and the equations of 
motion were found for this case for neutral, charged and charge-symmetric fields. In this paper we establish 
forms of the multipole moments of arbitrary order compatible with these equations, and also of the moments 
compatible with the more restrictive interactions proposed by Harish-Chandra, which include those of 
electrodynamics as a special case; they are established under the assumption that the spin of the particle is 
of constant magnitude and has only spatial components in the rest system, and for pure 2"-pole moments of 
constant magnitude (“intrinsic moments’) or of variable magnitude (“induced moments,” acceleration- 
dependent forces). In the Appendix the results of a previous paper on singularities of scalar and pseudo- 
scalar fields, which established the general form of the intrinsic moments, are generalized to show the 
possibility of induced moments of all orders, and it is shown that a particle can carry an arbitrary linear 
combination of multipole singularities of spin zero and one fields. 


I. INTRODUCTION 


N recent years several methods have been developed 
to obtain finite equations of motion for point par- 
ticles in spite of the infinities associated with such singu- 
larities in classical field theory. The method first used 
by Dirac! for point charges interacting with an electro- 
magnetic field was generalized by Bhabha and Harish- 
Chandra? to be applicable to any type of linear wave 
fields which allow a set of conservation laws. A classical 
* Research done in part during a summei stay at Argonne 
National Laboratory, whose hospitality is gratefully acknowl- 
edged, and supported in part by the U. S. Air Force through the 
Air Force Office of Scientific Research of the Air Research and 
Development Command. 
1P. A. M. Dirac, Proc. Roy. Soc. (London) A167, 148 (1938). 
2H. J. Bhabha and Harish-Chandra, Proc. Roy. Soc. (London) 
A183, 134 (1944); and A185, 250 (1946), and references given in 
these papers. 


relativistic theory of such wave fields without sources, 
which after quantization describe neutral or charged 
particles of integral spin, had been given earlier by 
Dirac’ and Fierz.4 Harish-Chandra’ extended Fierz’s 
theory for neutral fields to include sources and suc- 
ceeded in obtaining the general form of the equations 
of motion of point multipoles of these fields and the 
explicit form of these equations for point charges and 
dipoles in fields of spin zero and one. 

In introducing the sources of all fields of nonzero 
spin Harish-Chandra assumed that they satisfied an 
equation of continuity. In a recent paper® it was noted 

3P. A. M. Dirac, Proc. Roy. Soc. (London) A155, 447 (1936). 

4M. Fierz, Helv. Phys. Acta 12, 1 (1939). 

5 Harish-Chandra, Proc. Roy. Soc. (London) A185, 269 (1946). 

6 P. Havas, Phys. Rev. 113, 732 (1959); in the following re- 
ferred to as EM. 
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that for fields of nonzero rest mass this condition is 
more stringent than is required by the invariance 
properties of the fields, and a more gereral form of the 
interaction was proposed. The corresponding equations 
of motion (containing those obtained by Harish- 
Chandra as a special case) were derived for arbitrary 
multipole singularities, and the theory was extended to 
charged and charge-symmetric fields. 

Although the general form of the equations is thus 
known, this in itself does not mean that a self-consistent 
theory of arbitrary point singularities is possible. The 
equations of motion interrelate the momentum, angular 
momentum, and charge density of the particle; further- 
more the field equations may impose certain restrictions 
on the charge density. In addition it appears to be 
necessary for the physical interpretation of the theory 
to require that the spin of the particle be of constant 
magnitude and have only spatial components in the 
reference system in which the particle is instantaneously 
at rest. (As discussed in EM, the analogous restriction 
of the 2"-pole moment to spatial components in the 
rest system only implies the exclusion of an admixture 
of poles of lower order.) It also appears convenient to 
require that the magnitude of each 2"-pole moment be 
constant (“intrinsic moments’). It is not inherent in 
the method that it should be possible to satisfy all 
these relations for any type of charge singularity. In- 
deed, it was found recently’ that these relations can 
not be satisfied for singularities of fields of spin two or 
higher. On the other hand, it was found that they can 
be satisfied for multipole singularities of arbitrary order 
in the case of spin zero fields.’ In this paper we shall 
establish that they can also be fulfilled for multipole 
singularities of arbitrary order in the case of spin one 
fields, both for the interactions used by Harish-Chandra,*® 
and for those proposed in EM. The results obtained in 
the case of neutral fields are summarized in Theorems 
I-III of Sec. IV. Then we consider moments which are 
not required to have constant magnitude (‘induced 
moments”); possible forms of these moments (which 
correspond to acceleration-dependent forces) are found 
for all orders. The results are summarized in Theorems 
IV-VII of Sec. V; they contain the previously con- 
sidered intrinsic moments as a special case. The exten- 
sion of the theory to charged and charge-symmetric 
fields is discussed in Sec. VI. In the Appendix the 
possibility of induced moments of all orders is estab- 
lished for the case of the spin zero fields considered in 
MS, and it is shown that a particle can carry an arbi- 
trary linear combination of multipole singularities of 
spin zero and one fields. 

7P. Havas, Bull. Am. Phys. Soc. Ser. II, 2, 189 (1957). This 
paper only dealt with the interactions used in reference 5; a de- 
tailed account extending the results to the interactions proposed 
in EM will be published shortly. 

8 P. Havas, Phys. Rev. 93, 1400 (1954); in the following re- 
ferred to as MS, 
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II. EQUATIONS OF MOTION IN 
NEUTRAL FIELDS 


We shall first summarize those results of EM for 
neutral fields which are relevant for the purposes of 
this paper. Except for minor changes we shall use the 
notation of EM and MS, which will not be repeated 
here. No use is made of the mathematical details of 
EM; of those of MS, we mainly need the methods 
developed in Sec. III of that paper. 

The case of a field of spin one (vector or pseudovector 
meson field and electromagnetic field) is that of s=1 
of EM; we shall therefore specialize all formulas of EM 
to this case. The translational equations of motion of a 
point particle in such a field are, from (EM38),® 


A= (—1)*S28-*"O,0p...2U'e, (1) 
where the tensor S**'"*”* of rank +1, symmetric in 
its first m indices, is the 2"-pole moment of the particle. 
The rotational equations of motion are, from (EM45), 


Bp =D (—1)"[0(Sypeeer, 9 98° U —S pp.nns, Oy?"U"”) 


n 


+ (Seap.eor, pO%U",—Sapenrr, 99%'*U",) | 
(2) 


— (v,A,—0,A,). 
Here A, is the four-momentum of the particle; B,, is a 
quantity related to the angular momentum of the singu- 
larity, whose interpretation is further discussed below 
and in Sec. V. 

Equations (1) and (2) are valid both for the case of the 
interactions used by Harish-Chandra® (EM19-21) and 
for those proposed in EM (EM26-28). It was shown 
in EM that Eqs. (EM26-28) do not impose any re- 
strictions on the multipole moments. Equations 
(EM19-21), on the other hand, impose the condition 
[following from Eq. (EM20) and definitions (EM35) 
and (EM36) ] 


wa 
Baton | S28: nee, ( 7) 6 ——— 20)6(x1 Sins 21) 


wD 


X65 (ax2—22)5(x3—23)dr=0. (3) 
As discussed in EM, this condition is necessary for 
fields of rest mass zero only. In the following we shall 
first determine possible forms of the multipole moments 
without imposing this condition and thus only valid in 
the case of fields of nonzero rest mass. Then we shall 
impose (3) to obtain the forms valid for electrodynamics 
and for the customary form of meson theory. However, 
the imposition of some further constraints is necessary 
to obtain a well-defined problem; without them the 
“equations of motion” (1) and (2) do not determine 
the motion of the particle, but rather the variation of 
the (otherwise undefined) functions A,, B,,, and 
Sas---»,e for essentially arbitrary motion. It seems 
natural to require that the particle should be fully 


‘ *In Eqs. (EM37) and (EM38), read A’ instead of A’. 
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characterized by its coordinates z,(7) and intrinsic 
angular momentum (and their derivatives), and by a 
set of coupling constants, but that no new functions 
should have to be introduced to characterize either the 
multipole moments or the four-momentum 4A,. 

It was shown in EM that it is always possible to 
impose the constraint 
” ar FanQ), 


“a (4) 
as this only implies that S**'** is a pure 2"-pole 
without admixture of lower order poles. In part of this 
work we shall also impose the constraints 


S2B--- 08 09. g=0, (5) 
(6) 
(7) 


suggested by Harish-Chandra.* Equations (6) and (7) ap- 
pear to be necessary to allow a physically consistent in- 
terpretation of B,, as the intrinsic angular momentum 
of the particle; Eq. (5), on the other hand, is not 
necessary to satisfy our requirement for the description 
of the coupling between particle and field. We shall 
first investigate multipole moments which are subject 
to the constraints (4)—(7), but in Sec. V we shall con- 
sider a less restrictive set of constraints, which appears 
to be equally acceptable physically. 

The value of the potential U’, in the equations of 
motion (1) and (2) depends on the assumptions made 
concerning the total potential. If the total potential is 
taken as the sum of the external potential and of the 
retarded or the half-retarded, half-advanced potential 
of the particle itself, U’, is given by Eq. (EM58) or 
(EMS9), respectively. However, for nonzero rest mass 
of the field these equations contain self-action terms 
involving integrals over the motion of the particle which 
are not consistent with the point of view of an action- 
at-a-distance theory, as discussed elsewhere.” In such a 
theory we have to identify U’, with the external po- 
tential alone. For all three forms of U’, the equations 
of motion are consistent with detailed conservation laws 
for energy-momentum and for angular momentum. 

All the considerations of this paper are independent 
of the form of U’,. Therefore we shall treat it as an 
arbitrary function of the x, [evaluated at z,(7) ] in the 
mathematical arguments to be presented. To simplify 
the notation we shall omit the prime hereafter. 


B,,v°=0, 


and . 
B+eB,,=0, 


III. OUTLINE OF PROOFS 


As discussed in the preceding section, the quantities 
characterizing the particle under consideration are 
interrelated through the equations of motion (1) and 
(2), and further restricted by the conditions (4)-(7), 
and possibly (3); however, the motion of the particle 
in a field U, should be fully characterized by the vari- 


” P, Havas, Phys. Rev. 87, 309 (1952); compare also MS. 
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ables z,(7) and B,, only. We shall show that one can 
construct multipole moments Sag...»,¢ of all orders 
which are certain combinations of the components of 
B,, and v, and which satisfy all the conditions imposed ; 
the four-momentum A, then becomes identically equal 
to a function of the other particle variables, of U, and 
of their derivatives, as required. 

We shall first consider the case of a single 2”"-pole 
moment, for which the equations of motion (1) and (2) 
do not contain any summation. The proofs of our 
theorems for the different forms of the multipole mo- 
ments all follow the same pattern, which we outline 
below. 

We first note the frequently used fact that for any 
two tensors of arbitrary rank which are contracted in a 
pair of indices which is symmetric for one tensor and 
antisymmetric for the other, we have 


thea | eee § (8) 
Now we consider the constraint (7). From Eq. (2) 
we get 


Bue Byy= (—1)"2B"°(nSup...», Dp? U" 


+Sap..»,,07''"U,)=0. (9) 


By changing dummy indices we can write this 


(nB*,Sy8...», e+ BYeSap-v-r, ,)0%"U=0. (10) 
This relation must be satisfied for arbitrary U’’, which 
is only possible if the expression in brackets either 
vanishes or consists of a series of terms which are anti- 
symmetric in a pair of indices; Eq. (1) then follows by 
(8). 


To obtain the explicit form of A,, we put 


A,=A,+M»,, with M=A,0" and A,v=0. (11) 


Multiplying Eq. (2) by v? and using Eq. (4) and the 
fact that ; 
v0,U,=U,, (12 


we obtain 


A,= (—1)"(—nS yp..0v, 08 °U? 
+S ap...r, 0°" U p— Sap.-r, O7***U pv?) 


+B,,v%. (13) 


Using Eqs. (11), (6) and (8) we obtain from Eq. (13) 


5 
—A,i"= —_ (-— Wag ( —_ HO"S pp:..4, ¢0"” [To 


+ Sap...» 0°07" PS atin, gM ML rv), (14) 
On the other hand, we get from Eq. (1) by multiplica- 
tion by o# and use of (12) 


A v= (—1)"S28---*9 08... U. (15) 
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Subtracting (14) from (15) and using (11), we get 
M = (-1)"(S°8°°° a5... gp — NOS ppevny, 08 U" 


tS ap.eev, 00° UH" —Soap.eey, pd*O°8*U 0?) 


= (= 1). $0000 ,5.. UN, (16) 
with rf 
(—1)"N = — S905... Ug —ni"Syp..ey, 08 'U" 
+Sag..-r, p0°O%**?U 0° — Sag...y, p0°O%"*'"U ,v?. 


(17) 
We shall show in the next section that in all cases 
considered N vanishes and thus 


M =m+ (—1)"S% °°" Ga....U 6, (18) 


where m is a constant of integration, to be interpreted 
as the mass of the particle. 
We introduce 


(19) 


S?= Bar, 


where «7 is the Levi-Civita pseudotensor, antisym- 
metric in each pair of indices, with ¢%=1. We have 


5*0,=0 (20) 
and 


S*B,,=0. (21) 


Equation (20) follows from (8), and Eq. (21) is most 
easily verified by evaluating it in the “standard rest 


system,” in which 


all B,,=0 


except 


M1=2=3=0, n=1, 


By= — Ba; (22) 


the possibility of choosing such an orientation of the 
coordinate axes is a consequence of the constraint (6). 
We also have 


S°S,=0, (23) 


provided Eq. (7) holds, as proved in MS, Eq. (39). 
From (21) and (8) we get 
S+B,,S°=0. (24) 

The vanishing of N will be established by demonstrating 
that the expression 

(—1)"(S*S,N —S#B,,S°) (25) 
vanishes. Substituting (2) with (13) into (25) and using 
(20) and (21) we obtain 


SS pa S28: adh Sagem, '—— ROMS vA. ocv, Ps lad a! le 


+S agency, p00 Ub! —Sageeey, pd¥O%*U pv?) 
—n( SHS ype, 8"? US .— SPS ppeury, 0 *US,) 
—Sapeeev, pSO°"°U S?+Sap.cer, SOU ,S# 

+0, S#(— NSPS yg..0r, 8 "UTS apener, 079%" U.S? 


— Sager, pSP°O% Uv"), (26) 


The vanishing of this expression is most easily estab- 
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lished by evaluating it in the standard rest system for 
the different forms of S**-:-”.* considered. 

Up to (17) our procedure is entirely analogous to that 
used in MS to establish the form of the multipole 
moments of the spin zero field. The subsequent pro- 
cedure is somewhat more compact than that used in 
MS. Its main advantage is that once the forms of the 
possible single multipole moments are established sepa- 
rately by proving the vanishing of (17), the possibility 
of using an arbitrary linear combination of such mo- 
ments follows immediately from the fact that the 
moments enter into the proof linearly. This was not the 
case in the method used in MS. A similar procedure can 
be applied in the case of spin zero fields considered 
there, however, as discussed in the Appendix. 

Because of the possibility of arbitrary linear com- 
bination of all the moments considered, we can omit the 
coupling constants from our expressions for these 
moments without loss of generality. We shall do so in 
the following to avoid an awkward notation. 


IV. INTRINSIC MULTIPOLE MOMENTS 
We shall now establish 


Theorem I.—Let a point particle be characterized 
by two four-vectors z, and A,, an antisymmetric 
tensor B,, and tensors S*°'"? of rank n+1 (n=0, 
1, 2---+), symmetric in their first ” indices, which are 
functions of the proper time 7 and are subject to the 
constraints 


B,,v°=0, (A) 


v=, 
where 0,=2Z,, and to the equations of motion 


B, p= dal —1)"[n(Syp...», 60 9? "U%—Sop...v, 60 uP U7) 
—_ (Scaiiy gOrr ore I —Seapeoss a8 | r) ] 


—| (B) 


VA p—,A,), 
and : 

Ap) 0(—1)*S?°***809.00U ¢, (C) 
where U, is an arbitrary function of x, whose deriva- 
tives are evaluated at z,(7). It is required that the 
S87 be of such a form that the conditions 


B+» B,,=0, (a) 


(b) 
(c) 


are valid and that A, becomes identically equal to a 
function of the other particle variables, of LU’, and of 
their derivatives at z,(7) by virtue of Eqs. (A)—(C). 

Then possible forms of the 2"-pole moments 
S89 satisfying these requirements are given for 
all n by 


Dg SAB 7 = (), 
and : 
. v.e@ 

ao" ‘ " Sailes¥, 6 0 


(1) 
and 
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and arbitrary linear combinations of these, with 


¥ 


*=> BBB, Bes... BB TT Ss, 


wrt+l 


V5“ 
(1’) 
5S‘= e'#Byv,, 
where the summation extends over all permutations 
of a,8---v, the number of factors B is any even 
number pn, and e is a pseudotensor antisym- 
metric in each pair of indices, with ¢!%=1. A, is 

then of the form 
A,= [m+> n( —1)*S*°*°"-"Oag...0U. 0, —B,, 6° 
+> «I rt 1)"( —S yp..-», «°° °7l hed 
+Sap..-, 0°07" U -—Sap..-r, O%'"'"U v*), (Q@) 
where m is an arbitrary constant. 


Theorem I is analogous to Theorem IV of MS; the 
general form of the 2"-pole moment of the scalar field is 
just a linear combination of terms of the form (I’) 


S*S.(— V2 °°°"Oap...yU ov? 00" V yyp...0? Uv") 
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(denoted there by S,**°’’”). As in MS, it is not neces- 
sary to include all permutations of a, 8---v to make 
(I’) symmetric in its m indices; it is more convenient 
for our proof to define it in this manner, however. 

We shall first establish Theorem I for a single 2"-pole 
moment of the form (I). This form satisfies constraint 
(b) by (A) and (20). Constraint (a) is satisfied provided 
Eq. (10) holds, as discussed in Sec. III. This equation 
consists of a number of terms, which all vanish sepa- 
rately either by (21) or by (8). Condition (c) requires 


(27) 


”"V pap---0 Vet Vy ?""''V pap...10°0,=0. 


V »~* ia 
The second term vanishes by (A). The first term is 
identical with the expression (66) of MS, and has been 
shown there to vanish provided (a) holds, which has 
already been established. 
To establish (@), we have to demonstrate the vanish- 
ing of (26). On substitution of (I) and use of (A) and 
(b) this expression can be reduced to 


— (SHV pypener® 7° gv?S,— SPV ppp eed? *U Sy + ty S4SPV ppp..yd8 UT 


From (I’) we get, changing dummy indices by, 
g ging ) 3 


¥ ¥ 


V pF "Aap.sUg=ni{ (n— p) BB’: -- Bt, Bx Se TT S'+pByB™---B,B™ JT] Shas... 


and, using (18), (20), and (A), 


v=r+2 =r+1 


NvaV 2°" "g....U e=n!{ (n— p)teS*B™,B’---B,B™ JT] S'+pv.B%B¥---Bt,B* TI S'}dg... 


i=r+2 


i=r+1 


analogous to Eqs. (MS67) and (MS68). Furthermore we have because of (21) 


NS aV p%*°**"Op....U,=n!(n— p)Sq5°B**!,BM.--Bt,B™ TT S'5....Us. 


From Eqs. (21) and (23) we obtain 


wa+2 


nSaV p%°°*"Ag....Ue= —n!pSaB%B™:--Bt,B™ TT S'dp...Us. 


Substituting Eqs. (29)-(32) into (28), we obtain 


i=r+l 


n\p{ —S*S,B%B™--- BB TI S'ap...U 0 +S'StaB4 BM: +B, B" J] S'dg...U 40" 


=rt+l 


vwr+1 


+5,B%Bé---B,B™ TT S'dg.....5’U.v7}. (33) 


r+t+l 


This can be easily evaluated in the standard rest system. In this system we have 


Vo=0, dol [= 1 By= —_, B.,=0, (34) 


the last relation being a consequence of (22) and (a). Disregarding a common scalar factor in (33), we can restrict 
our attention to the indices a@ and p. Because of (19) the only nonvanishing contribution from the last term is that 
for which a=p=3. In the second term only a=0 can contribute. In the first term we get contributions from a=0 
and 3, which cancel those of the second and the third term, respectively. This proves the vanishing of (24) and of 
(17), and thus establishes Eq. (18) which, together with Eq. (13), implies (@). 

Now we consider a single moment of the form (II). The validity of constraints (a) and (b) follows as for (I). 
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Condition (c) requires . : 
V °° V yup.enS Set Vg?" °V paper’ Se=0, (35) 


The second term vanishes by (23), and the first one as in Eq. (27). 
To demonstrate the vanishing of (26) we substitute (II) into that expression and obtain, using (20) and (b), 


S*S(— VPA ap eeeU oS? + NV pypeevd®U oS%) — (SV pypeevd®*??U gS?S p—SPV ppp envy? "USS, 
+0, S#SPV ppp.vd8US*). (36) 


This expression is identical with (28) except for a constant factor and for involving the components of the potential 
parallel to S* rather than to v’. As U, is arbitrary, the vanishing of (28) implies the vanishing of (36), which in 
turn implies (@). 

As discussed in Sec. III, the possibility of linear combination of moments in the equations of motion (B) and 
(C) follows from the linearity of the proof of establishing (@). Similarly, constraint (b) is linear in the moments. 
However, this is not the case for constraint (c), and thus we have to show that (c) still holds for a combination of 
moments of different types. We shall actually establish the stronger relation 


SRips®" “SRipws---v0=0 (except if both Ri= R2 and pi= ps), (37) 

for all the 2"-pole moments considered in this section. Theorem I are given for all n21 by 
Here the subscript R; is used to label the form of the 
moment used [(I) or (II) in the cases considered so are rr, (i1T) 
far], and ; for the value taken by # in each of these and 
forms. If pi#p2, then regardless of the form of the 
moments considered, Eq. (37) consists of a series of 
terms each of which contains at least two factors of 
the form S*B,,, which vanish by (21). If pi= pe, but 
R,=I and R.=II, the product contains a factor v7S,, 
which vanishes by (20). Thus condition (c) holds for 
all linear combinations of moments of the form (I) 
and (II). This completes the proof of Theorem I. 

Now we establish We first consider a single moment of form (III). To 


Theorem II.—Possible forms of the multipole mo- establish (a), we substitute (III) into Eq. (10). Using 
ments satisfying all the requirements stated in (21) and changing dummy indices we obtain 


pe V,%::-* BE ad (IV) 


and arbitrary linear combinations of these and of 
moments of the forms (I) and (II). V,**""'’" is de- 
fined by (I’) except for being of rank n—1 and the 
summation extends over all permutations of » with 
a, 8---v—1. A, is again of the form (@) of Theorem I. 


v—1 
n\(pB"gB,,B*g- ++ By—1"Byr Bret By Bg: ++ By_1"BgrB"aB ye + BB g: **By-1"ByxBa,BYc) TL S'0%°U*. (38) 


vr+l 


The second and third term cancel. In the first term the factor B4,B,,B*, is antisymmetric in a and 8, while 0°°°""” 
is symmetric in these indices; thus it vanishes by (8), which implies (a). 
Condition (b) is satisfied from (A) and (20). Condition (c) requires 


v—1 d v—1 
{> B.BM..-B,B T] S'B}—{B,,B4s-++Br1p,B’s TL SeBre}=0, (39) 


wr+l aT c= atl 


where the summation now extends over all permutations of a, 8---v. This expression consists of a number of 
terms, each of which contains at least one factor of the form (21), (23), or (a), which vanish as before, or one of 
the form 


(© BBM... Bt, BB) (Ba,BYs ++ By—1pB’s Bre). (40) 


This expression consists of a number of terms, each of which contains a factor of the form (56) of MS, which has 
been shown to vanish provided (a) holds. Thus constraint (c) is satisfied. 
To demonstrate the vanishing of (24) we substitute (III) into that expression and obtain, using (A), (b) and (21), 


n{ S*S,[ — V 9° BA a...U e— V p89 BO ap. ot (N—1)0°V pypeoer1Byed® UF V pp eee" Bye?" 
—V pap--r-1By,00°*U 0° ]— (n—1)S#V pyp.er1Byod® "US — V ppv" Bye "US, 
+ (N—1)SPV ppf.v.r1Bye9® US" — V parp.-ev1Bry 0°" “U S?— (n—1) 04S" SPV ppp..-v1Bred®"U},. (41) 
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In evaluating (41), we can again make use of Eqs. (28)-(31). Omitting a common factor !, we can reduce (41) to 


(S*S.[— pB%.BYB"a9....U e— BY.BM BG ap...U ot pB,x»BMB’s...1U o +B", BY 0, BYp...9U o 
+ BBM By, dag...01 0 |— pS*B,,BYB’As...»pU oS?’ — B’»B SB, 08...» ,U oS? — B.BMB"S 0 ap...vU pS?} 


v—1 
BY. Be. --B,B™ TT S* (42) 


rt+1 


To show the vanishing of this expression we evaluate it in the standard rest system. In addition to (22) and (34), 


we need the relations 


N= S=S=0, S%=—2Byo, 


S'=— 2Ba;, S= 2Bis, 


Ss = (), (43) 


which follow from (19) and (23). Using these, it can easily be seen that the three terms in (42) containing a factor 
p separately add up to zero, as do the five terms without such a factor. This proves the vanishing of (26), which 


implies (@). 


Now we consider a single moment of the form (IV). Substituting (IV) into (10), using (21) and changing dummy 


indices we obtain 


n!(pB*,B,,B*s: >> By1"ByeB, BO +B, B 3: >» By-1"B yr B* 2 By Be’ 


v—1 
+B,,B5:++By-1"By:Bo'Be,BY) TI S:0%8'U,, (44) 


r+ 


which vanishes by the same arguments as we applied to (38). 
Condition (b) is satisfied from (A) and (20). Condition (c) requires 


v—1 


v—1 


d 
(T BBY. -ByBe TT SB B}—{BoxBry-Br-apB', TI SBraB*e} =0. 
T 


rt 


c=r+l 


This can be shown to hold by arguments analogous to those used to prove (39). 
To demonstrate the vanishing of (26), we proceed as for the form (III) and obtain in place of (41) 


n{ S*S,[ — V p%? BB Dap...vU?— V p(B" Bee +B" Bee Oapenyl 
+ (n—1)0"V pyp..-r—1BreBea8 "Ug + V pp..." Bye BOO? Ue — V paseey1ByeB 0,0 U pv? ] 
— (n—1)S#V pyp...»1By-Bea® "UGS, — V pp...v8"By eBid? -”?U oS p+ (N—1)S°V pppeer—1By Bed?" ""U Sy 
—V pas---»1B,.BYS,0° *U ,S?— (n—1)0,S4S?V ppp...r1By-B0®"U}. (46) 


Proceeding as before, we then obtain an expression 
which differs from (42) only in involving in each term 
B’ B« rather than B’’, and whose vanishing can be 
demonstrated as before, establishing (@). 

The possibility of linear combinations in the equa- 
tions of motion follows as in Theorem I. To show that 
constraint (c) is satisfied also for linear combinations, 
we again consider Eq. (37), and because of the form of 
(III) and (IV) again can restrict our attention to the 
case pi= po. If Ri=I and R2:=III or IV, we obtain a 
sum of terms which each contain a factor of the form 
v’B,., which vanishes by (A). If Ri=II and R.=III or 
IV, we similarly obtain a factor of the form S’B,,, 
which vanishes by (21). Finally, if Ri=III and R.=IV, 
we obtain a series of terms which either contain a 
factor of the form S*B,, which vanishes by (21), or 
contain a factor B’’B,,.B:--B**B,, consisting of an 
odd number 23 of B’s which vanishes by (8), or both. 
This completes the proof of Theorem II. 

We now establish 


Theorem III.—In addition to the requirements of 
Theorem I, let the condition 


Basuome f S28: i "5 (x9—20)5 (x1 —2)) 


X6(x2—22)6(as—23)d7=0 (dd) 


be imposed. Then possible forms of the multipole 
moments satisfying all these requirements are given 
by 
v (n=0), (V) 
| as ow: . S7—->- V,*: : ‘»-1By Ber 
(all n> 2 and all even p< n—2), (VI) 
where the summation is defined as in Theorem II, 
by the form (III) (all 22 1 and all even p< n—1) de- 
fined in Theorem II, and by arbitrary linear combina- 


tions of these moments. A, is again of the form (@) 
of Theorem I. 
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For the forms (V) and (III) all the requirements 
except (d) are satisfied by Theorems I and II, re- 
spectively ; the same is true for (VI), as it is a particular 
combination of moments of the forms (II) and (IV), 
and for all linear combinations of these moments. It 
only remains to show that condition (d) holds. 

For the monopole moment (V)—the usual convection 
current—we have! [denoting the product of 6-functions 
in (d) by 6] 


«0 os) a) 064 
af vour= f v°0,6'dr = -f v—dr 
02" 


— —D —O 


=0, 


—0 


(47) 


establishing condition (d). For the 2"-pole moment 
(III) this condition follows from the fact that the mo- 
ment consists of a number of terms which are anti- 
symmetric in o and one other index because of a factor 
B?, while 0ag...»0 is symmetric in all the indices; thus 
the derivative (d) vanishes by (8). The moment (VI) 
can be written [using the definition (I’) of V,%*-"*” and 
changing dummy indices } 


v—1 
z BB». " -Br,B II S(B Be S*—S" BB), 
vert! 
(48) 


where the summation extends over all permutations of 
a, 8:--v; because of the form of the last factor each 
term in the sum is antisymmetric in o and one other 
index, and thus the derivative vanishes as above. This 
completes the proof of Theorem III. 


V. INDUCED MULTIPOLE MOMENTS 


In our previous considerations we imposed the re- 
quirement of constant magnitude (5) on the 2"-pole 
moments. However, this is not necessary, as discussed 
in Sec. II, and in this section we consider the conse- 
quences of omitting this requirement. 

To be able to exploit this relaxation, however, we 
have to reconsider our interpretation of the quantity 
B,, appearing in Eq. (2). In Sec. II, following Harish- 
Chandra,® we treated B,, as an intrinsic property of 
the singularity; this property was interpreted as the 
spin of the particle, and conditions (6) and (7) were 
imposed to allow this interpretation to be physically 
consistent. A similar interpretation was adopted in MS. 

However, while the introduction of an intrinsic angu- 
lar momentum in the equations of motion (2) (which 
follow from the requirement of conservation of angular 
momentum) appears necessary for the physical in- 
terpretation of our equations, there is nothing in the 
formalism which requires us to consider the left hand 
side of (2) to be entirely due to such an intrinsic quan- 
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tity." Thus we now assume the left hand side of Eq. 
(2) to consist of one term which we as before interpret 
as the intrinsic angular momentum of the singularity, 
and another term which may depend on the fields at 
the position of the singularity. Rather than split B,, in 
the two corresponding parts, we shall, to avoid confu- 
sion in our notation, maintain the previous meaning 
of the symbol B,, as the spin, and thus the conditions 
(6) and (7) imposed on it, but replace B,, in Eq. (2) 
by B,,+D,,, where D,, is an antisymmetric tensor 
which has to be determined in terms of the other 
particle variables. 

We can now proceed as in Sec. III. We again consider 
first a single 2"-pole moment. We get from Eq. (2) 
(with B,,+D,, on the left) by contraction with B+? 
and use of the constraint (7) 


BereD, = (- 1)"2B4?(nSy2...v, oO PU? 


+Sap..-r,y0%""'U,), (49) 
instead of Eq. (9). To maintain (7) without the introduc- 
tion of a new variable we must reduce this equation 
to an identity by a suitable choice of the form of D,,. 

To obtain an explicit expression for A, we proceed as 
before. Equation (11) is unchanged, but Eq. (13) 
acquires an additional term D,,v* on the right, and thus 
there is an additional term —i"D,,v° on the right in Eq. 
(14). This leads to a term #“D,,v° in the expression (16) 
for M, which we include in the definition (17) for N. 

In the cases heretofore considered, N was shown to 
vanish. This will no longer be the case, but we shall 
always find it to be identically equal to a perfect dif- 
ferential. This will be demonstrated in a manner similar 
to that used before. Equation (25) is still valid. As 
before, we shall consider the expression (26). Taking 
into account the modified forms of Eqs. (2), (13) and 
(17), we now obtain 
(—1)"(S*S,N — S#«B,S°) = (26)+(—1)" 

x (S*S,i"D, ,v° +0, S4S*D,.0*+S4D,,S*). (50) 


In all the cases considered, we obtain from (50) 


: d 
N = —I( aie 1)"—S28- +. 1B ag..eaU , 


dr 


(51) 


4 Actually, no such requirement was imposed in the analogous 
case of the quantity A, of Eq. (1), and indeed the form (Q@) of 
this quantity established in Sec. IV contains terms depending on 
the external field in addition to the term mv, (which we might call 
the intrinsic energy-momentum) and the term —B,,v? due to the 
angular momentum. Such a requirement would indeed be quite 
arbitrary, as the derivation of the equations of motion in refer- 
ences 5 and 6 freely made use of the possibility of adding or sub- 
tracting perfect differentials, and no physical significance was 
implied in the appearance of a term on one rather than the other 
side of Eqs. (1) or (2). This is quite apparent in the familiar case 
of a charged mass point in an electromagnetic field [where the 
current density is proportional to form (V) of Theorem III, and 
B,,=0]. Then Eq. (1) reduces to the Lorentz equations, but only 
part of the Lorentz force appears on the right-hand side, the rest 
being contained in Ay. 
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where / is the number of indices of S**:""” which in- 
volve either a #' or an S*. Thus we get now 


M=m+(1—1)(—1)"S°?""Gap..KUe, (52) 


instead of Eq. (18). The cases considered in Sec. IV 
correspond to /=0. If 1#0, however, the moments 
vanish for a particle moving with constant velocity. 
They are induced by the variation of », [and in the 
case of the form (X) below also by that of B,, ], and 
correspond to acceleration-dependent forces. 

Thus we first establish, as a generalization of Theo- 
rem I, the following 


Theorem IV .—Let a point particle be characterized 
by an antisymmetric tensor D,, and by the variables 
z,, A,, and B,, and the tensors S**’*’’’ as in Theo- 
rem I, subject to the constraints (A) and the equa- 
tions of motion (C) and 


Byo+Di=Xnl mii 1)" 
X [(Syp.-r, op” "= 54... 0°" UO) 
+ (Sapo, p8°U p—Sapener, °-'U,)] 


—(v,A,—1,A,), (B*) 


with U, as in Theorem I. It is required that the 
S58: be of such a form that the conditions (a) 
and (b) of Theorem I are valid and that A, and D,, 
become identically equal to functions of the other 
particle variables, of U, and of their derivatives at 
z,(r) by virtue of Eqs. (A), (B*), and (C). 
Then possible forms of the 2"-pole moments 5S“? 
satisfying these requirements are given by 


vio 


(VII) 
(VIII) 


W yi?” as 
and 
W pi®* At ad 


for all m and all even pg n—I, with O</< xn, and by 
arbitrary linear combinations of these moments, with 


Wi? => Y e8+>-o—s II i, (VII’) 


i=r—d4+1 


n 
(— 121") BV +1 


This can be written 


n d 
(-— na’ JB LV apaoae 


II d.(0,0 °° i 0° — 0,0," ~~ rv’) }, 


t=r—A+2 


HAVAS 


where V ,**'::’-> is defined by (I’) except for being of 
rank n—/ and the summation extends over all per- 
mutations necessary to make (VII’) symmetric in its 
n indices. A, is then of the form 


A,=[m4+¥ (1-1) (—1)*S2?--° Aap... ¥p— By pd” 
+E (= 1)" —nS ypeees, ? "UH Sag..er, vO! Up 
—Sape.r, 8% ''U 0°) +D,,0°, (@*) 


where m is an arbitrary constant and D,, is given by 
the appropriate linear combinations of the expressions 


( — 1)"W pi-1a8 donald 


X (048,28 v7 — 0,0, U0") (VIT*) 


for the form (VII) and 


n(— LW cbtat~o~t 


X (0,0,%U,S*—0,0,28 US) (VITT*) 


for the form (VIII), with W, —148...»1=0. 


We note that Wyo%"=V,**°’” and thus for /=0 
the theorem reduces to Theorem I. We shall first 
establish the theorem for a single moment (VII). It 
satisfies constraint (b) by (A) and (20). Constraint (a) 
is satisfied provided a form for D,, can be found which 
reduces Eq. (49) to an identity. The right-hand side of 
this equation equals 


(—1)"2n Bee >> Vous...» [I 0,0,8°°"U.v". (53) 


=r—A+1 


From the definition of the summation this series con- 
n 
l 
of dividing m indices into two groups of n—/ and of / 
indices, respectively, without repetition. If the index yu 
is in the first group, the term contracted with B+? 
vanishes by (21) or (18), as in Theorem I. //n of all the 
terms have the index yu in the second group. Thus (53) 
reduces to 


sists of the ( terms resulting from all possible ways 


II #.0,8°°U.0". (54) 


t=~—d4+2 


(55) 


because all the terms in this expression in which 2, and », are not differentiated vanish by (A). As the symmetrized 


n—1 
expression (VII’) contains ( su ') terms (resulting from dividing n—1 indices into two groups of n—/ and of /—1 


n 


—1 
indices, respectively) and (7) =0(" i) for /~0, this implies the form (VII*) of D,,. 


To establish the theorem we have to derive Eq. (51). We substitute the form (VII) into (50) and obtain after 
some cancellations and rearrangement of the remaining terms 
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ss _ W stap-..0™: “7U vr— ni ( WF ctctetnnn— : HU 0) |—SS.0(0°W peor 00 ,W pi—1p...2)O*" : "Uv? 


: 1 


—n(S#W piyp..v— S#0,W pi—rp.-.O8°*°U gv*S (SW pipg...y— SOW pi18..-) 09" *U ev" 8, 


—nv,S*(S°W pips...r—S0,W pi-1p...»)08""""U ev. (56) 


Using the definition (VII’), we can write the first term as 


v—1 


n\ . y 
ss -( YF ntror II o.+ Ye decieeh II 
l i=r»—A41 


=y—A+1 


n\ y d 1 
-5'54 - ( YP sti » II 0,0°--"U vw —n—(0, : & V saRinaicd II 
l =) dr 


d v—1 
,5,)0°" Uv? — nd, (X Vpaserr ID sant | 
dr w= p—A+1 


=r—Atl1 


0,98: . 00) 


n\ , y d 
-5'5, -( ) Vato II ban U tt (Wptn® Vat) | (57) 
l i=r—A+1 dr 


The second term of (56) reduces to 


n 
-5s,( Jom DieV bon r 
l =r—A41 


and the remaining terms can be similarly reduced. 
Using the abbreviation 


D= (i,0*)', (59) 


we obtain thus for (56) 


d 
ssf —I—(W gap...y0%"*"L | 


dr 


n\ . 
-ss" ) V pap.--»-»0°**?-§DU gv” 


n | 
=x ( ) (2—1)(S*S 6*V pyp..-r-r0*°*'” *DU ,v? 


+ SHV pyseonr-rd8 DU v°S, 
— SPV pppevr-,d® DU v'S, 


+ 0yS4S?V ppp..-v-r08""*-*DU v7). (60) 


The first term in this expression corresponds to a per- 
fect differential of the form (51). The remaining terms 
differ from the vanishing expression (28) only by a 
n 
l 
and by involving n—/ rather than » in the numerical 
factors and in the ranks of the tensors. Thus they also 
vanish. This establishes Eq. (51) and thus the form 
(@*) of Ay. 

The proof for a single moment of the form (VIII) 
is completely analogous. We obtain expressions which 
differ from (53)~(60) only by involving U,S’ rather 
than U,v’, and thus arrive at (@*) with the form 


common factor ( ), by involving DU, rather than U’,, 


(—1)"2B#°(aW pity. 9? 'U ei +W pi-rap..vd,0%'U,), 


II 1,0%-"U,v", (58) 


(VIII*) for D,,. The possibility of linear combinations 
of moments with different n, p and / follows from the 
linearity of the proofs. This completes the proof of 
Theorem IV. 

Forms of induced moments without analogous in- 
trinsic moments are considered in 


Theorem V.—Possible forms of the multipole mo- 
ments satisfying the requirements of Theorem IV are 
given by 

W pia%" "0", 


(IX) 
(X) 


and ; 
Vu rad 178 . "S?, 


for all » and all even pS n—/+1, with 1¢/g n+l, 
and by arbitrary linear combinations of these and of 
(VII) and (VIII). A, is again of the form (@*) of 
Theorem IV, with D,, given by the appropriate 
linear combinations of 
(—1)"(nW pi-vas.--» l 

X (0,0,°°*-"1U ,6°—90,0,°° U6") 


+ W pi-1ap---(0,0°° “ I, tia 0,0%% m Uy) J (1X*) 


for the form (IX), of 
(—1)"[ mW pi2ap---y—1 
X (0,0,27° US? —0,0,°8 US?) 
+W pt-1ap..-v(S,0%*"U,—S,0%'"""U,) ]  (X*) 
for the form (X), and of (VII*) and (VIII*). 
We first prove the theorem for a single moment (IX). 
Constraint (b) is satisfied as before. To establish con- 
straint (a) we consider Eq. (49) ; its right-hand side equals 


(61) 
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which, by considerations analogous to those leading to (54), can be written 


¥ 


n nN ¥ 
(—28n,| 1 ame II iat ir+( ane II 
l-1 mr—)+8 l-1 


This equals 


»( nN ) r 
(—1)" Bee—| (l—1) V pp...»-ra+2 
I-1 dr - ; 


t=r—A+3 


+Vopap----r41 IL 0,(0,0%°°-"U,—v,0%'''U,) ], 


0,9%8° “u,| (62) 


w=y—A+2 


II v, (v,0 ,*° sia "Uv" = v0,"° ‘ "*U 0") 


(63) 


v=r—)+2 


from which (IX*) follows by considerations analogous to those applied to (53). 
Now we shall again establish Eq. (51). On substitution of (IX) into (50), we obtain after some reduction and 


rearrangement 


; d 
ss] ate W pi-1a8.-.y0**" : "U0 — nv,— (see pe 0%8: ‘ 


dr 


d 
7-160) 0°) we ’ lefes-pO ° v.i)| 
T 


—S*S2(0W pr—1yp--.v— 0°0,W prop...) 08" 'U gb —n(SYW pt—1yp..v —S"d,W pr_og...)08""°U gbS 


+1(S°W pt-1p8-+-»—S?0,W piog...») 08°" U gh S, — nd, S"(SPW pi—1pa-..»— 5S? pW prog...) 08? U gb”. 


This expression differs from (56) by involving U,07 
rather than U,v’, the index /]—1 or /—2 rather than / 
or /—1, and by the appearance of an extra term in the 
square brackets. This term is already a perfect differen- 
tial and of the right form to compensate for the differ- 
ence in /, so that we again arrive at the form (51) for 
N. The remaining terms vanish by (28) as before. 

For the moment (X) the constraints (a) and (b) and 
the form (X*) of D,, can be established in a similar 
fashion. To establish (51), we again consider Eq. (50) 
and are led to an expression which differs from (64) 
only by involving U,S* rather than U,#”, and thus to 
the same conclusions as before. As the possibility of 
linear combinations follows as before, and Eq. (51) 
implies the form (@*) for A,, this completes the proof 
of Theorem V. 

A generalization of Theorem II is given by 


Theorem VI.—Possible forms of the multipole 
moments satisfying the requirements of Theorem IV 
are given by 


x Wy? Be, (XI) 


DW pi? BB, 


and 


n—1 
(—1)"2nt( ; )B°%6V A+1 


which can be written 


n—1 d 
(—1)rm( ) BEV prun-ne 
l dr 


(64) 


for all and all even pg n—/—1, with /<n—1, the 
summation being defined as in Theorem II, and by 
arbitrary linear combinations of these and of (VII)- 
(X). A, is again of the form (@*) of Theorem IV, 
with D,, given by the appropriate linear combina- 
tions of 


(— 1)"n(>- W pt-1a8---»—-2By—-16) 
X (0,0 ,%8°* "Us —0,0,77 "UU 7) «= (XI*) 
for the form (XI), of 


(—1)"n(d> W pi-108...»-2B,y-1° Bes) 
X (040,281 —0,,°8 U2) (XII*) 
for the form (XII), and of (VII*)-(X*). 


We first establish the theorem for a single moment 
of the form (XI). It satisfies constraint (b) by (A) and 
(20). To show that constraint (a) is satisfied, we sub- 
stitute (XI) into Eq. (49). By considerations like those 
used for Eq. (38) it follows that the sum of the terms 
not involving B#*i, vanishes. The remaining terms on 
the right hand side equal 


v—1 
IL «.B,.0,2°°°U*, (65) 


t=~—A+2 


v—1 
Il #.B,.(0,0,8°-°U"—0,0,8°°U*)], 


=y—d+2 


From this (XI*) follows by considerations analogous to those applied to (55). 
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To establish Eq. (51) we substitute (XI) into (50). After some cancellations and rearrangements, we obtain 


d d 
ss] W ptap---r-1B 0%?" y "U'—ni,—(> W pi-1a8---»—-2By—160°*" : ‘wle[Jo) | 
dr dr 


— S'S, (XO W prap.--r—1B yy) 040°?" U 40° — (X W ptape+-r—-1B yy) 840%" U ,S? 
— SS 004 OW ptyp.-r1Bro— "by DY W pr-rp.-.»-1Bye) 08°" 
—n(S* > W piyp.--»-1Bre— S"iy  W pt-1p.-.»-1B yo) 0" US,, 
+2(S? © W pips...r-1Bye—S?b, D W pi-18..-»-1Bye)0®"""* US, 


—nv,S"(S? Y W pipp.-v-1Bye— Sb» >, W pr-1p.-.»-1B ye) 08" ""U*. 


In this expression the first term can be reduced in com- 
plete analogy to the procedure applied in (57), and again 
a perfect differential of the form (51) can be extracted. 
The last four terms can be reduced as in (58). The 
terms remaining in (67) apart from (51) then differ 
from the expression (41) only by having a common 


n—1 - : roofs 
factor n( l ) rather than », by involving DU, [in 


the notation of (59) ] rather than U,, and by involving 
n—I—1 rather than n—1 in the numerical factors and 
in the ranks of the tensors. Thus they also vanish, 
which establishes the form (@*) of A,. 

The proof for the form (XII) is completely analogous ; 
instead of (65)-(67) we obtain expressions differing 
only by involving B,‘B,, rather than B,,, from which 
we obtain (XII*), (51) and (@*) as before. The possi- 
bility of linear combination is implied as usual. This 
completes the proof of the theorem. 

A generalization of Theorem III is given by 


Theorem VIT.—In addition to the requirements of 
Theorem IV, let the condition (d) of Theorem III 
be imposed. Then possible forms of the multipole 
moments satisfying all these requirements are given 
by the form (V) of Theorem III, by 


W ot2 pth So — > W a"? BD 
(all n> 2 and all even p< n—/—2, 
O<l<gn—2) (XIII) 


and 
W 2 p28" — W 28-:-»-1 By Bee 
Pt P 


(all n> 2 and all even pg n—I—1, 
1<l<gn—1), (XIV) 
the summation being defined as in Theorem IT, by 


W r%®*°S?— W gi?" 
(all m>1 and all even pg n—/—1, 


1<l<gn—1) (XV) 


and by the form (XI) of Theorem VI (all »21 and 
all even pg n—I—1, 0<1<¢n—1), and by arbitrary 
linear combinations of these moments. A, is then 


(67) 





again of the form (@*) of Theorem IV; the moments 
(XITI)-(XV) being particular linear combinations of 
the forms (VIII), (IX) and (XII), D,, is given by 
the appropriate linear combinations of the forms 
given in Theorems IV-VI. 


To establish the theorem we only have to show that 
condition (d) is satisfied for the forms (XI) and 
(XIII)-(XV); this follows by (8) in the same manner 
as in the corresponding proof of Theorem II. 

In the Appendix we shall establish the possibility 
of induced moments of all orders for the case of the 
spin zero field. 


VI. MULTIPOLE SINGULARITIES OF CHARGED 
AND CHARGE-SYMMETRIC FIELDS 


In the charged or charge-symmetric theory, the 
translational and rotational equations of motion of a 
point particle in a spin-one field are (see EM50 and 51) 


A,=¥n(—1)"S28--” ee (68) 


and 


Byp=DXin(—1)" 
X [0(Syp..-», 0° 3,8” U— Bain, Of" O") 
+ (Sap. p9%*"U,— Sag...» 9%” U,) | 


same (v,A a. v,A a) ’ (69) 


where S**---"" and U* are three-vectors in “charge 
space’’. A new feature of this theory is the existence of 
an equation (following from the conservation of electric 
charge) describing the variation of the charge Qr(r) of 
the singularity (see EM53): 


dQr 
ee X(- 1)*+1(§$o6- Ee A Gunisy Os) p: (70) 
d n 


r 


In the neutral theory we required, as discussed in 
Sec. II, that the particle should be fully characterized 
by its coordinates z,, its spin B,, and by a set of 
coupling constants. In the charge-symmetric theory we 
must allow for the new degrees of freedom offered by 
the charge space, but still do not wish to introduce func- 
tions which would permit arbitrary motions. Thus we 
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introduce only a single vector function in charge space 
(in addition to the quantities used in the neutral theory) 
to characterize the particle, i.e., we take 


§o8-- +706 x @(7)S88---”¢, (71) 
where ¢ (the classical analog of the “isotopic spin’’) is 
independent of n. 

As in the neutral theory, we must impose some con- 
straints to be able to determine A, as a function of the 
other particle variables. The constraints (4) are still 
necessary to assure that we are dealing with pure 2"- 
poles. We also maintain the conditions (6) and (7) to 
allow the previous interpretation of B,,. In analogy to 
(5) we shall at first also impose 


, ee 
Ge8---.¢,_ ee) (72) 


dr 


However, contrary to the neutral case, this set of 
constraints is not sufficient to determine the form of 
A,; it also does not allow a similar determination for 
Qr. Additional constraints must be imposed for these 
purposes. In the investigation of this problem we can 
make use of the considerations of Sec. III, provided we 
replace all the products of a multipole moment and a 
field quantity by the corresponding scalar product in 
charge space. In particular this is the case for Eqs. (9) 
or (10), which are a consequence of the constraint (7). 
Clearly these as well as the constraint (4) are satisfied 
if in Eq. (71) we take for S**'-’”-’ any of the forms con- 
sidered in Theorems I and II. Using the notation of 
Eq. (37) except for absorbing all arbitrary constants in 
the definitions of the Sz,%°""'”’’, we have then 


S28: Vio wm 7. Se, ot (73) 
R,p 


As the Spr,**"'’”’’ all satisfy Eqs. (5) and (37), the con- 
straint (72) is satisfied by the moment (73) provided we 
impose the additional constraint 


dt 


2:—=0. 
dr 


(74) 


Thus we can without loss of generality consider + as a 
unit vector in charge space. 

It follows from the considerations of Sec. IV that the 
charge-symmetric expression corresponding to (26) 
vanishes on substitution of (73), except for the single 
term 

dt 
—S'*S.—- D> Spp%®''” Dap...» Us, 


dr n,R.p 


which originates in the first term of (26) and which has 
no counterpart in the neutral theory. Thus the charge- 
symmetric expression for M corresponding to Eq. (18) 
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is integrable provided 


dt 
—- DS (1) S pp Dap...y Ue 


dr n,R.p 


(75) 


is a perfect differential. Furthermore it follows from 
(70) that 


dQr 
= een D (-1)"S ey 


T n,R,p 


" Dap.rUs Ir (76) 


also must be a perfect differential. 

dz/dr is only subject to Eq. (74), and this condition 
alone provides no assurance that (75) is a perfect dif- 
ferential. Such an assurance can likewise not be ex- 
pected as a consequence of a suitable choice of Qr in 
Eq. (76), as this relation applies to one component in 
charge space only, which is not the case for (75). Only 
an equation which does not single out a particular com- 
ponent could affect (75) as desired. 

Previous treatments of charge-symmetric theory”'*.* 
have assumed the validity of equations analogous to 
(70) or (76) for all three components."* This procedure 
is not necessary to insure charge conservation and is not 
justified physically; furthermore the conditions thus 
imposed cannot be maintained if the interaction of the 
charged meson field with the electromagnetic field is to 
be included in the theory and appear to be too stringent 
to allow the treatment of such processes as charge 
exchange even without such an interaction, as will be 
discussed elsewhere. Mathematically, however, this 
procedure is unobjectionable. Therefore we consider 
first the consequences of imposing arbitrarily 


dQ 
—= ¢t A i. (— PMS e5***"Oup..uUe 
dt n,R,p 


(77) 


instead of Eq. (76). We can then insure integrability 
of (75) by putting 

dt 

Q=E+c1—felLza—, 


T 


(78) 


where c, L, and the components of & are arbitrary con- 
stants. Then we get from Eq. (77) 


dz 
C—=etAa 


dr 


d’* 
XD (=1)""S py?” Gap.... Ue +4L— |. 
n,R,p 7? 


(79) 


The required Eq. (74) follows from this by scalar multi- 
plication by + provided that c¥0, and similarly we find 


2K, J. Le Couteur, Proc. Cambridge Phil. Soc. 45, 429 (1949). 

3 P. Havas, Phys. Rev. 91, 997 (1953). 

‘4 However, for a treatment of charged theory without such an 
assumption, see M. Fierz, Helv. Phys. Acta 14, 257 (1941). 
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by scalar multiplication with the factor [ ] that 


X (-1)"1S p08 NM iba 
a X (—1)""S p29... Ue= —$L—-—. 
n,R,p ¥ . dr dr* 


(80) 


Thus (75) is a perfect differential, as required, and we 
get from Eq. (18) 


de\? 
M=m+>.,(- 1)*SeF 0 BapusUe—4L(—) 
T 


and therefore 


de\? 
Ay=|m+Ea(- 1186-4 3ep.Ue—4L( =) } 
T 


—B,,0+20(— 1)"(—nSyp...»,¢°d8 "Us 


+,S.ap...», pO” Up — Sas...» n° 9%" U,v*). (81) 

For the reasons discussed above, it is physically more 
satisfactory not to impose Eq. (77). Alternatively we 
can insure integrability by imposing the condition 


n° Zz. (- $)>"S 2, + 


n,R,p 


"Aap..vUe=0. (82) 


Then we obtain for A, the expression (81) with L=0. 
We could also equate (75) to the derivative of any scalar 
formed from + and its derivatives rather than set it 
equal to zero; an example of such a relation is given by 
Eq. (80) [ which, however, had been obtained as a conse- 
quence of (77) before]. This arbitrariness is mathe- 
matically due to the fact that the other constraints are 
not sufficient to determine the time variation of +. 

Not requiring the vector equation (77), we only have 
to consider the y-component of Q; if we do not want to 
introduce any new functions, we must take it as the 
-component of a vector function of + and its deriva- 
tives. The simplest choice is 


Qr=é+cer, 


where é and ¢ are arbitrary constants; because of the 
arbitrariness of U, in Eq. (76) Qr can not vanish per- 
manently, and thus we must again have c¥0. 

Instead of requiring the constraint (72), we can con- 
sider induced multipole moments as in Sec. V. This 
introduces a further element of arbitrariness. The 
analogy to the neutral theory is maintained most 
closely by replacement of all the moments considered 
in Sec. V by ¢ times these moments, with ¢ still subject 
to condition (74). Then all the forms for D,, considered 
in Sec. V can be replaced by the corresponding scalar 
products in charge space. We can then proceed as above, 
maintaining either Eqs. (77) and (78) or Eqs. (82) and 
(83), and are led to an expression for A, differing from 
(81) (with L=O in the latter case) in the same way in 
which Eq. (@*) of Theorem IV differs from Eq. (@) 
of Theorem I. 


(83) 
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If we wish to impose the condition analogous to 


Eq. (3) 


Siasais f Sed---0.08(x9—29)6 (21-21) 
ris X5(x2—22)5(4%3—23)dr=0 (84) 


on the 2"-pole moments, we can take + times the forms 
(III) or (VI) considered in Theorem III for the in- 
trinsic moments, or * times the forms (XI), (XIII), 
(XIV), or (XV) considered in Theorem VII for the 
induced moments. Equation (84) then follows as before 
from the symmetry properties of the tensors involved. On 
the other hand Eq. (84) does not hold for a monopole 
moment of the form +v’; evaluating (84) for this case 
as in (47), we find that it only vanishes if + is constant. 

In the charged theory the y-component of U, van- 
ishes. Nevertheless, we are free to characterize the 
singularity by a vector + with nonvanishing -com- 
ponent. If we impose the same conditions on + as we 
did in the charge-symmetric case, all the formulas of 
this section apply equally to the charged case. Possible 
other conditions (for monopoles only) were considered 
by Fierz." 

The arbitrariness inherent in the considerations of 
this section is due to the fact that the theory considered 
here, unlike the neutral one, is not complete. The pres- 
ence of an electric charge and current manifests itself 
only in a formal way, by the appearance of a new con- 
servation law, but not in the production of electro- 
magnetic fields. The introduction of such fields leads to 
nonlinear field equations; the problem of obtaining 
equations of motion of singularities compatible with 
these nonlinear equations will be discussed elsewhere. 


VII. DISCUSSION 


In the preceding sections we have shown that it is 
possible to establish 2"-pole moments of arbitrary order 
compatible with all the conditions of the theory for 
neutral fields both for the intrinsic moments (Theorems 
I-III) and for the induced moments (Theorems IV- 
VII). The results established in Theorems I-VII are 
valid for the interactions proposed in EM, which can 
be introduced only if the field has nonvanishing rest 
mass. The moments compatible with the interactions 
proposed by Harish-Chandra® are given in Theorems 
III and VII. These interactions differ from those of 
EM by the further requirement of an equation of con- 
tinuity [Eq. (d) of Theorem III], which is not neces- 
sary for fields of nonvanishing rest mass, but must be 
imposed for zero rest mass (the electromagnetic field). 

The multipole moments of the spin-one fields con- 
sidered here bear some resemblance to those of the spin- 
zero field; however, there is a much greater variety of 
forms possible here. For the spin-zero fields the most 
general form of the intrinsic moments was established 
in MS. However, for the spin one fields I was not able 
to show that a linear combination of the moments 
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(I)-(IV) represents the most general form of the in- 
trinsic moments for the interactions of EM, although I 
believe this to be the case. Similarly, the forms (III), 
(V), and (VI) appear to be the most general pure 2*- 
pole moments possible for the case of Harish-Chandra’s 
interactions; however, if combinations of poles of dif- 
ferent orders are allowed, there exist further possibilities 
of satisfying condition (d). 

Indeed, such a possibility is contained implicitly in 
Harish-Chandra’s treatment of the dipole’; as he did 
not impose the condition (b) of Theorem I (which ex- 
cludes monopoles), the part of his dipole moment not 
proportional to B,, actually represents a particular 
combination of a dipole of form (I) and a monopole of 
form (X) which together satisfy (d). However, (X) is an 
induced monopole of variable magnitude; this feature 
is hidden in Harish-Chandra’s treatment, which in 
effect imposes the requirement of constant magnitude 
on a mixture of a monopole and a dipole rather than on 
a dipole alone. Other such combinations can be con- 
structed easily, and further possibilities arise if com- 
binations of poles of several different orders are allowed. 
It appears to be more natural to exclude such combina- 
tions, however. If this is done, the only dipole moment 
of a singularity of the electromagnetic field is of the 
magnetic type, both for the intrinsic moment of form 
(III) and for the induced one of form (XV). 

The number of possible forms satisfying the require- 
ments of the theory increases further in the case of 
charged or charge-symmetric fields discussed in Sec. VI. 

The interaction proposed in EM, which does not 
impose an equation of continuity and thus does not 
lead to conservation of mesic charge, appears previ- 
ously only to have been considered for the case n=0. 
For neutral fields it was considered by Bhabha,’ but 
rejected by an argument which appears to be based on 
an unwarranted identification of the electric and the 
mesic current density; a moment somewhat similar 
to our form (II) was considered by Iwanenko and 
Sokolow,'* but no equations of motion were given. For 
charge-symmetric fields it was used by Le Couteur™ in 
establishing the equations of motion (68) and (69) with 
(79) and (81), using a monopole moment proportional 
to tv’. 

In the preceding investigation we have made no dis- 
tinction between vector and pseudovector fields. As 
v, and B,, are tensors and e’*“ and thus S’ are pseudo- 
tensors, the tensor or pseudotensor character of the 
multipole moments is determined by the number of 
factors S‘ or S’ in the moments. Thus the forms (I) 
and (V) are tensors for even m, and the forms (II), 
(III), (IV), and (VI) for odd n, and similarly the forms 
(VII) and (IX) for even n—/, and the forms (VIII) 


16H. J. Bhabha, Proc. Roy. Soc. (London) A172, 384 (1939) ; 
see especially p. 386. 


161). Iwanenko and A. Sokolow, Klassische Feldtheorie 
(Akademie-Verlag, Berlin, 1953, translated from the Russian 
edition of 1949), §47. 
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and (X)-(XV) for odd n—1/, and pseudotensors other- 
wise. The fields produced by the tensor or pseudotensor 
moments have vector or pseudovector character, respec- 
tively, if the coupling constants are scalars; if they are 
pseudoscalars, the fields have the opposite parity. 

It appears noteworthy that all intrinsic multipole 
moments except (V) vanish if B,,=0. Of the induced 
moments, only the forms (VII) with /=n and (IX) 
with /=n+1 do not vanish; it is easily verified that 
Theorems IV and V still hold in this case, with Eq. 
(B*) reduced to an identity. Thus as far as the intrinsic 
moments are concerned, all except the usual vector 
coupling of electrodynamics and meson theory would 
be eliminated from the theory, if it could be shown that 
a classical point particle cannot possess an intrinsic 
angular momentum; however, we could still have in- 
duced moments of all orders even in this case, provided 
the condition (d) does not have to be imposed. 

A study of the properties and possible applications of 
some of the equations of motion suggested in this paper 
is in progress. 


APPENDIX. INDUCED MULTIPOLE MOMENTS OF 
SINGULARITIES OF SCALAR AND 
PSEUDOSCALAR FIELDS 


In MS we established the most general form of the 
intrinsic multipole moments of singularities of the 
scalar and pseudoscalar field. The derivation given 
there can be considerably simplified by use of the 
method of Sec. III of this paper. However, as it is also 
possible for the singularities of the spin zero field to 
possess induced multipole moments and as the intrinsic 
moments are a special case of the induced ones, we shall 
immediately establish the form of the induced moments. 

To maintain continuity of notation, we shall again 
use B,, to denote the intrinsic angular momentum of 
the particle, and thus replace the left hand side of the 
rotational equation of motion for the singularity of the 
scalar field (MS13) by B,,+D,,. We have then the 
following 


Theorem VIII.—Let a point particle be char- 
acterized by an antisymmetric tensor D,, and by the 
variables z,, A,, and B,, as in Theorem IV, and by 
symmetric tensors S$**°*'’(r) of rank n (n=0, 1, 2---) 
subject to the constraints (A) of Theorem I and to 
the equations of motion 


Byyt+Diy=X n(-1)"4 
KX (Syp.-d,f°"U —S,9...0,"°°*°U) 
a (X,A,—2,A,), 


A s=>, (— 1)*+1928- : "Dap. 


(B’) 
(C’) 


and 


where U is an arbitrary function of «, whose deriva- 
tives are evaluated at 2,(7). It is required that the 
S8---» be of such a form that the conditions (a) and 
(b) of Theorem I are valid and that A, and D,, be- 
come identically equal to functions of the other par- 
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ticle variables, of U and of their derivatives at z,(7) 
by virtue of Eqs. (A), (B’), and (C’). 

Then possible forms of the multipole moments 
S8::-” satisfying these requirements are given by 
arbitrary linear combinations of the tensors W y:%°""*’, 
defined by (VII’), for all and all even p<n—l, 
with 0</<n. A, is then of the form 


A,=[m+> (1-—D) (—1) "11'S? '8.95....U ]ty— Bu pd” 
-i, n(— 1)*H1S 8... . "U+D,,0*, (@’) 


where m is an arbitrary constant and D,, is given by 
the appropriate linear combinations of the expressions 


n(—1)*4YW p-108---9—-1 
X (0,0,%° UU —9,0,%° 0). (VET") 
We first establish the theorem for a single moment of 
the form (VII’). Constraint (b) follows from (A) and 
(20). Constraint (a) is satisfied provided a form for D,, 
can be found which reduces the equation 


Bee D, = (—1)"F!2n BW pigs... ."U, — (85) 
which follows from (B’) by contraction with B#?, to an 
identity. The right hand side of this equation differs 
from (53) only by the sign and by involving U rather 
than U,v’, and thus (VII’’) follows from the considera- 
tions used in establishing (VII*) of Theorem IV. 

To establish (@’), we split A, according to Eq. (11). 
Then we can follow the procedure of Sec. III and obtain 
instead of Eqs. (16) and (17) 


, d ; 
M=(—1)""—S8--945....U+N, 


dr 


(86) 
with 
(— 1)"1V = = Sa "0 48...¥ — NUS yp...» 5 »U 


+(—1)"#D,,0°. (87) 


We shall establish (@’) by evaluating the expression 
(25). We obtain 
—S*S,[—S8-ag...,U —ni"S yp...,08*U 
+(—1)"4D, 0° ]+-n(S4#S,...08 US, 
— SS 4p...08 "US, + S05 S pp...0d8*°U) 


— (—1)"48+D,,,S°— (—1)"*v,S4S?D,,.v*. (88) 


After substitution of (VII’) and (VII’’), and some can- 
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cellations and rearrangements, we obtain an expression 
which differs from (56) only by the sign and by involv- 


ing U rather than U,v’. Thus we get instead of Eq. (51) 


(89) 


: d 
N=—I(—1)*"—S-*A9...U, 
dr 


which implies (@’). The possibility of linear combina- 
tion follows as usual. This completes the proof of 
the theorem. 

The intrinsic moments are of the form (VII’) with 
1=0; the validity of condition (c) for these moments 
was established in MS. If B,,=0, all the moments 
vanish except those for which /=; for these the theorem 
is still valid, with Eq. (B’) reduced to an identity. 

For charged or charge-symmetric fields we have for 
the variation of the electric charge 


dQr 
<= (= 1) Gap U A Sn 


Tr 


(90) 


instead of Eq. (70) (see Sec. VII of MS and the dis- 
cussion in Sec. VI above). The equations and multipole 
moments for this case can be found in complete analogy 
to the procedure of Sec. VI, and therefore will not be 
given explicitly. 

Finally we consider a point particle which is a singu- 
larity of both the spin zero and the spin one field. The 
generalized Dirac method!” which was used to establish 
the equations of motion in the case of the spin zero® or 
spin one® field alone is linear in the fields. Therefore the 
equations of motion for the combined neutral fields are 
again of the form (B’) and (C’) of Theorem VIII, 
where however the right hand sides of these equations 
also contain those terms of Eqs. (B) and (C) of Theo- 
rem I which depend on the multipoles of the spin one 
field. Furthermore the method used in this paper to 
establish the forms of the multipole moments is not 
only linear in these moments, but also the same for both 
the spin zero and the spin one field. Therefore the par- 
ticle can carry an arbitrary linear combination of all 
the multipole moments considered in this paper; A, is 
given by the expression (@’) of Theorem VIII together 
with those terms of (@*) of Theorem IV which depend 
on the multipoles of the spin one field, and D,, is given 
by the appropriate linear combinations of the expres- 
sions (VII) and (VII*)-(XII*). Analogous results 
hold for charged or charge-symmetric fields. 
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We calculate the rate of the capture reaction of ~~ mesons in Li® leading to the He® ground state (Godfrey- 
type reaction), a process which is expected to give more accurate information on the u-capture coupling 
constants than the capture in nuclei leading to all possible final states. Induced pseudoscalar coupling and 
Gell-Mann’s conserved vector current are taken into account, and numerical results are given assuming a 
universal weak interaction. The Li* and He* wave functions are taken as shell model states with LS coupling 
and configuration mixing. It is found that the capture rate is sensitive to the p-shell radius, and for a determi- 
nation of the latter, the Stanford electron scattering results for Li® have been analyzed taking into account 
the recoil motion of the a-particle core; however, the main portion of the radial integral in the theoretical 
capture rate can be read off the scattering data directly. The capture rate is found to be of the order of 
0.4X 10* sec™, its exact value still depending on some assumptions about the coupling. 


I. INTRODUCTION 


FTER the establishment of nearly exact equality 

of the beta-decay and muon-decay coupling con- 
stants,! attempts are being made to determine the mag- 
nitude of the coupling responsible for muon capture. 
The capture rate in hydrogen being too slow for 
presently possible experiments as compared to the decay 
rate of the muon, absorption measurements have to be 
performed using complex nuclei. Most of these capture 
reactions will leave the final nucleus in many possible 
excited states, due to the large energy release when the 
muon is absorbed ; the theory of this process, which may 
be carried through either making closure approxima- 
tions? for the final states, or using explicit shell-model 
states,* can therefore have only an approximate charac- 
ter. This is also seen by comparison of the existing 
experimental data®* with the theoretical values, as done 
in reference 6, which shows deviations between theory 
and experiment (as well as between the two existing 
experiments) of 10 to 25% and more, for each of the 
nuclei used. Therefore, the approach taken by Godfrey,’ 
namely to investigate a muon capture reaction which 
leads to the ground state of the final nucleus only, 
seemed to be more promising.* Godfrey measured the 
reaction rate of 


u-+Ce? — Bs? +», (1) 
and assured that the boron nucleus had been produced 


1 R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 (1958). 

*H. Primakoff, Revs. Modern Phys. 31, 802 (1959); H. A. 
Tolhoek, Nuclear Phys. 10, 606 (1959). 

3H. A. Tolhoek and J. R. Luyten, Nuclear Phys. 3, 679 (1957). 

4 Cf. the remark of R. Peierls, Proceedings of the 1958 Annual 
International Conference on High-Energy Physics at CERN, edited 
by B. Ferretti (CERN Scientific Information Service, Geneva, 
1958), p. 249. 

5 Sens, Swanson, Telegdi, and Yovanovitch, Phys. Rev. 107, 
1464 (1957); J. C. Sens, Phys. Rev. 113, 679 (1959). 

6 Astbury, Kemp, Lipman, Muirhead, Voss, Zangger, and Kirk, 
Proc. Phys. Soc. Londen) 72, 494 (1958). 

7T. N. K. Godfrey, Ph.D. thesis, Princeton University, 1954 
(unpublished) ; Phys. Rev. 92, 512 (1953). 

° This was discussed by Marshak, Telegdi, and Goldhaber, 
Proceedings of the 1958 Annual International Conference on High- 
Energy Physics at CERN, edited by B. Ferretti (CERN Scientific 
Information Service, Geneva, 1958), p. 249. 


in a bound state by a simultaneous observation of the 
electrons from beta decay of the boron. His measure- 
ments were subsequently repeated by several experi- 
mental groups,*~” and Godfrey’s theory has been refined 
by Fujii and Primakoff"* (who also calculated the muon 
capture rate in Li;® and He,*), and by Wolfenstein." 
The experiments agree with each other within their 
rather large limits of error (210%) and do not contra- 
dict the assumption of a universal coupling also for 
muon capture, but it was shown by Wolfenstein" that 
even the theoretical capture rate carries a considerable 
uncertainty stemming from the not too well-known 
mixing of (jj-coupling) shell model configurations as 
well as from uncertain p-shell radii of carbon and boron. 
Moreover, the final boron nucleus possesses several 
bound excited states, and although most of the capture 
is presumed to lead to the ground state of B", there still 
exists considerable uncertainty on this point." 

It thus seems to be of interest to investigate the 
capture reaction 


uw +Li;§ > He2'+y (2) 


(leading to the ground state of He®), which, although of 
smaller rate than the capture in C”, nevertheless is 
quite accessible to experiment, and which has the 
significant advantage that He® does not possess any 
bound excited states.!® Therefore, in a measurement of 
(2) with observation of a subsequent beta decay of He‘, 
one can be sure that the final nucleus had been produced 
in its ground state, which was not the case for reaction 
(1). A theory of the capture rate of (2) has already been 
given by Fujii and Primakoff," and the present work 

* Fetkovich, Fields, and McIlwain, Bull. Am. Phys. Soc. 4, 81 
(1959). 

1 Love, Marder, Nadelhaft, Siegel, and Taylor, Bull. Am. Phys. 
Soc. 4, 81 (1959). 

4 McGuire, Argo, Harrison, and Kruse, Bull. Am. Phys. Soc. 
3, 362 (1958). 

2 Burgman, Fischer, Leontic, Lundby, Meunier, Stroot, and 
Teja, Phys. Rev. Letters 1, 469 (1958). 

8 A. Fujii and H. Primakoff, Nuovo cimento 12, 327 (1959). 

‘4 L. Wolfenstein, Nuovo cimento 13, 319 (1959). 

18 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 
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was started with. the intention to increase the accuracy 
of the calculation and to state the theoretical uncer- 
tainties precisely. We found, however, that our results 
were considerably smaller than those given in reference 
13, due to their sensitivity to the p-shell radius of Li® 
(and He®); this radius was obtained by us from a de- 
tailed analysis of the Stanford electron scattering 
data,'6!" 

In the following section, we formulate the weak 
interaction responsible for muon capture, including 
virtual pion effects which give rise to an induced pseudo- 
scalar term as discussed by Goldberger and Treiman'* 
and by Wolfenstein,'® and possibly also to a “‘weak mag- 
netic” term originating from a conserved vector current 
in the weak interaction, as suggested by Gell-Mann.” 
The muon capture rate will be given in terms of the 
nuclear matrix elements. In Sec. III, the Li® and He® 
ground states are specified—we adopt shell-model states 
with LS coupling for both of them—and the available 
information on the configuration mixing is discussed. In 
Sec. IV, we analyze the experimental data on electron 
scattering by Li® in order to obtain information on the 
radial distribution of the nucleons in the p shell; the 
analysis is made in the framework of the shell model, but 
takes into account the motion of the a-particle core 
around the center of mass of the Li® nucleus, which 
turns out to be of importance. Finally, in Sec. V, the 
matrix elements are evaluated, and the final results are 
discussed in Sec. VI. 

II. FORMULATION OF THE PROBLEM 


We choose a rather general form for the muon capture 
Hamiltonian : 


b—% 
I1=C g* (titty («— — u) 
v2 


ee 
+Cy*(tinyytt p) (2. om) 
\ 


1-Y; 1 
+Cp* (tino ptt p) (2 —*n—(o-w) am) 
v2 2m 


1 1—Ys5 1 
+Cr*( tara) (2 —— a) 
v2 v2 v2 
1 1—y7; 1 
+C4*(te-raraty) (1 — “viva ) 
1 v2 1 


i—% 
+Co%(teratn)( a— vt) (3) 
V 


16G. R. Burleson and R. Hofstadter, Phys. Rev. 112, 1282 
(1958). 

17 See also Meyer-Berkhout, Ford, and Green, Ann. Phys. (to be 
published). 

18M. L. Goldberger and S. B. Treiman, Phys. Rev. 111, 355 
(1958). 

19 |. Wolfenstein, Nuovo cimento 8, 882 (1958). 

2” M. Gell-Mann, Phys. Rev. 111, 362 (1958). 


with 


Trp=—(VXV0— Ver); 
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which is mostly taken from Lee and Yang,” but contains 
also the magnetic-moment term induced by virtual 
pions, as derived by Goldberger and Treiman.'* As we 
shall consider no parity nonconserving effects, two- 
component theory with left-handed neutrinos is as- 
sumed. The Hamiltonian (3) describes the reaction 


uw +p nt+y, (4) 


and the quantities v,, u, designate the four-momenta of 
the respective particles; m is the nucleon mass. (In the 
following, we express all energies in electron rest ener- 
gies, all lengths in electron Compton wavelengths.) The 
matrix elements for muon capture will be given below 
using (3); for the numerical discussion, we shall, how- 
ever, consider only the following special case: The 
interaction is invariant under time reversal (C,*=C;,); 
the interaction of bare particles is of the form postulated 
by Feynman and Gell-Mann! (Cs=C7r=0). In addition, 
various assumptions will be made as follows: 

Assumption 1.—There is no induced pseudoscalar and 
weak magnetic term (Cp=Cy=0); in this case, dis- 
persion relation techniques'* suggest that with equality 
of the bare coupling constants, Cy=Cy® holds also for 
transitions between dressed single-nucleon states (C 
with superscript 8 stands for the beta-decay coupling 
constant, C without superscript for the one in muon 
capture). 

Assumption 2.—There is no magnetic term, but an 
induced pseudoscalar, with the expected magnitude of 
coupling'’®:” (Cp=e€4, &8; Cu=0; again Cy=Cy*). 

Assumption 3.—Both the induced pseudoscalar and 
the weak magnetic term are present (see Fujii and 
Primakoff'® and Bernstein”), (Cp=«€C4, Cyu=cCy; 
C=ppy—Hn, Where yw», wn are the anomalous proton and 
neutron magnetic moments). With the presence of the 
magnetic term, analogy with the isotopic vector part of 
the proton charge form factor*® gives the relation'®: 


Cv=Cy*(1—§ gr’) »), (5) 


where g is the four-momentum transfer, and the mean 
square radius of the proton is determined from the 
Stanford experiments” to be (r*) ,= (0.80-+0.04)? 10-*6 
cm’. This gives for §=Cy/Cy® the value 0.9724, if a q 
appropriate to muon capture in Li® is used. 

In assumptions 2 and 3, the relative sign of Cp and 
C4 has been taken as positive; this follows from argu- 
ments using perturbation theory” as well as dispersion 
relations,'® although both signs are possible if Cp is de- 
aan T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956), 

‘< } Bernstein, Phys. Rev. 115, 694 (1959). 

* J. Bernstein and M. Goldberger, Revs. Modern Phys. 30, 465 
ee Bumiller, and Yearian, Revs. Modern Phys. 30, 
482 (1958). 
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termined phenomenologically from *—y decay. The 
experimental evidence on this point from muon capture 
in carbon** can be considered as slightly in favor of the 
positive sign. 

Although it was also suggested'* that Ca=C4* for 
transitions between single physical nucleons, we shall in 
all three assumptions set 

Ca=RC4?, (6) 
to give some room to the possible presence of meson ex- 
change effects" which could destroy exact equality of 
C4 and C4* in complex nuclei. R is at present unknown 
(see reference 2). For Cy, we shall however use the 
values for single physical nucleons, Cy’ or &€y® as 
mentioned above. 

Returning now to our general Hamiltonian (3), we 
approximate the neutron and proton wave functions 1, 
uy, appearing in it by their nonrelativistic expressions, 
keeping powers of order zero and one in p/m, n/m, 
where p, m are the magnitudes of the proton and 
neutron three-momenta. Neglect of the neutron-proton 
mass difference does not give errors larger than 1%; also 
the small components of the muon K-shell wave func- 
tion can be neglected without causing an appreciable 
error. Momentum conservation at the weak vertex, 
p—n=y, then allows us to express all first order rela- 
tivistic terms by v/m and p/m, where y stands for the 
magnitude of the neutrino three-momentum. The result 


1S 


1+75 ’ Pi AL p 
= Gn'u,'—— Gr*¥+G,*o-o%+Gp*--0%+Cy*—-o 


V2 Vv m 


p ip 
+Cxt®-0%4+Cr*("xo")-0 |e), (7) 


m m 


where @, and @, are the large components of up, “,, and 
the new Fermi, Gamow-Teller and pseudoscalar type 
coupling constants are given by 


Vv v 
Gr=Cs+ (14) orc, 


m 2m 


v v 
Gq=- “(Cr+Cu)+(14—Jcrt cs, (8) 


2m 2m 


v 
Gp=—(—Cy—Cut+Cr—CatCp). 
2m 
The Pauli spin vector @” operates on the nucleons, the 
Dirac vector e=iyy«7s on the leptons. 

Remembering now that Li® has spin 1, He® spin 0, the 
beta-decay transition probability contains only the 
Gamow-Teller term, and with V, A coupling is given by 


-|CaP|*f(Z,E)|Mool*, (9) 
P M 


we=—|Ca 
2r 


J. S. Bell and R. J. Blin-Stoyle, Nuclear Phys. 6, 87 (1958) ; 
Blin-Stoyle, Gupta, and Primakoff, Nuclear Phys. 11, 444 (1959). 


. 


where 


f(Z,Eo) = f " F(Z,E)(Et1)E( Ey E)*4E, (9a) 


and 
Mg= (®,;t om tito Pu). (9b) 

Here M is the magnetic quantum number of the Li® 
spin, Zo the maximum total electron energy; F(Z,E) is 
the Fermi function (given, e.g., by Feenberg and 
Trigg’®), y; and ®y, are the wave functions of Li® and 
He®, and 7;* transforms the ith neutron in He® into a 
proton. 

The transition probability for muon capture is found 
to be 


2 y? 1 
" (Qm)?a,2 1+ (v/mu.) 2I+1 


a0) 





2 


M,Mys 


{|Gr'=|mr|2+|Gol*l ae 2 
ly |2 

— (2 ReGoGr*— |Gp|*)|--Ma 
|v 


v 
—2 Re(Grcr*™ 3m, Dr') 
y 


Vk 
—2 Im GrCr*erme BM Tim r) 


Vv 


v 
+2 Im| Gacy amr aR) 
v 
v 
—2 Re (Go 8 —GrCa) Mra Mal 
v 


y 
+2 Ref GeCx*“(Mrn— Men) Mer } (10) 
v 


where J is the spin of the initial nucleus, M and M, the 
initial and final state magnetic quantum number. The 
matrix elements are 


Mer= (byt Oo 7- exp(—iv-r,) ¢(r:)Po), 


Moe= (st ¥ 7 exp(—iv-r,) ¢(r,)oPo), 


p' (10a) 
My = (# Re 7, exp(—iv- re(r)—t), 


m 


Pm' 
WM Tlm— (2, z; sl exp(—iv- re(rdov—"4). 
i m 


26 E. Feenberg and G. Trigg, Revs. Modern Phys. 22, 399 (1950). 
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Here, 7;~ transforms the ith proton in the initial state 
®y into a neutron; r; and p‘ are position and momentum 
of the ith proton, and the K-shell muon space wave 
function is given by (a,*)-*y(r), g(r) =exp(—r/a,), 
where a, is the muon Bohr radius, 


137.04 1 m 
a= -(1+~), 
Zp MLi 


with » the muon mass, mz; the mass of 1;°. In (10), 
twice appearing tensor indices are to be summed over, 
and €x1m is 1(—1) for (kim) an even (odd) permutation 
of (123), zero otherwise. Momentum and energy con- 
servation gives for v: 


(11) 


2 4 
v= Mute [1+—w—aan| -11, 


Me 


(12) 
y= 196.79= 100.56 Mev, 


using a muon rest mass w= 206.5, a He®—Li® atomic 
mass difference AM =6.95=3.55 Mev'® (Wu et al.?" give 
the end point of the beta spectrum of He® at 3.50+0.05 
Mev; we shall consider the effect of this uncertainty on 
our results later), and a He® mass as calculated from the 
mass defect given by Ajzenberg and Lauritsen.'® The 
muon binding energy was found to be negligible in (12). 


III. NUCLEAR WAVE FUNCTIONS 


Shell-model states with LS coupling will be assumed 
for both Li® and He® ground-state wave functions, as 
suggested by the ‘‘superallowed” character of the beta 
transition.?*.® We shall always consider the a-particle 
core as not participating in either beta decay or muon 
capture,” -*! considering the large binding energy of the 
a-particle and its lack of bound excited states, and write 


®yjHe=07(1,2)Rs (1) Ra (ros, (13) 


where J =1 for Li®, 0 for He®; 1, 2 designate the two 1p 
shell nucleons, vy the isotopic spin wave function, R, the 
radial wave function. In LS coupling: 


go0=Ci Sot+Ce *Po, 
dim =C3*®Si+Cy'Pi1+C;s *Di, 


with C; the mixing parameters, whose sum of absolute 
squares is normalized to 1 both for Li and He. Informa- 
tion about them is obtained from the Li® magnetic 


27 Wu, Rustad, Perez-Mendez, and Lidofsky, Phys. Rev. 87, 
1140 (1952). 

28E. Feenberg, Shell Theory of the Nucleus (Princeton Uni- 
versity Press, Princeton, 1955). 

27H. A. Bethe and P. Morrison, Elementary Nuclear Theory 
(John Wiley and Sons, New York, 1956), second edition, p. 223. 

Tn the similar process of Li® photodisintegration, absorption 
of a quantum by the a core and the subsequent transfer of its 
excitation to the p-shell particles has indeed been considered by 
L. L. Foldy (unpublished), but the experimental results*! do not 
give any conclusive evidence for the presence of this mechanism. 

31 T, A. Romanowsky and V. H. Voelker, Phys. Rev. 113, 886 
(1959). 


(14) 
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moment and quadrupole moment, the He® beta decay, 
and the positions of the lowest excited levels'® of He® and 
Li®. Analysis of these gives results not quite compatible 
with the Li® magnetic moment,” and we shall then 
disregard the latter, its information being considered 
unreliable due to unknown exchange and relativistic 
effects.” 

The Li® quadrupole moment ( is obtained®** via the 
Li’ quadrupole moment, whose value in the literature 
ranges between Q;= +3.5 X 10~°6 cm? ® and — 12 10-6 
cm?,** The shell model gives 


1 7 4 
Vs= (<ce-— C#—-—CLa (15) 


50 5/5 
where (r*)! is the p-shell radius, found in Sec. IV to be 
~4.1X10-" cm. Taking account of the general uncer- 
tainty, we estimate 

—0.03 ¢ Q6/(r’) $0.01. (16) 
The level structure of Li®, He® has been analyzed by 
Pinkston and Brennan® and by Meshkov.*” Extrapo- 
lating from their values to obtain Q¢ within the limits 
(16), we consider the following a reasonable set of 
configuration mixing parameters: 
C3=0.988+0.004, 
C,=0.147-40.025, 


C5=0.055_0,065t?'™® ; 


(17) 


note that the mean values are normalized to 1. The 
large uncertainty in C; does not matter very much in the 
following, due to its small value. From the He® levels, 
we take according to Meshkov*®’ (and extending the 
uncertainty somewhat beyond his limiting values) : 


C1=0.941+0.033, 


18 
C= —0.339_ 0.080¢ 0.111, \ 
Information from the helium beta decay will be con- 


sidered in Sec. V. 


IV. ANALYSIS OF THE ELECTRON 
SCATTERING DATA 


The form factor of the Li® nuclear charge distribution 
was obtained from electron scattering experiments per- 
formed by Burleson and Hofstadter (reference 16, 
Table I; see also 17). Born approximation is justified for 
the analysis of these data, Li® being a sufficiently light 
nucleus. The results were analyzed by the same authors 


#2 W. T. Pinkston and J. G. Brennan, Phys. Rev. 109, 499 
(1958). 

33.N. G. Cranna, Can. J. Phys. 31, 1185 (1953). 

4 P, Kusch, Phys. Rev. 92, 268 (1953). 

36 FE. G. Harris and M. A. Melkanoff, Phys. Rev. 90, 585 (1953). 

36R, M. Sternheimer and H. M. Foley, Phys. Rev. 92, 1460 
(1953), who argue that their value should be more reliable than the 
one from reference 35. 

37S. Meshkov (unpublished) ; see also S. Meshkov and C. W. 
Ufford, Phys. Rev. 101, 734 (1956); S. Meshkov, Bull. Am. Phys. 
Soc. 4, 255 (1959). 
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Taste I. Experimental form factor of Li®, after unfolding of the 
intrinsic proton charge distribution. The first three values were 
taken from Meyer-Berkhout e/ al.,* the rest from Burleson and 
Hofstadter.» 


q (units 
10 cm~) 


0.55 
0.78 
1.02 
1.22 
1.30 


Fig) 
0.728 
0.537 
0.372 
0.242 
0.216 


F(q) 
0.0830 
0.0679 
0.0561 
0.0418 
0.0381 


Aur wi © 
S 


ananm a 


* See reference 17. 
» See reference 16. 


using various static charge distributions; from the shell 
model point of view, the most interesting one of those is 
the “‘modified harmonic-well shell model,” which as- 
sumes the charge distribution to consist of a sum of s- 
and p-shell Gaussian functions. Although this gives an 
over-all rms radius for the Li® of 


(r*), 4= 2.82 10-8 cm, (19) 


in agreement with results from other possible charge 
distributions, the rms s- and p-shell radii separately 
would come out as 3.24 10—" cm and 1.69X 10-" cm, 
respectively. This clearly shows that the analysis is in 
need of refinement, as the p shell, being bound more 
weakly, is expected to have a larger radius than the s 
shell. 

It seems that the most important effect to be taken 
into account would be the motion of the a-particle core 
around the center of mass of the Li® nucleus. Some other 
effects need however to be considered also. First of all, 
each of the protons in Li® has an intrinsic charge dis- 
tribution whose shape can be taken as Gaussian,‘ with 
an rms radius a= (0.80+0.04) X 10-" cm. If this shape 
is preserved for a proton bound in Li®, the observed 
charge distribution p...(7) is actually a folding of the 
proton intrinsic charge distribution pprot(r) into the 
distribution of the proton’s center of mass, p(r) : 


pura) = f ol )omal r—r’|)d°*r’, 


The corresponding relation for the form factors is 
F(q)=exp[§ (qa)? }Fovs(q), 


and the experimental form factor after unfolding of the 
proton intrinsic spread is given in Table I. The error in 
these values, being ~5% for F.u.(q), becomes ~7% for 
F(q) due to the uncertainty in a. 

The a-particle core has an intrinsic spread which can 
also be described by a Gaussian; its rms radius after 
unfolding of the proton spread is given experimentally* 
by @.= (1.40+0.11) XK 10- cm from electron scattering, 
in agreement with a value of (1.44+0.07)K10-" cm 


(20) 


%#®R. W. McAllister and R. Hofstadter, Phys. Rev. 102, 851 
(1956); see also D. G. Ravenhall, Revs. Modern Phys. 30, 430 
(1958). 
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deduced from the He‘ photodisintegration.* As a result, 
the charge form factor is written as 


F(q)=§ expl—¢(9aa)* JF. (q) +4F 9(9) ; 


the intrinsic a charge spread is separated here from the 
spread due to its recoil motion: F,(qg) describes the 
motion of the a core center of mass around the Li® 
center of mass, and of course is closely related to the 
p-shell form factor F ,(q) representing the motion of the 
(point) proton in the p shell. 

In order to evaluate these remaining two functions, 
we adopt the shell model wave function (13) for the two 
outside particles. Their coordinates rm, r, are then 
referred to the center of mass of the Li® nucleus, whereas 
a correct dynamical treatment would probably require 
taking the a particle as the origin. However, this is not 
expected to cause a great error,” and our treatment 
remains at least consistently within the framework of 
the shell model. In view of the values (17), we also 
consider the p-shell particles to be in the *S, state only; 
this assumption is probably justified for the purpose of 
the present analysis, although we did not make an 
estimate of the contributions from the other configura- 
tions. The p-shell form factor is then easily shown to be 


(21) 


F(g)= f Re jolgnvrar, (21a) 
where j,(x) is the spherical Bessel function of order /. 
The recoil motion of the core is determined by the 
motion of the outside proton and neutron; the coordi- 
nate of the core center is always given by 


r= — (itr), 


with 3(ri+r2) the center-of-mass coordinate of the two 
p-shell particles. We can thus derive the following 
expression : 

(21b) 


F,(q)=F ,2(q/4) +2G ;2(q/4), 


with 


(21c) 


Gylg)= f REO) jlerrar 


The equations (21) now permit us to determine the 
p-shell radius, by fitting F(q) of (21) to the experimental 
form factor of Table I. We tried for R,(r) an exponential 
function re~!*", which gave no fit, but with a harmonic 
oscillator function 


Ri= Near exp(—}o’r’), N.?=8a5/3m!, a? =$(1/b?), (22) 
we were able to fit the data fairly well, as demonstrated 
in Fig. 1. The p-shell radius thus obtained is 


b=4.1X10-" cm. (23) 


This result may seem somewhat large, but it is sup- 
ported by recent variational calculations on the Li® 


* M. L. Rustgi and J. S. Levinger, Phys. Rev. 106, 530 (1957). 
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ground state,” and moreover it is consistent with the 
results (19): using the same methods which lead to 
(21b), we can derive the mean square radius of the 
recoil motion of the core center as 


(r) ” 50’, 


which gives for the mean square core radius (including 
its motion) 


(r?).= (9) + ae? = (2.02X 10-8)? cm?; 


(24a) 


(24b) 
the overall mean square radius of Li® then follows as 


(P?)Li= Rr") +40? = (2.88 10-5)? cm*, (24) 
in not too bad disagreement with the value (19) (even 
after the intrinsic proton radius was extracted from 
(19)). The adding of the squared radii in (24) is maybe 
not quite correct, as we are not always concerned with 
simple Gaussian distributions. 

The slight disagreement of the curve in Fig. 1 with the 
experimental points need not worry us too much, as we 
shall use (22) with the radius (23) only for calculating 
small terms in the muon capture rate. It will be shown 
in the next section that the main part of the radial 
integral which determines the capture rate can be read 
off the experimental data directly. 


V. EVALUATION OF THE CAPTURE RATE 


The matrix elements in Eq. (10) for the muon capture 
rate have been evaluated using the shell model wave 
functions (13) for the initial Li® and final He® nuclear 
states; My is then zero from the same arguments which 
lead to the Fermi selection rule in beta decay, as we have 
a transition from spin 1 to spin 0; also the beta decay of 
He® is a pure Gamow-Teller transition. The other re- 
sults are 


M=D|Me|?=62K2e2+2WJ2Dy), 
M 


9 


> 2 
A=) Me =2S°K?(Jo—2J 2D)’, 


M ip 


v a 
—A;=>> 2 Im-- (My K Mea!) 


m M v 


Vv 
= —12(2)!—S?K?J,D2(Jo+J 2D), 
be m 


v v 
—Ag=Do 2 REM rin -Ma! 


m M v 
v ‘ 
= —4—J?K?(J,D3—J,'D4)(Jo— 2 2D) ; 
m 


40 N. Austern (private communication). See also P. A, Wackman 
and N. Austern, Bull. Am. Phys. Soc. 4, 254 (1959). 
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Fic. 1. Comparison of the Stanford experimental form factor of 
Li® for electron scattering (proton charge distribution unfolded) 
with a theoretical form factor using harmonic oscillator p-shell 
wave functions. 


here the radial integrals are given by 


Jo= [ROR Me ioryrar, 


ji(vr) 
Jy frre ——r'dr, 


vr 


J.= f Ri)Rulre(n jaloryrar, 


d R,(r) ji(vr) 
J/= - fr(- —) Raley dr; 
dr r vr 


further we have 


1 1 3 
D,=K ( — CiC5+- : Chet cas), 
J/5 2 


(10)! 


2v3 


1 1/5 
D.=K (cice-c0e4 eae: cs), 
v3 2 v3 


Ve 


D,= K- (crest (5)§C\Cs—Vv2C.C; (25b) 


V5 
+v3CX4+— cs) , 
v2 


2 
D= K(oci+ —CiC5+ 
5 (10) 


The other quantities, 


J= frre r)rdr 


and 
1 
K=C,C3—- Cf "4 
v3 
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TABLE II. Values of ¢, c, under assumptions 1, 2, and 3. 








g 





1 
1 
0.9724 





appear already in the beta-decay matrix element, given 


by 


A=>m|Mo|?=6'R?. (26) 


The results (25) have been obtained by forming irre- 
ducible tensors in the nuclear matrix elements (10a) and 
applying the Wigner-Eckart theorem; also certain 
identities for spherical harmonics! have been found 
useful. 

For a numerical evaluation of the capture rate, we 
now make the assumptions listed after Eq. (4). The 
ratio of Gamow-Teller to Fermi coupling in beta decay, 


Xp=|Ca*/Cy*|, (27) 


is according to the latest two experiments Xg=1.25 
+0.04 and X,=1.19+0.03, with a negative relative 
sign.” We shall present our results for various values of 
X, within these limits. For the ratio of He® beta decay to 
Li® muon capture half-life, we then find 


(28) 


1 
—(fi)s=Co(AR?+BR+C), 
t 


“ 


R=C,4/Ca*~ :. 


1 y" 


= 3.481 10°, 


_— eae. 
3 a,* 1+ (v/mnre) 
and 


AA =A,— €BA2+B(Ao— Ay) 
+4 (€8)*A.—4eB?(As— 2A4), 


XpAB=t[cB(A1—Az) 
+8(A1—A2—A3) +4 (c+e)B"A2 |, 


XpAC= P43 (cB)?(Ay—As)+ cB? (Ai— $Ao—Asz) ], 


(29) 


where B=v/m=0.1072, and where according to the 
three assumptions taken in Sec. I, the quantities e, c, 
and £ are given by Table II. Equations (29) show the 
different relativistic orders of the terms (terms of order 
«3? and cf? were kept, although they are not the only 
ones of this order. Their contribution is at most 2%). 
The terms A; and A, were neglected by Fujii and 


“1H. A. Bethe and E. E. Salpeter, Encyclopedia of Physics 
(Academic Press, New York, 1957), Vol. 35, pp. 432, 435. 

M. Goldhaber, Proceedings of the 1958 Annual International 
Conference High-Energy Physics, at CERN, edited by B. Ferretti 
(CERN Scientific Information Service, Geneva, 1958), p. 241 and 
p. 238 (footnote). 
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Primakoff, but BA3, BA, are of the same size (~5%) 
as the other terms BA, BAe of this order. 

Analysis of the beta-decay data shows that the overlap 
in J is not 100% complete. We here use the value 
Cy®=G= (1.410+0.009) x 10-” erg cm? (reference 42, p. 
241), calculate f= 1030 (using AM=3.55 Mev; f=965 
for AM=3.50 Mev) including Coulomb corrections,”® 
and take the He® half-life to be =0.82+-0.02 sec, a 
weighted average over many experimental values.” 
Note that we will not insert this somewhat uncertain 
value in (28), but use it only for calculating the degree 
of overlap of J. Using (17) and (18), we obtain from (9) 
and (26) the values of J given in Table ITI, as a function 
of Xz. 

Now the deviation of J from 1 will have to be taken 
into account in a calculation of J;. We consider two 
possible reasons for J#1: (a) He® being bound less 
tightly than Li®, the radial shell wave function Ro has 
a larger radius than R,; (b) Ro and R; being equal, 
except for small r where they fail to overlap. This is 
assumed to involve only the wave function of the 
particle which undergoes the transition. Accordingly, 
the values of Table ITI have then to be identified with J? 
rather than J‘. 


TABLE ITI. Overlap integral in the He® beta decay. 


Xp Js Xp Js 








1.22 0.89+0.10 
1.25 0.85+0.10 
1.29 0.80+0.09 


1.16 0.99_6 1:70 


1.19 0.94_9. 107-6 








Both methods give very similar results; if we adopt 
Gaussian wave functions (22) with radius 6 from (23), 
the values of Jo/J thus calculated differ only by 2% (for 
X= 1.16) to 5% (for Xs=1.29), method (a) giving the 
smaller values. In Table IV, we show the averages for 
Jo/J obtained in this way in the second column. For 
complete overlap (J=1), again using Gaussian func- 
tions, the radial integrals are calculated as J =0.441, 
J,=0.192, J2=0.134, J1/=0.435. 

These values can be improved and made almost inde- 
pendent of any special shape of Ry as follows. Numerical 
analysis showed that a predominant part of (21) was 
contributed by the term F,,?(¢/4) in (21b), for all the 
values of g considered. Now F,(v) is the same as Jo in 
(25a), if in it we replace Ro by R; and ¢ by 1. But the 
deviation of Ro from R; and of ¢ from 1 gives only a 
small contribution to Jo which can be calculated using 
our Gaussian R;. Likewise, all the terms in F(qg) except 
the term F ,?(q/4) were calculated with Gaussian R, for 


*8 We took from the authors quoted in reference 15 and in 
Strominger, Hollander, and Seaborg, Revs. Modern Phys. 30, 585 
(1958), and from two further papers: B. M. Rustad and S. L. 
Ruby, Phys. Rev. 97, 991 (1955), and E. C. Campbell and P. H. 
Stelson, Oak Ridge National Laboratory ORNL-2076, 1956 
(unpublished), p. 32. 
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qg=4v; then F,(v) was determined by equating F(4v) to 
the value F.x,(4v)=0.0390+0.0019 interpolated from 
the experimental points of Table I, and identified with 
the principal part of Jo. This gave the values labeled 
(Jo/J)exp in Table IV. The uncertainty quoted comes 
from the combined uncertainties of Cy*, ft, Fexp(4v), and 
C;in (17), (18). If AZ were chosen 3.50 Mev?’ instead of 
3.55 Mey, all Jo/J would shift closer to Jo by <5% of 
their value (less for larger Xs; maximum shift for 
X= 1.22). 

For J:, Jz, and J;’, no effect of incomplete overlap 
was calculated, as they appear only in small terms 
<10%. We nevertheless chose to reduce them by a 
fraction corresponding to the reduction of Jo in going 
from the second to the third column of Table IV, and 
take for the complete overlap values: Jo=0.387, 
J,=0.170, J2-=0.116, J1/=0.381. 

The difference between the “calculated” and the 
“fitted”? values in Table IV is quite large, and reflects 
the fact that the points on the upper end of Fig. 1 lie off 
the theoretical curve by an amount of ~ 10%. From the 
procedure outlined above, we consider (Jo/J)exp as the 
correct values, to be used in our final results, although 
the derivation relies rather heavily on the correctness of 


TABLE IV. The radial integral Jo. 





(Jo/J exp 
0.374_0. 04:70:98 
0.356_0.0347°- 
0.344_ 0. 0297?-%8 
0.335_0, 027700 
0.323_6 2370-029 


~ 
. 


(Jo/J) av 
0.428 
0.410 
0.398 
0.389 
0.377 
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(21b). The question of the trustworthiness of the results 
of Table IV for Xg= 1.22, where Jo deviated significantly 
from the complete overlap value J», becomes less im- 
portant by noticing that earlier sources, e.g., the work of 
Kofoed-Hansen on mirror nuclei,“ have always favored 
smaller values of Xg, and the more recent Russian values 
on the neutron decay® go in the same direction. 

With all this information now gathered, we finally 
obtain the values for A, B, and C under our three 
assumptions, and for /,~'(ft)g if we set R=1, as listed in 
Table V. 


VI. DISCUSSION 


In the derivation of the values in Table V, large 
uncertainties have been circumvented by plotting the 
results for various X, by taking (ft)s out of the capture 
rate and by leaving R undetermined. These three 
quantities may become better known in the future. 
Nevertheless, the values obtained still carry large 
uncertainties, up to 20% for some cases; the accuracy to 


4 See, e.g., C. S. Wu, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (North-Holland Publishing Company, 
Amsterdam, 1955). 
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TaBLE V. Muon capture rate in Li®, 








A B Cc (10%) (fOe 





Assumption 1 


0.012 
0.011 
0.010 
0,009 
0.008 


0.141_o, o2g*?-1° 533_1017%8 
0.128_o. 023+: 
0.1 19_» o1gt 0% 
0.113_6, 91770! 


0.105 0 orate 0 


Assumption 2 


0.013 
0.011 
0.010 
0.010 
0.009 


431_7374! 
386_63*® 
359_59*® 
340_45+58 
3 1 6 _3at 82 


0.110_0.0217°-™ 
0.1000 o13*?-%8 
0.093_o o15 +08 
0.088_o ost? 026 
0.082. 0 or 708s 


Assumption 3 


0.044. o06*0:% 
0.039_ 6, o95*?-5 
0.036_0.004*?-5 
0.033_9 003724 
0.030- 0 oost? 004 


0.005 
0.004 
0.004 
0.003 
0.003 


556_95** 
498_ 5, +8 
462_¢6*®! 
432_57+7! 
399_ 4,86 


0.110_9. 2:40 
0.100_9, 913-18 
0.093 _o.o15+?-%18 
0.088 0 ost 
0.082_ 0 out? 015 





which they may serve for determining the coupling 
constant is thus not too high. It seems however the best 
one can do at present. 

The first feature we observe is the reduction of the 
capture rate by a factor 24 compared to the value given 
by Fujii and Primakoff."* We ascertained that this came 
mostly from their choice of b= 2.40 10-" cm, whereas 
the correct p-shell radius (23) obtained from the analysis 
of the Stanford data should be used. This point was 
noticed by Primakoff, the resulting uncertainty was, 
however, underestimated. 

Further sources of error in our results may be men- 
tioned. The value e=8 in the induced pseudoscalar is 
not known too accurately; it was evaluated” using the 
experimental w-u decay rate and Chew’s pion-nucleon 
coupling constant /?~0.08, both quantities carrying 
certain errors, and off-energy shell effects and contribu- 
tions of three and more pions to the induced pseudoscalar 
were not considered quantitatively in reference 19. We 
completely disregarded possible core excitation effects,” 
and the evaluation of Jo in connection with incomplete 
overlap in J may be open to criticism. Finally, the 
applicability of the shell model may be questioned. 

As far as effects of the induced pseudoscalar and Gell- 
Mann’s weak magnetic term are concerned, they may 
not be recognizable with very great certainty from our 
results. Comparing assumptions 1 and 3, we see that 
they almost cancel each other if present simultaneously. 
Our large limits of error permit at Xg=1.22, e.g., that a 
measured value for (10*t,)~'(/t)s of ~400 fits all three 
assumptions. However, a difference of a factor four in 
the capture rate should immediately be detectable 
experimentally and may thus confirm our choice of the 
p-shell radius. 

To give an idea of the actual capture rate, we shall 
state the most likely values of the muon capture 
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probability for Xs,= 1.19; they are: 
w, =0.396 X 10° sec 
0.317 X 10* sec 

0.409 X 10° sec 


(assumption 1) 
(assumption 2) 
(assumption 3), 


where (/t)g=845 sec is used according to Sec. V. 
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Determination of the Pion-Nucleon Coupling Constant from n-p 
Scattering Angular Distribution*t 
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By the use of a method recently proposed by Chew, the pion-nucleon coupling constant is determined from 
differential cross sections for neutron-proton scattering. Data at 90 and 400 Mev were used. Details of the 
extrapolation procedure are discussed and the statistical methods used in interpreting the results are ex- 
plained. The resulting value of the coupling constant is between 0.06 and 0.07, depending on the range and 
energy of the data included in the analysis. The discrepancy between this value and the usually quoted 0.08 
should not be taken seriously, however, because several nonstatistical uncertainties could not be taken into 


account. The origin of these uncertainties is discussed. 


I. INTRODUCTION 


N a recent paper Chew':? suggested a method of 
determining the pion-nucleon coupling constant 
from differential cross sections for nucleon-nucleon 
scattering. The method is based on the conjectured oc- 
currence of poles in the nucleon-nucleon scattering 
amplitude at certain unphysical values of the scattering 
angle. If p; and q; are the initial four-momenta of the 
nucleons, and #2 and gq» the final four-momenta, the 
momentum transfer is defined as ‘= — (p2— p,)? and the 
crossed momentum transfer as t= — (p2—4q1)?. We use a 
metric such that p?= p’— £?, and our units are h=c=1. 
There is then a pole at =? and another at {=,?, where 
u is the pion mass. In terms of the barycentric scattering 
angle 6 and the barycentric three-momentum 9, the first 
of these poles* corresponds to cos@= + (1+y?/2p?), and 
the second to cos#= — (1+ y?/2p). If in the case of 
neutron-proton scattering one associates p; and p2 with 
the proton, and gq; and g2 with the neutron, then in 
terms of Feynman diagrams the first pole gives the 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

+A preliminary account of this work was given in Bull. Am. 
Phys. gc. Ser. II, 3, 404 (1958). 

1 Geoffrey F. Chew, Phys. Rev. 112, 1380 (1958). 

2? Geoffrey F. Chew, Proceedings of the 1958 Annual International 
Conference on High-Energy Physics at CERN (CERN, Geneva, 
1958), p. 96. 

* It might be instructive to point out that this pole also occurs 
in the classical Born approximation which is simply the Fourier 
transform of g*r~! exp(—yr). For a massless carrier of the field, the 
corresponding pole is a/ the edge of the physical region, which is the 
reason why the differential cross section for Coulomb scattering at 
0° is infinite. 


contribution of the exchange of a single neutral pion 
(forward scattering) whereas the second pole gives the 
contribution of the exchange of a single charged pion 
(charge-exchange scattering). In addition to the poles, 
one conjectures also the existence of branch points, 
corresponding to higher-order processes, when ¢ or t 
becomes (2u)?, (3u)?, etc. In terms of cos@ these branch 
points occur at 


cosd= + (14+4y2/2p’), + (1+9y2/2p?), (1) 


They are thus considerably farther from the ends of the 
physical region than are the poles. One may therefore 
hope that the poles will tend to dominate the physical 
region, especially near the ends.' The residues of the 
poles are known exactly and are proportional to g’, the 
pion-nucleon coupling constant. In fact the pole terms 
are formally identical with the two second-order one- 
pion exchange diagrams in perturbation theory. It must 
be pointed out, however, that we are not merely doing 
perturbation theory. In the first place the coupling 
constant and masses that are involved refer to actual 
physical particles and not to bare particles as would be 
the case in perturbation theory. Secondly, once the 
existence and position of the poles are accepted, their 
contribution to the scattering amplitude can be calcu- 
lated without any reference whatever to perturbation 
theory, for instance by the method used by Goldberger, 
Nambu, and Oehme.* 

Chew’s suggestion then entails determining the resi- 


‘ Goldberger, Nambu, and Oehme, Ann. Phys. 2, 226 (1957). 


See especially pp. 243 to 245. 
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due of a pole by multiplying the differential cross section 
by the pole term’s denominator and extrapolating to the 
position of the pole. 

It might be worth pointing out that the basic idea 
underlying the present procedure has also been used for 
other processes. The pion-nucleon coupling constant has 
been determined in this way by Taylor, Moravesik, and 
Uretsky,® and the application to various reactions in- 
volving strange particles has been suggested by Taylor.° 
In particular, evidence for a pseudoscalar K+ meson 
from photoproduction data on the basis of this pro- 
cedure has been found by Moravcsik.’ Finally the pro- 
posal by Chew and Low for measuring scattering 
amplitudes involving targets that do not exist in the 
laboratory is also akin, in spirit, to the above procedure.* 
It appears, therefore, that the idea of determining 
coupling constants or scattering amplitudes of one 
process by extrapolating the experimental differential 
cross sections of another process to the poles in the 
unphysical region is becoming a very powerful tool in 
elementary-particle physics. 


II. SUMMARY OF THEORETICAL BACKGROUND 


In this analysis we shall be concerned exclusively with 
the charge exchange pole of neutron-proton scattering. 
In case of proton-proton scattering the effects of the 
poles on the angular distribution appear to be masked 
by the Coulomb effect and by cancellations between the 
scalar amplitudes. In that case, therefore, a complete 
phase-shift analysis is required to obtain g*. Indeed, such 
determination of the coupling constant has been one of 
the aims of the modified analysis of nucleon-nucleon 
scattering,’” and a quite accurate value of g? has 
actually been obtained for 310-Mev p-p scattering." In 
the case of n-p scattering, however, Coulomb effects are 
absent, and thus one can immediately see a rise toward 
each end of the physical region that may be taken as 
indicative of the presence of poles. We consider only the 
charge-exchange pole for two reasons. Firstly, there are 
no measurements available of n-p angular distribution 
in the forward direction, whereas a considerable amount 
of data has been taken in the backward direction. 
Secondly, since the coupling constant for charged pions 
is (2) times that for neutral pions, the charge-exchange 
pole will be four times as strong as the other one. 

An element in spin space of the p-n scattering ampli- 
tude may be written as 


g’m? thy (po) Vets (qi) Me’ (G2) ¥5ttr (Pr) 


xo+cosé 


Tage 6 Jr's’, Tay (2) 


Pr E 


5 Taylor, Moravesik, and Uretsky, Phys. Rev. 113, 689 (1959). 

6 John G. Taylor, Nuclear Phys. 9, 357 (1959). 

7 Michael J. Moravcsik, Phys. Rev. Letters 2, 352 (1959). 

5G. F. Chew and F. E. Low, Phys. Rev. 113, 1640 (1959). 

® Michael J. Moravesik, University of California Radiation 
Laboratory Report UCRL-5317-T, August, 1958 (unpublished). 

© Cziffra, MacGregor, Moravesik, and Stapp, Phys. Rev. 114, 
880 (1959). 

"MacGregor, Moravcsik, and Stapp (to be published). 
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where p is the magnitude of the barycentric three- 
momentum, m the nucleon mass, E?= p*+m*, and xo= 1 
+ (u?/2p*). Furthermore, g? is the pion-nucleon coupling 
constant such that g?=(2m/y)?/?, and the expected 
value of f? is around 0.08. The quantity G,-,’,,, repre- 
sents everything in the scattering amplitude except the 
charge-exchange pole. It will thus remain finite at 
cosé= — x». The differential cross section is now given by 


o(0)=} Tr(T'T), 
and may be written as 
g' (1+ cos6)? A 


am _ @ 
4E? (xo+cos6)? —(xo+cos6) 





a( 


where A and B are unknown functions of cos@ and E 
which, however, are known to be finite at cos@= — x». 
The analysis is made more difficult by the fact that the 
term in Eq. (3) in which we are interested vanishes at 
cos#=—1, so that it tends to be small just in that 
region from which one might hope to extract the most 
information. 

Multiplying Eq. (1) by x?, where «=29+cos@, we 
obtain 


y(x) = (x9+c0s6)*a (6) 


g' 
—(1-+cos8)?+ Ax+ Bx’. (4) 
4k? 


To the values of y(x) calculated from Eq. (4), we make 
a least-squares fit by means of a polynomial of the form 


f(x)= X axx'. (5) 


k=0 
From Eqs. (4) and (5), we see immediately that 


a= f(0)= (g'/4E*) (1—10)?= gtus/ 162, 


ay= f'm'/Lp*(p?+m?) |. 
III. STATISTICAL REMARKS 


In order to discuss the errors in our results, we list 
here some of the relevant formulas from the theory of 
least squares. For a derivation of these formulas, we 
refer the reader to the work of Hildebrand"? and Cziffra 
and Moravesik." 

For each value of i=1, 2, ---, N let there be an 
abscissa x; and a corresponding ordinate y;, with an 
uncertainty §; in the ordinate. We wish to fit these 
values with a polynomial of order n, of the form 


f(x;) = > a pep". (8) 


k=O 


12F, B. Hildebrand, Introduction to Numerical Analysis 
(McGraw-Hill Book Company, New York, 1956), Chap. 6. 

18P, Cziffra and M. J. Moravesik, University of California 
Radiation Laboratory Report UCRL-8523, October, 1958 (un- 
published). 
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Fic. 1. Values of the pion-nucleon coupling constant /? vs degree 
of the polynomial (n) at 90 Mev using 24 experimental points, with 
scattering angles between 129° and 180°. The numbers above each 
point are the corresponding p? values. For n=5, /?=0.36_o 164?" 
with p?= 1.52. 


To determine the a,’s, we minimize with respect to the 
a,’s the expression 


N n 
0= > tMP(yi-— DL aux"), (9) 
i=l k=O 


which leads to the set of linear simultaneous equations 


> Aijaj=r:, (10) 
7=0 


where 
N 


_ » Jtk 2 
Hiy= > xettt. 


i=l 


m= > yaxitt 7; (11) 
i=l 
Equation (10) may be formally solved as 
aj= > Gixri, (12) 
k=0 


where the matrix G is the inverse of the matrix H. 
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Fic. 2. Values of the pion-nucleon coupling constant /? vs degree 
of the polynomial (m) at 90 Mev using 48 experimental points, 
with scattering angles between 5.1° and 180°. The numbers above 
each point are the corresponding p? values. 
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It can now be shown that the error in the coefficient 
a; due to the uncertainty in the data is given by'?* 


bax=[Geupn” ]}, (13) 


where 


N n 
pe=(N—n—-1)"D §7(y:— D aax*)?. (14) 
i=l k=0 


For a given set of data as the degree of the polynomial 
is increased, p,” at first decreases monotonically until it 
reaches a plateau on which it will fluctuate mildly. The 
value of n for which p,? first reaches the plateau was 
taken to be the degree of the polynomial giving the best 
fit.’ 


IV. RESULTS 


The calculation was performed at two different ener- 
gies, 400 Mev and 90 Mev. The data were all taken from 
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Fic. 3. Values of the pion-nucleon coupling constant /? vs degree 
of the polynomial (m) at 400 Mev using 12 experimental points, 
with scattering angles between 90° and 180°. The numbers above 
each point are the corresponding p? values. 


the review article of Hess.'4 For each energy we made 
two sets of calculations, the first using the complete 
available range of the scattering angle, and the second 
using only a part of the range nearest to the pole. The 
results obtained are given in Figs. 1, 2, 3, and 4. The 
points marked “imaginary” indicate that a9 (which is 
proportional to /*) was negative for these polynomials. 
In Table I we list, for each of the four cases, the value of 
f’ as given by the best-fitting polynomial. 

In Fig. 5 the five polynomials obtained from the data 
at 90 Mev, with the limited range of scattering angle, 
are plotted. Shown also are most of the relevant ex- 
perimental points. 


14 Wilmot N. Hess, Revs. Modern Phys. 30, 368 (1958). At 90 
Mev we used the data of O. Chamberlain and J. W. Easley, Phys. 
Rev. 94, 208 (1954); J. Hadley ef al., Phys. Rev. 75, 351 (1949) ; 
and R. H. Stahl and N. F. Ramsey, Phys. Rev. 96, 1310 (1954). 
At 400 Mev we used the data of Hartzler, Siegel, and Opitz, Phys. 
Rev. 95, 591 (1954). 
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The uncertainties as given in Table I and the figures 
are misleadingly small. Only the errors in the experi- 
mental cross sections as given by the experimentors 
have been taken into account. Two important sources of 
errors have therefore been omitted, since there is no way 
known to the authors to take them into account. The 
first is the fairly substantial energy spread of the 
neutron beam in the scattering experiment. This affects 
the position of the pole, the values of the differential 
cross sections, and finally the relationship between ao 
and f? [see Eq. (7)]. The second source of error is the 
considerable uncertainty in the degree of the polynomial 
that should be chosen. The p,? test mentioned in Sec. III 
is certainly not conclusive. No trustworthy test can 
exist when one is trying to represent an essentially 
infinite series by means of a polynomial. The quoted 
errors were calculated merely by means of Eq. (13), 
with the é; being the uncertainties quoted by Hess." 
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Fic. 4. Values of the pion-nucleon coupling constant f? vs degree 
of the polynomial (m) at 400 Mev using 23 experimental points, 
with scattering angles between 12.7° and 180°. The numbers above 
each point are the corresponding p? values. 


Despite these difficulties the results as given in Figs. 1, 2, 
3, and 4 are remarkably consistent. In practically all 
cases, once the goodness-of-fit parameter (p?) dropped 
to a value indicating that a reasonably good fit has been 
achieved, the values of /? obtained from the different 
polynomials overlap. It appears that the method gives 
consistent results. 

It will be noticed that the errors in /? for the 400-Mev 
data are much smaller than those for the 90-Mev data. 
The distance of extrapolation from the end of the 
physical region to the pole is u?/2p*, which is 0.052 at 
400 Mev and 0.23 at 90 Mev. We see, therefore, that the 
former requires a much shorter extrapolation and would 
thus be expected to give the more accurate result. 

Considering the inaccuracies inherent in the method, 
the values of the coupling constant obtained here are 
not too much at variance with the presently accepted 
values of f?=0.08. To be sure, our values appear to be 
somewhat lower than 0.08, and these lower values agree 
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TABLE I. Determination of the pion-nucleon coupling constant 
f? from the angular distribution of n-p scattering at 90 and 400 
Mev by the use of the polynomials giving the best fit. 








Number of 
experimental 
points on 
differential 
cross section 


Labo- 
ratory 
energy 
(Mev) 


90 24 
90 48 


Degree of 
polynomial 
giving 
best fit f? 


~ 0,062_o.022%0-018 


Range of 
scattering 
angle (deg) 


180 to 129 3 





180 to 5.1 6 


0.065_o,027*#.9! 


400 12 180 to 90 5 0.066_0.011*°- 


400 23 


180 to 12.7 5 


0.059_ 9, 007+? 





well with the equally lower values obtained from the 
modified analysis of p-p scattering at 310 Mev." Never- 
theless we feel that more evidence is needed before we 
can say with any assurance that the pion-nucleon 
coupling constant as obtained from nucleon-nucleon 
scattering is in disagreement with the value obtained 
from pion-nucleon scattering and pion photoproduction. 

It was mentioned in Sec. II that the coupling constant 
can also be obtained from the modified analysis of 
nucleon-nucleon scattering.*-” It might be illuminating 
to compare briefly these two methods. 

Apart from its preferable theoretical features, the 
practical advantage of the modified analysis is that it 
uses, in addition to the unitarity of the S matrix, all 
experimental data, including results of triple scattering 
and correlation experiments. Thus, if such data are 
available, greater accuracy can be obtained in the de- 
termination. Similarly, it is also easier to use the 
statistical criteria to decide which order polynomial to 
take for the extrapolation, or, in the language of the 
modified analysis, how many angular momentum states 
to express in terms of phase shifts. Thus, for instance at 
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Fic. 5. Plot of y(x) = (1+?/2p?+cos6)*o (0) vs x=1+y2/2p? 
+cos0, for polynomials of degrees n=1, 2, 3, 4, and 5, using the 
data at 90 Mev with the limited range of the scattering angle. The 
experimental points are also shown except that some points near 
the end of the physical region are omitted. The end of the physical] 
region occurs at «=0.229, and the asterisk indicates the residue 
corresponding to f?=0.08. 
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310 Mev where fairly extensive data are available, a 
reliable determination of the coupling constant has been 
obtained with an error of 15% or so. Also, as has been 
mentioned, certain difficulties would be encountered in 
the use of the present scheme in the case of p-p scat- 
tering on account of the Coulomb effect which, however, 
can be easily taken care of in the modified analysis. 

On the other hand, the modified analysis can be 
carried out only if sufficient number and kind of data 
are available. Thus, if only n-p scattering differential 
cross sections at 400 Mev are used, it would be com- 
pletely out of the question to attempt the modified 
analysis. It is in such cases that the present method is 
useful. In addition, the modified analysis becomes com- 
plicated if not impossible at those energies at which 
inelastic processes play an important role. In these cases 
the present method, with all its uncertainties and 
limitations, will in fact be the only useful one. It has the 
advantage that nothing has to be known about the 
phase shifts, and that the presence of inelastic processes 
have no effect on it. Furthermore, its computational 
difficulties are far less serious than those of the modified 
analysis. 
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Note added in proof.—At the 1959 Annual Inter- 
national Conference on High-Energy Physics, N. S. 
Amaglobeli and Yu. M. Kazarimov of the U.S.S.R. re- 
ported result of n-p scattering experiments at 630 Mev. 
Using Chew’s method of extrapolation they obtained 
f*~0.06. We re-analyzed their data and obtained the 


TABLE II. Results of an extrapolation of the 630 n-p Russian 
data. Twenty experimental points extending from 11° to 180° in 
the barycentric system. “Imag.” means that ao is negative and 
consequently f? would be imaginary. 


Degree of 


Polynomial 1 2 





Imag. Imag. 0.039+0.014 
3.1 3.3 2.5 


f? Imag. 0.024_0.024*9-%3 
p? 113 47 





Degree of 
Polynomial 7 8 10 11 


f? Imag. 0.040+0.015 0.032+0.01 0.035_0.035*°-* 0.059 +0.025 
pe? 1.6 1.12 1.2 1.3 4.2 


results given in Table II. According to our criterion the 
best fit would occur for p?= 1.12 giving f?=0.040+0.015. 
We would like to thank Mr. Rudolf Larsen for his 
assistance in analyzing these data. 
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The amplitude for pion decay is related to quantities involved in the meson propagator under the strong 
x coupling alone. For pseudovector r coupling the Goldberger and Treiman result follows under certain 
assumptions, but without an expansion in intermediate states. For pseudoscalar coupling, similar, but 
somewhat inconsistent, results are obtainable by means of an equivalence relation applied to the weak inter- 
action. An expansion in intermediate states of the absorptive part of the decay amplitude is related to a 
similar expansion for the meson propagator and in an approximation yields the Goldberger and Treiman 
result when states containing one nucleon pair and some number of pions are included. 


1. INTRODUCTION 


HERE are different points of view on the question 

of whether the charged pion decay can in principle 
be calculated from ordinary beta decay and _ pion- 
nucleon interactions. In conventional renormalization 
theory, based on a perturbation expansion, a new 
coupling constant must be measured for each new type 
of primitively divergent process. In this case one would 
need both direct pion-decay and beta-decay terms in 
the Lagrangian, and the pion-decay rate may not be 
calculated in terms of ga. This point of view has 
recently been emphasized by Weinberg.' 

Another approach is to try at once to circumvent the 
difficulties of strong couplings and of new divergences 
(or the difficulties of bare coupling constants) by 
directly comparing processes via dispersion relations. 
This will leave questions of universality (e.g., gy=ga) 
unanswerable but could allow comparison of pion decay 
with the axial vector contribution to beta decay. This 
is the method of Goldberger and Treiman? in their 
recent treatment of charged pion decay. They obtain 
a result which is both simple and in impressive agree- 
ment with experiment. However, their result rests on 
several questionable assumptions, some of which will 
be mentioned below. 

There is a third viewpoint possible which avoids the 
multiplicity of measured constants in the renormaliza- 
tion theory and the abolition of bare coupling constants 
in the dispersion theory. This is the assumption of a 
real cutoff which is not allowed to approach infinity 
at the end of a calculation. As much as possible of this 
cutoff is to be absorbed in the measured constants of 
the theory; the remainder appears in the results. In 
this case it is not necessary to introduce a primal direct 
m-decay coupling into the theory. The penalty for not 
doing so is that a perturbation calculation of pion 
decay yields a logarithmic dependence on the cutoff.’ 
Nevertheless there is some hope that in a better 
approximation the amplitude for this process will be 
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convergent when expressed in terms of the physical 
pion-nucleon and beta-decay coupling constants. 

In the present work a close relation between the 
pion-decay process and a meson self-energy process 
will be exploited to write the transition amplitude for 
the decay in terms of quantities involved in the meson 
propagator (under the strong couplings alone). The 
approach is similar to that recently taken by Symanzik* 
and by Norton and Watson® in considering the same 
problem. 


2. PSEUDOVECTOR PION COUPLING 


In the dispersion theory approach, of course, there 
is no distinction between pseudoscalar (PS) and 
pseudovector (PV) coupling in the m-nucleon inter- 
action. We shall begin by considering PV since it is 
here that one finds the closest analogy between pion 
decay and the meson self-energy process. The fact that 
a perturbation expansion is not renormalizable for the 
PV theory is not particularly relevant here because 
perturbation theory will not be used and because our 
theory without counter-terms for various weak processes 
is nonrenormalizable in any event. 

The weak interaction involved in r+ decay will be 
taken as 


Lw= £4" (WniVaVsW p) (Wva( 1 + 1¥6 Wu + Bic. 
The S matrix element for the decay may be written as 


S= (2m)*54(p* — p*— p’)(m,/ po')'(2po" po’) 
X F(—p?) pa tyYa(1+iys)u,, 


(1) 


(2) 


where F(R?) is defined from?:® 


igh (Rhy iL f dee tk- 29 (x) 


ga. 
x (0 [A vavinrer(s).Jm(0)]|0). (3) 
itv 
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The fields here are unrenormalized.’? Z;~! is the wave 
function renormalization for the incoming pion. J», is 
the pion current, 


&o sh 
Jn=(0 Hem On Vara er wl) + (uo?—p) gm. (4) 


It has been assumed that there is no pion-pion coupling 
term ; there need not be in an unrenormalizable theory. 

If a sufficiently strong cutoff has been introduced we 
may expect F(k*)— 0 as k*® approaches infinity, there 
being no direct 4-decay coupling.‘ A further discussion 
of the possible behavior of F(k’) at infinity is given in 
Appendix A. 

Assuming the above leads to a Lehmann representa- 
tion for F(k*) of the form 


1 7” ImF(—a’) 
F(—p’)=- f da? ——_—___., (5) 
wd (3y)? a— py? 


Now we define another function, P(k?), which is 


related to the meson propagator, 
5imP(k?) =i fas e~**-29 (x9) (O| [Ji(x),Jm(0)]|0). (6) 


The imaginary part of P(k) is to be related to the 
imaginary part of F(k’), 


5im(R?+y0?) ImP(k?) 
= (k?+) Im|i fa e~**-29 (x9) 


X (0| [(C —po?) gi(x), J m(0) ]|0) , (7) 
where ye’ is the bare mass of the pion. We have 
ao _ tere 
(DC —po*) o(x) =—0, (Wivy757 m). (8) 
2M 


Inserting this in (7) and comparing with (3) yields 


2 \* Mga? k?+-uo? ImP(k?) 
ImF (k’) = — (-) 
go k+p? R 





Z; 


We note in addition that the imaginary part of P(*) is 
related to the density, p(k), in the Lehmann repre- 
sentation of the unrenormalized meson propagator A(k?), 


ImP(k*) = (k?+-*)? Im (k*) = (F?+-n?)*p(R*). (10) 
Substituting (9) in (5) gives 
2 1 Mg, 1 2 gt—py? 
r(-w)=(—) =f —*o(—araet 
(3p)? 


Z3 fo 7 a 


(11) 


7 Although [¢(x),¥(x’) ]:-«0 in the PV pion-nucleon theory, 
there is no equal-time contribution to Eq. (3). 
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Noting that 


1 ~ 

-f p(—a’)da?=1—Z,;, 
Ww (3)? 

we have 


. ga ae Ho” 
F(—y?)=2'—M 1-Z,-- f da? —p(—a?*) }. (12) 
g (34)? 


T a 


Here we have set Z2(Z3)4Z;"go=g, the pseudoscalar 
a—WN coupling constant and we have put Z2Z;"'g4°=ga. 
That is, the axial vector coupling constant has been 
defined for an unphysical beta decay with a nucleon 
momentum transfer corresponding to a pion emission 
instead of with zero momentum transfer. Presumably 
this is still not far from the measured value of ga.® 

The first term in (12) is the numerically correct TG 
result? 


F(—u?)=2'Mga/e. (13) 


We discard the second term since we expect 0<Z;<1. 
The last term of (12) is difficult to discuss. In a theory 
in which (0|[¢(x), (OQ —yo?)¢(x’)]|0):- 40 we may 
not relate the bare boson mass back to the density p.® 
The above commutator is not zero in the PV theory, 
even without a meson-meson coupling. However, uc? 
may still be well-defined. The validity of neglecting the 
last term in (12) evidently depends on the bare meson 
mass being less than the physical masses giving the 
greatest contribution to the integral, {da? a~*p(—a’). 
This is not unreasonable, particularly since states 
containing nucleon pairs should be most important in 
this sum. 


3. PSEUDOSCALAR PION COUPLING 


In view of the equivalence relation one might expect 
a similar situation in the case of PS pion-nucleon 
coupling. We utilize instead an analogous equivalence 
relation for the weak coupling which is proved in 
Appendix B and reference 4. It enables Eq. (3) to be 
written, to the lowest order in the weak coupling, 


ga° : 
Siml (k®) = (223) = f dx: e-*-29 (x0) 


{ 2M,(0| [(x)ysra(x),J m(0) ] | 0) 
+2g0(0| [Y(x)o(x) or(x),J m(O)I|0)}, (14) 


where M, is the bare mass of the nucleon. If the last 
term in (14) is ignored, and again there is no pion-pion 
interaction, one obtains Eq. (9) with M replaced by Mo. 

Actually we have neglected only the imaginary part 
of the second term on the right-hand side of (14). 
Symanzik‘ has used an expression equivalent to the 
first term of Eq. (14), evaluated directly at = —y?. 
This is not a result equivalent to our Eq. (11) because 
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in writing the representation (5) we use the fact that 
F(R) is regular at k?=0, a condition not satisfied by 
the first term of (14) alone. 

In proceeding from Eq. (11) to the result (12) we are 
no longer justified in taking the Z;/Z» factor involved 
in the z-coupling renormalization as equal to that in- 
volved in the definition of g4. However, one might take 
the experimental equality of beta-decay and y-decay 
coupling constants as an indication that such ZZ," 
factors tend to be equal to one. 

An additional difficulty with (12) for the pseudoscalar 
case is that in the absence of a pion-pion term in the 
Lagrangian we may expect yo’ to be given in terms of 
the density p by® 


(15) 


© 
wd=Zaut+ f da?* p(—a?)a’. 
(3)? 


In this case it is not consistent to assume that both Z; 


and the integral 
1 ‘ Mo” 
-f —p(—a*)da? 
mw (3y)2 a? 


are small compared to one. In fact it can be shown from 
(12) and (15) that F(—p?)<}(2!)Z3-*M og ago instead 
of F(—p?)~2!Z3-'Mogago! according to our earlier 
assumption. If the pion-pion term is present, perhaps 
(13) still has some validity. 

To estimate the effect of the second term of the 
right-hand side of Eq. (14) and to obtain expressions in 
terms of the observed masses and coupling constants 
we now resort to insertion of intermediate physical 
states into the expressions for Im/(k?) and ImP(k’). 
From (3) and (6) are obtained 


5imik, ImF (k?) = Z3-!2-br S764 (p1—k) 


X(0| gaWirwrsr|I)T|Jm(0)|0), (16) 


and, 


dim ImP(k?) =m 307 54(p1—k) 


x (0|J2(0)|Z)(I|Jm(0)|0). (17) 


We consider first the nucleon pair state only. We 
tentatively make the approximation of replacing the 
matrix elements of the renormalized currents by the 
coupling constants alone, in spite of the huge nucleon 
momentum transfers involved, 


Z50|Ji(0)| NN) =giwyerauy, (18) 


(0| gaWivwysrw|NN)= 1g AUNYuY5T WN. (19) 


When substituted in (16) and (17), these lead to the 
result 
ImF (k?) 2)M ga 
—= -— 273. (20) 
ImP (k*) keg 
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The representation (5) now gives 


ZA po ImP(—a?) 
F(—w)=2'M--Z7 f dd ——_—_ 
g (3)? @?(a?—p?) 


RA 
= 2M—Z;(1 —Z;3). 
g 


(21) 


In the last step we have used (10) and the fact that 
JS wa~*p(—a*)da’*K1. Equation (21) differs from (13) by 
the presumably large factor Z;~'. 

In TG an additional term in (0|Piy,ys7¥|NN) is 
obtained by writing a new dispersion relation for this 
quantity. The expression (19) is the subtraction term 
in this relation and the extra term is obtained from an 
intermediate one-pion state. This extra term then 
manages almost to cancel the coupling-constant term 
when inserted into the dispersion relation (5). This 
exactly removes what in our treatment is the Z;~ factor 
[which is TG’s quantity 1+4(G/r)*J ]. We also may 
find such a damping effect with an elementary approxi- 
mation as in (19) if we take better account of polariza- 
tion processes on the external pion line. For the real 
pion decay these contribute only a renormalization 
constant, which has already been taken into account. 
But for the unphysical momenta involved in the dis- 
persion relation there are additional effects. 

All our various expectation values of Heisenberg 
field operators may be expressed in terms of appropriate 
S matrix elements, (aout|Sin). These in turn may be 
calculated by perturbation theory in the interaction 
representation. We shall define modified matrix elements 
with a subscript P (for proper) to indicate the contribu- 
tion from Feynman diagrams not containing a single 
intermediate pion line. Then we may write (3) as 


kh, F(R?) = Z33(k?+- yu?) A(R?) kM (k*), (22) 
where 


151mk,M (k*) =i fas e~* 29 (x9) 


X (0| [2-4 °Y (x)ivuystay (x), J m(0)]|0)p. (23) 


A(k*) is written in terms of proper contributions as 
A(R) =[R+u2—11(k) #, (24) 
and we have 


51m ImII(k?) 


= Im i fa e~**- #9 (x9) (O| [Ji(x),J m(0)]|0)p ¢. (25) 


From (22), (24) and the renormalization requirement, 
(A) = (1- Ze) (+ w+ Z(H +n R(B), (26) 


we obtain 

M (k?) 

F(k*) =Z;+1—_ , 
1— (k?+-y?)R(k?) 


(27) 
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where 
1 
bim ImR(k?) =Z; Im|; fa e~**-29 (x) 
(k?+-p?)? 


x (0| [J1(x),J m(0)]|0)p ; 


We are going to find approximations in which 


ImM (k?)~Ck* ImR(k*), (29) 


where C is a constant. Before discussing these approxi- 
mations we note that the dispersion relation (5) for 
F(—y?) may now be written, using (27), as 


da? 1 


mS (3y)2 a? —p? | 14+ (a?—p?)R(—a’) |? 





X {ImM (—a’)+ (a?—p?)[ReR(—a’) 
< ImM (—a?)—ImR(— a?) ReM(—a’)}}. (30) 
With the aid of (27), (29), and the relations 


ImR(—a’) 
ReR(k*) =— f éic—— ‘ 
mw / (34)? a’+-k? 


D x 


and 
ReM (k?) = M(—p’) 
1 ’ ImM (—a’*) 
= (e+)? f AP eet, 
T (By)? (a?+ k?) (a?—p?) 
one obtains 


[a ImR(—a’) 
F(—p*)=Z;'- f da? — — 
mS (3,4): | 1+ (a?—p?)R(—a’) |? 





x[-—C-—Z;-iF(—?)]}. (33) 


In obtaining this expression yp? has been neglected com- 
Me 8 

pared to a? where necessary. Equation (33) may be 

written 


1 4 
F( —w)=2-~ f da’ 
WT (3p)? 


XImA(—a?)[—C—Z;-*F(—y?)]. (34) 


This has the solution 
F (uw?) = —Z3'(1—Z;)C. (35) 
It remains to establish (29) and determine the constant 


C. From (23) and (28), we have 


dim IMR(—p*) = Z3 (+?) a Dr 54 (k— pr) 


X(0|J1(0)|Z)eZ|Jm(0)|0)r, (36) 
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and 


i5imky ImM (k?) 
=a 207 (k— pr)(0|2-¥g a O)tvre7 (0) [T)r 
X(I|Jm(0)|0)p. (37) 


It is clear here that in a perturbation evaluation of the 
matrix elements, e.g., in (36), (0|/(0)|Z), any non- 
proper contribution corresponds to a nonproper con- 
tribution to the left-hand side; hence the subscript 
P on the intermediate matrix elements. 

Again we consider first the nucleon pair state and 
make a coupling-constant estimate. For the pion 
current term an extra factor of Z;~' must be included to 
compensate for the lack of processes on the external 
pion line, 

(0| J1(0) | NN)p~Z3-0| Z3-4,(0) | NN) 


=Zsgtinystiun. (38) 


There are no one pion processes involved in the 
coupling constant for beta decay, so we write, 


| gaVinwvst|NN)p=gatiniyyystiun. (39) 


When substituted in (36) and (37), these expressions 
yield the result 


ImM (k?) ( 2 ) gall 
ImR(k) \Z;) ¢ | 


(40) 


From (35), we finally obtain 
F(—p*)=(1—Z3)2'g4M/g, (41) 


which is again the TG result [with Z;'=1+-3(G/x)*J], 
derived by an equivalent method. 

It is hoped to establish (40) and hence (41) for a 
more inclusive class of intermediate states. Indeed, the 
equivalence (14) suggests that this is possible. We have 
considered intermediate states which contain one pair 
and some number of pions. A perturbation treatment 
similar to (38) and (39) has been followed. That is, the 
lowest order result with renormalized couplings has 
been used for the quantities, 


(NN +pions|Piy,ys7v|0)p 
and 


( NN-+pions | J,(0)|0)p. 


As explained above, an extra Z;~' must be included in 
the second of these expressions. The result of: this 
perturbation treatment is the identical ratio (40) for 
the partial contribution to M and R of every state with 
nonrelativistic nucleon momentum and with pion 
momentum |k|<<M. This is independent of the form 
of the common factor in the definition of M and R, 
(0| 7(0)| NN+pions).® 


*It is not unreasonable that the two factors in the expansion 
in intermediate states should be treated differently, since only 
one vertex is to be corrected in a boson self-energy part. 
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Now a feature of the TG treatment is that in the sum 
LO|vivvsry|NN)(NN|J|0) the second factor is 
damped at high NN relative momentum by a unitarity 
condition. We may hope that a similar damping for 
high particle momenta will occur in the more compli- 
cated states. If so, the ratio (40) and the result (41) 
may be substantially unaltered when the complete 
contributions of the states containing one pair plus 
pions are included. 

Thus the Goldberger and Treiman assumption of the 
dominance of the NN state may be unnecessary. Their 
second assumption, essentially that one can use a kind 
of perturbation theory for one of the factors in an 
expansion in states, we have retained. Their additional 
assumption that an integral J depending on the nucleon- 
antinucleon phase shift is large has here been replaced 
by the assumption that Z; is small. 


4. INCLUSION OF HYPERONS 


Hyperon interactions can hardly be irrelevant to the 
pion decay problem. Even if there were no weak 
hyperon-lepton coupling, r-hyperon interactions would 
contribute to the meson self-energy process and hence 
to our result. Here we note only that if one has a 
globally symmetric x coupling" and if one generalizes 
the 6 and yw decay couplings to hyperon pairs in com- 
plete analogy with the w coupling," then one obtains 
exactly our above results. This is because in all ratios 
such as that of M/R in Eq. (40) the particle multi- 
plicity increases the numerator by the same factor as 
the denominator. 


APPENDIX A 


From the definition (3) we may establish for pseudo- 
vector pion coupling the relation, 


F(R?) = 25MZ3"go4g5" 
XC (RM?) (2+ mo?) A(R) — (+n?) J, 
where Ar(k?) is the retarded meson propagator. For 


PS pion coupling the same result is obtained as an 
approximation by neglecting the second term in Eq. 


(Al) 
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PION 


(14). In either case we expect® 


£ 


1=Zr+2s p.(—a*)da?, 
(3m)? 


where 


} 2 1 . pe( ~e#) 
a()=2:(——+ [de ——}), 
k++? (3p)? k?+-a?—ie 


provided the integral in (A2) exists. If in addition the 
integral {a*p(—a*)da? exists, we may conclude from 
(A1) that 

lim k?®F(k?)=const, 


k2-+ @ 
which is sufficient for the existence of the representa- 
tion (5). 

APPENDIX B 
Consider a weak derivative coupling to a fictitious 

scalar meson field x;, 

Lw= gubivyyst WO, Xi. (B1) 
To first order in gw we have 


(xi | mj) = (Aww) 74 (2) 7k, 54( py — k) 


x fare tk 29 (x9) 
X (0| Lewd (x)ivuvs7 (x), J ;(0)J| 0). 


We may make a canonical transformation by adding 
to £ the divergence — 0,[ g.Wivuvs7 Wxi_]. The new weak 
interaction may be written, after using the field equa- 
tion for y (in the presence of the m field) as 
oo = 2M og ust WXit 2gwREAVxi¢i- 


An alternative form for (B2) is thus 


(B2) 


(B3) 


(xi |i) = (4w,we) 7} (29) 454( p, — k) 


x fare ik- 29 (x) 


X (0| [2M og (x)v67(x),J5(0) J 
+ [2g gob (x)¥ (x) ¢i(x),J ;(0) ]| 0). 
Comparison of (B2) and (B4) yields the result (14). 


(B4) 
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Two Proposed Experiments for the Detection of the Dirac Monopole 
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A magnetic monopole may be detected by its deflection in an electric field or by the character of the 
ionization it produces. The electric deflection experiment may be performed in a helium bubble chamber 
where helical (or spiral) tracks whose axes are parallel to the D-lines would be certain evidence for the dis- 
covery of the monopole. Previous studies of the ionization have emphasized that the Bragg tail would be 
missing from a monopole track, as compared to a charged particle. This conclusion must be modified because 
of the thin-down of tracks of heavy nuclei. The tracks of heavy nuclei thicken up and then thin down as they 
approach the end of their range. The tracks of monopoles are wedge-shaped, thinning down continuously 
as they approach the end of their range. Since the track width is due to knock-on electrons, or delta rays, 
any search for the monopole using this criterion must be conducted with electron-sensitive emulsions. 


INTRODUCTION 


NTEREST in the detection of the magnetic mono- 

pole is undoubtedly due to the work of Dirac' who 
related the existence of a quantized electric charge e to 
a postulated unit pole g by the relationship g=137e/2. 
The same result was subsequently derived by Wilson? 
by quantizing the angular momentum in the electric 
and magnetic fields of a static assembly of an electron 
and a magnetic pole. The angular momentum of this 
field has magnitude eg/c and is directed along the line 
from a positive charge to a positive pole. Knowledge 
of the angular momentum in the field of a charge and a 
pole led Thomson‘ to derive the magnetic force on a 
charged particle through a gyroscopic analogy. It is 
interesting to note in passing that one may construct 
static classical electromagnetic models possessing the 
property of spin (identified as the angular momentum 
in the field) by use of both electric charges and magnetic 
poles, but not with charges alone nor with poles alone. 
Here too a particle displaying magnetic moment and 
spin (such as the neutron) must have an electric 
moment. 

The possibility of binding the monopole to matter 
was investigated by Malkus,‘ who concluded that 
monopoles could be bound to matter with energies 
comparable to the chemical bond. Thus they might be 
swept out of matter by strong applied magnetic fields. 
Goto® has suggested that poles in the cosmic radiation 
incident on the earth would be trapped in magnetite 
and that these might be swept into small volumes for 
detection. The idea of sweeping monopoles from matter 
has been used by Bradner and Isbell® who attempted 
to detect monopoles generated within a polyethylene 
target of the Bevatron by 6.2-Bev protons. 

*Now at Air Force Cambridge Research Center, Bedford, 
Massachusetts. 

1p, A. M. Dirac, Phys. Rev. 74, 817 (1948); Proc. Roy. Soc. 
(London) A133, 60 (1931). 

*H. A. Wilson, Phys. Rev. 75, 309 (1949). 

5J. J. Thomson, Elements of the Mathematical Theory of Elec- 
tricity and Magnetism (Cambridge University Press, Cambridge, 
1921), fifth edition, p. 396 ff. 

*W. V. R. Malkus, Phys. Rev. 83, 899 (1951). 

5 E. Goto, J. Phys. Soc. (Japan) 13, 1413 (1958). 

® H. Bradner and W. M. Isbell, Phys. Rev. 114, 603 (1959). 


Attempts to detect monopoles at the surface of the 
earth, presumably from cosmic rays, have been re- 
ported by Malkus,‘ who hoped to accelerate monopoles 
through a solenoid onto track plates, and by Ruark 
and collaborators,’ who searched for appropriate tracks 
in very clean cloud chambers. 

From the failure of these researches to identify a 
monopole it is evident that the monopole is at best a 
rare object, and that it will be detected only by clear, 
easily applied, unequivocal phenomenological criteria. 
Two such criteria are proposed below. 


ELECTROMAGNETIC PROPERTIES OF 
OF THE MONOPOLE 


It is customary to state in textbooks that “analogous 
formulas may be derived for magnetic poles” and then 
to ignore them. As a result the electrical properties of 
poles are unfamiliar to most physicists. These properties 
are most easily generated from Maxwell’s equations in 
which magnetic sources are included.* In Gaussian 
units we write 


1/0B 1/0D 
curl E= --(— +49. > curl H=-(—+43) 3 
t 


c\ at Cc 


div D=4rp; div B=4rp». 
From these equations it is evident that a current of 
magnetic poles, or a moving magnetic pole, generates 
an electric field given by an equation analogous to 
Ampere’s law, but with a left-hand rule corresponding 
to the minus sign in the equation for curl E. It is 
evident that all the familiar equations appropriate 
to charged particles can be transcribed for poles by 
noting that the set of Maxwell’s equations is unchanged 
if we write B for D, H for E, g for gm, and conversely, 
and if we replace ¢ by —1. In this way we will replace 
J by —J,, v by —v, and so on. The Lorentz force on a 
charged particle F=g[E+(v/c) XB] may be rewritten 
for poles as F=q,,. H—(v/c) XD]. Although the latter 
7 Fitz, Good, Kassner, and Ruark, Phys. Rev. 111, 1406 (1958). 


8 American Institute of Physics Handbook (McGraw-Hill Book 
Company, New York, 1957), p. 5-40. 
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expression is implicit in the relativistic transformations, 
it has only recently been stated explicitly.’ These 
equations are equally valid for vacuum and for the 
material medium. 

From the Lorentz force on a pole gm we may infer 
that a magnetic pole will move in a helical path in a 
uniform electric field. Thus, if a uniform electric field is 
imposed on any track-producing device and a helical 
(or spiral) track is detected whose axis is parallel to the 
D lines, this event may be interpreted as unequivocal 
evidence for the existence of the monopole. This 
experiment appears to be feasible in a helium bubble 
chamber. 

In order to evaluate the possibility of performing an 
electric deflection experiment in a track producing 
device it is necessary to estimate the magnitude of the 
field required. Scattering is a major problem so that 
the detecting medium must be of low Z. Since high 
electric fields are to be impressed on the medium with 
the possibility of sparking, it is evident that liquid 
helium has advantages over liquid hydrogen. A compact 
solid medium which could be sent aloft in rockets might 
be advantageous, but unfortunately nuclear emulsions 
are poor insulators. 

If we calculate a figure of merit f, defined as the ratio 
of the multiple scattering angle per unit path length to 
the field deflection angle per unit path length, and 
compare the behavior of a pole in an electric field to the 
behavior of a charged particle in a magnetic field, we 
find 
B(mpote+M) 


rote 


Seiennn D ( Mehareet M) ; 


where m is the mass of the moving particle and M is the 
mass of the scattering center. Comparing a pole and 
charge of equal masses, the electric displacement D 
which is required to give readable field deflection for a 
pole is numerically equal to the flux density B which 
has been found to give satisfactory deflection for the 
charged particle. This result does not depend on the 
magnitude of the charge or the pole strength, for both 
the field deflection and the scattering deflection depend 
on this magnitude in the same way. 

If we suppose the Dirac monopole to have a mass 
close to that of the deuteron, that a magnetic field of 
1000 gauss gives measurable deflection above scattering 
for the deuteron in the helium bubble chamber, and 
that the dielectric constant of liquid helium is close to 
one, we find that an electric field of 1000 statvolts/cm, 
or 300 kv/cm, will produce equivalent deflection of the 
monopole. Such fields are readily attainable, and are in 
the range of dielectric strengths of commercial di- 
electrics. By virture of the high ionization potential of 
helium, the dielectric strength of liquid helium may be 


®H. Semat and R. Katz, Physics (Rinehart and Company, 
New York, 1958). 

10E. G. Cullwick, Electromagnetism and Relativity (Longmans, 
Green, and Company, London, 1957). 
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considerably higher. From the work of Goldburg" on 
bubble formation in bubble chambers we know that the 
operation of propane bubble chambers is not adversely 
affected by electric fields of 15 kv/cm. 

In principle the electric defiection experiment is 
decisive, and is capable of detecting monopoles of any 
pole strength and any mass. One picture would demon- 
strate the existence of the monopole and would provide 
a measurement of g»/m. To the best of our knowledge 
an electric deflection experiment has never before been 
proposed as a means of detecting the magnetic 
monopole. 


MONOPOLE TRACKS IN NUCLEAR EMULSIONS 


Due to its large pole strength the Dirac monopole is 
expected to interact strongly with matter, through the 
influence of the electric field of the moving monopole 
on atomic electrons. In 1951 this problem was discussed 
specifically for cloud chambers and for emulsions by 
Bauer” and by Cole. Energy loss was found to be 
almost entirely due to inelastic collision and to brems- 
strahlung, as for fast charged particles. Both authors 
utilized the semiclassical impact parameter method for 
calculating the loss of energy through ionization. As 
compared to Bohr’s results for charged particles,“ the 
results were those which would be obtained by the 
substitution of gv/c for Ze; for the electric field at a field 
point due to a pole g moving with velocity » has magni- 
tude gv/cr*, while the charged particle generates a 
Coulomb field Ze/r? under the same conditions. As a 
result the energy loss due to ionization should be 
relatively constant down to low velocities, and should 
fall to zero without a Bragg tail. According to Cole™ 
the distinguishing feature of the track of a monopole is 
the rapid decrease in ionization toward the end of the 
track, whereas it is just the opposite for nuclei. But the 
track of a heavy ion does not achieve a Bragg tail. 
Instead it displays a characteristic taper or thin-down 
toward the end of its range. It is necessary to examine 
the nature of taper tracks in greater detail to determine 
what distinction remains between the tracks of heavy 
ions and the tracks of monopoles. 

When taper tracks were first observed in cosmic 
radiation through the use of nuclear emulsions,!® the 
decrease in ionization near the end of the range was 
interpreted as due to the capture of electrons from the 
medium when the ion reached the speed of its orbital 
electrons. Discrepancies in the experimental values of 
the taper length and the energy at which charge capture 
was supposed to take place were noted by Lonchamp.'® 
For example, cyclotron accelerated carbon nuclei dis- 
played a thin-down length of 50+10 yu corresponding 

4 W, I. Goldburg, Phys. Fluids 1, 353 (1958). 

12 E, Bauer, Proc. Cambridge Phil. Soc. 47, 777 (1951). 

13H. J. D. Cole, Proc. Cambridge Phil. Soc. 47, 196 (1951). 

4 N. Bohr, Phil. Mag. 25, 10 (1913); 30, 581 (1915). 

16 Freier, Lofgren, Ney, and Oppenheimer, Phys. Rev. 74, 1818 


(1948). 
16 J. P. Lonchamp, J. phys. radium 14, 433 (1953). 
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to an energy of about 50 Mev, yet thin-down should 
not have begun until about 15 Mev for this ion, ac- 
cording to the charge capture theory. Lonchamp 
ascribed the track width to delta rays. At low ion 
velocities the delta rays would have insufficient range 
to broaden a track and the track would appear to thin 
down. A track would appear to have a solid trunk of 
silver wherever the delta-ray density exceeded some 
particular number (say 400 delta rays per 100 microns) 
depending on the grain size of the emulsion. 

Lonchamp was able to reconcile experimental values 
of the taper length with this theory. Subsequently these 
conclusions were validated by Skjeggestad'” who found 
experimental values of the track width in the last 150 
of range in G-5 emulsions in agreement with Lonchamp’s 
theory for nuclei lighter than oxygen. Noting that this 
theory implies that thin-down is a property of electron- 
sensitive emulsions, Skjeggestad found that the width 
of O"* tracks is practically independent of length in this 
region in Ilford D-1 emulsions which are insensitive to 
electrons. We wish to extend Lonchamp’s theory of 
track width to the Dirac monopole. 

As given by Mott,'* the number of delta rays per 
unit length of track, m, having energy between Wo and 
W,, produced in matter having N electrons per unit 
volume, by an incident particle of charge Ze and 
velocity 8, is 


=~ e )( P ~~) 

gu——f — | | ——— }. 

8? \me* Wo Wi 

This equation for the delta-ray spectrum may be 
transcribed to give the delta-ray spectrum produced 
by a moving monopole of pole strength g by the recipe 
already given, namely replace Z by g8/e. Following 
Lonchamp, we note that a track will display an opaque 
trunk out to the range of a delta ray of energy Wp if 
there are 400 delta rays per 100 yw of track length having 
energy between Wo and the maximum energy 
W=2mc** which an electron can acquire in collision 
with a heavy ion moving with velocity 8. When the 
equation is solved for Wo and numerical values are 


substituted, we find: 
1020 
Wo= ee 


1.5 108?/Z2+1/8?’ 


1020 
W.=———_. 
32+1/B° 


for charged particles, 


for Dirac monopoles, 


The charged particles display a track of maximum 
width for 8 approximately equal to Z'/20, while the 
monopole displays no maximum. If we take the mass 
of a light nucleus as proportional to 2Z we find that the 


170, Skjeggestad, Nuovo cimento 8, 927 (1958). 
‘SN. F. Mott, Proc. Roy. Soc. (London) 124, 425 (1929), 
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energy at which the track width is maximum is pro- 
portional to Z*. These equations are plotted as functions 
of 8 for the monopole and for Z= 10, 20, 30, and 40 in 
Fig. 1, where an auxiliary scale has been provided to 
indicate the width of the track in G-5 emulsion, from 
electron range-energy relations given by Voyvodic.” 
We conclude that electron sensitive emulsions are 
good detectors for Dirac monopoles. Although the 
exact thickness of the monopole track depends on the 
particular emulsion and processing, the sample data 
used here yield a monopole track width which increases 
regularly from its ending and reaches a value of about 
15 « at B=}, in G-5 emulsion. A quick calculation shows 
that a nucleus of charge 25 will display a maximum 
thickness of about 17 uw at B=}, or at about 1.5 Bev 
under the same conditions. The width of this track will 
diminish to about 6 u at B=}. According to Demers,” 





T oe ¥ 











mb 08 2 

Fic. 1. The energy Wo of delta rays at which the delta-ray density 
is just sufficient to block transmitted light through the tracks of 
nuclei of charge 10 (A), 20 (B), 30 (C), 40 (D), and the tracks of 
Dirac monopoles (£), as a function of 8=v/c. An auxiliary scale 
indicates the track width in microns in G-5 emulsion. 


these energies correspond to residual ranges of 400 wu 
and 4 mm, respectively, in G-5 emulsion. We can there- 
fore state a clear phenomenological criterion for 
scanners of electron-sensitive emulsions: Look for 
wedge-shaped tracks whose trunk achieves a thickness 
of about 15 uw and which are at least 500 u long. Such a 
track may be the Dirac monopole. 

We have scanned five 2-in.X4-in. Ilford G-5 emul- 
sions exposed at 100000 ft for monopole tracks ac- 
cording to these characteristics. In these pellicles 29 
tracks suitable for measurement were found and these 
all displayed characteristics consistent with their 
identification as heavy ions. 
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An analysis is made of interference effects between the K,° and K,° components of a neutral K beam 
for decay in the channel x++2~+7°. The effects discussed, though expected to be small, may just be 
detectable. If so, they would serve as a test of the proposed | A7T| =} rule. 


HE K,°—K,° complex, first discussed by Gell- 
Mann and Pais! and by Pais and Piccioni,? 
involves a number of curious and amusing interference 
effects, which have been widely discussed though not 
yet tested experimentally.? Our purpose here is to 
record the expectation of yet another such effect, con- 
cerning in particular the three-pion decay modes of 
neutral K particles. Aside from their intrinsic interest 
and novelty, all of these phenomena provide possible 
ways to determine the A,°— K,.° mass difference. In any 
case, they must be taken into account when one wants 
to study certain aspects of neutral K-particle decay. 

If CP invariance (C=charge conjugation, P=space 
inversion) is valid, as we shall assume,‘ K2° decay into 
two pions is forbidden, as is K,° decay to three neutral 
pions. All other known decay modes of neutral K 
particles proceed both for K,° and K,". In a beam of 
particles which at the initial time were pure K®, the 
relative amplitude of the A,° and K,° components 
varies with time. Their relative contributions to any 
fixed decay configuration varies accordingly, thus 
giving rise to time-dependent interference effects. This 
has already been discussed in connection with the decay 
modes e+(ut+)+v+a- and e~(u-)+9+2+.5 Here one of 
the theoretical issues currently at stake is the question 
whether the process K®°— e~(u-)+%+ 7", in contrast 
to K°— e-(u-)+i+1", is, in fact, allowed at all.® At 
large times one looks at a pure K,° beam and cannot 
distinguish the contributions from the K® and K® 
components. In fact, here the rates for e~(u~)+i+7* 
and e+(u+)+v-+2- must be identical. The question can 
be answered only close to the source, where the beam 
is still largely K°; and here one encounters and can take 
advantage of time-dependent interference effects be- 
tween the K,° and K;°, or equivalently, the K° and K° 
components of the beam. 

* Supported in part by the Air Force Office of Scientific Re- 
search, Air Research and Development Command. 
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A similar situation is to be expected for the three-pion 
decay modes of neutral K mesons, although in this case 
the interference effects will very likely prove to be 
small. As is well known, CP invariance implies that K,° 
can go only to the 7=0 and T=2 final states of isotopic 
spin, K,° to the 7=1 and T=3 states.’ In connection 
with the much-discussed |AT| =} selection rule—but 
aside from this, just as a matter of intrinsic interest— 
one would like to establish the relative amplitudes for 
K decay into the various states of isotopic spin, both 
for neutral and charged K particles. For the charged 
K particles, the branching ratio (#+t-+-xt++27)/ 
(x++72°+ 2°) provides some information and, in fact, 
suggests that the symmetric 7=1 state is the dominant 
one. The dominance of symmetric final states is, how- 
ever, expected from centrifugal barrier considerations, 
quite aside from isotopic spin selection rules. Small 
admixtures of other states are apparently also present, 
but one cannot easily distinguish here the 7=2 and 
the nonsymmetric 7=1 states. For the neutral K 
particles, in particular for K,.°, the branching ratio 
(at+a-49")/(2°+2°+72°) will provide some _infor- 
mation on the relative amplitudes for the final T=1 
and T=3 states. To learn about the other final states, 
T=0 and 7=2, one must study K,° decay—in the 
presence of a K,° component in the beam. 

Since the K,° and K.2° components decay to mutually 
orthogonal states, they of course cannot interfere, 
insofar as the total rate of three-pion production is 
concerned. But as already said, the dominant K,° 
amplitude (that to the totally symmetric T=1 state) 
is expected to be much bigger than any of the K,° 
amplitudes. In this case then, where squared amplitudes 
are being compared, there is presumably little hope of 
detecting the K,° contributions to three-pion decay. If, 
however, one looks at a particular configuration of 
final pion momenta, the contributions from K,° and 
K,° can interfere. These effects, which would be time 
dependent, permit a comparison of amplitudes in 
contrast to intensities for K,° and K,° three-pion decay ; 
and it is just conceivable that such effects could be 
detected. 

We turn to this phenomenon now in more detail. Let 
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TaBLe I. Amplitudes for K,° and K;,° decay to three-pion 
states. In row 2 the symbols S, A, J denote states which are, 
respectively, totally symmetric, totally antisymmetric, or of inter- 
mediate symmetry. 





r 
Symmetry 
character 
kK, 
K a 


us denote by (1,2,3) a particular configuration of final 
pion momenta; i.e., particle “one” has given momentum 
pi, etc. For the given configuration, we want to compare 
the various possible distributions of charges: (a#*,1~,1°), 
(x-,x* 9°), etc. We do not consider 34° decay, which is 
forbidden for K,°. The momentum configuration being 
fixed, the decay amplitudes for the various distributions 
of charge depend in an obvious way on the K,° and K;° 
amplitudes in the beam and on the intrinsic K;° and K,° 
amplitudes for decay into the various isotopic spin 
states of the three pion system. For any particular 
distribution of the charges, the general structure of the 
decay amplitude is 


Amplitude= A, exp(— }Ast— iw!) 
+Az exp(—4Frot—twel); (1) 


and the decay rate is 


Rate= | A,|%e-™"+ | Ae|%e#42! Ay! | Ad| 
Xcos(Awt+ ¢) exp[—3(Ai+A2)¢], (2) 


where ¢ is the phase between A; and A». Here \; and 
A» are the inverse lieftimes for A,° and K,° decay, 
respectively ; and Aw, for low K-particle energies, is the 
K,°—K,° mass difference. Our expectation is that the 
second term in Eq. (2) is always the dominant one; 
that, at small time the third term may just be detectable 
in comparison with it; and that the first term is always 
negligible. 

It is a straightforward matter to express the ampli- 
tude A, as a linear combination of the amplitudes for 
K decay into the two T=2 and one J7=0 final three- 
pion states. Likewise, one can express A in terms of the 
amplitudes for K2° decay into the three 7=1 and one 
T=3 states. The basic amplitudes are defined in 
Table I. We expect that a,*, the amplitude for the 
symmetric 7=1 state, is the dominant one. In Table 
II, we express A; and Az in terms of these basic ampli- 
tudes for the various distributions of charge. 
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TABLE II. The coefficients A; and Az in Eq. (1), for various 
distributions of charges in the three-pion system; we define 
a*=4a;"+d3. 





Charge distribution Ai A: 


+-—0 V2a9+2a2") v2a*—2a,®) 
—+0 —v2a9—2a_ v2a*— 2a,” 
+0-— —vV2ayta.+v3a22 V2a'+a,%+v3a, 
—0+ V2ayp—a2") —v3a2 V2a*+a,%+v3 a, 
0+ “an V2ay— a2") +V3.a2®) V2a*—a,%+v3a, 
QO-—+ —V2apt+a2")—V3a2® V2a*§—a,%+Vv3a) 





From a practical point of view, what we have been 
saying is that the three-pion decay spectrum for a beam 
of particles, initially pure K°, should change with time. 
If this effect proves to be detectable, one could analyze 
the situation by means of Eq. (2), distinguishing the 
various distributions of charge for given momentum 
configuration. In practice, one would of course not 
analyze separately for each sharp momentum con- 
figuration but rather in terms of ranges of momenta. 
One notices from Table II that the amplitudes A: are 
symmetric under the interchange r+ = 2; the ampli- 
tudes A;, antisymmetric. This is as expected and, in 
fact, would form the simplest basis for detecting the 
presence of K,° contributions to three-pion decay. That 
is, the simplest first approach would be to group events 
into two classes, according to whether the a* energy is 
greater or smaller than the a energy. At large times, 
the rates for these two classes should be identical (if 
CP invariance is valid). At small times, any departure 
would indicate the presence of K,° contributions. To 
distinguish the T=0 and T=2 amplitudes a more 
detailed analysis of the data would be required. Notice 
that according to the |A7 |=} rule, the 7=2 ampli- 
tudes vanish. In this case one has the simple result 


A;(+—0)=A,(—0+)=41(0+—)=—A1(—+0) 
=—A;(+0—)=—A,(0—+). 


In Eq. (2), the interference term—which one could 
experimentally isolate—measures A;A,.=/. According 
to our expectation, we can approximate this to lowest 
order in small quantities by /~V2A,a* (see Table II). 
Since the amplitude a* is totally symmetric, we see 
that the vanishing of the 7=2 amplitudes would imply 


I(+—0)=1(—0+-)=1(0+—). 


Any departure from these equalities would represent 
contributions from the 7 =2 states and hence, violations 
of the |AT| =} rule. 





